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(YHU\ WLPH , JDYH D OHVVRQ DW D WUDLQLQJ FDPS , RSHQHG D ERRN� GHFLGHG ZKDW WR WHOO DQG
WRRN VRPH QRWHV ZKLFK RIWHQ ILOOHG D FRXSOH RI SDJHV� 2I FRXUVH WKLV SUHSDUDWLRQ WRRN PH
DOZD\V D ORW RI WLPH DQG VRPHWLPHV , UHFRJQL]HG GXULQJ WKH OHFWXUH WKDW , KDG IRUJRWWHQ
D WRSLF DQG KDG WR LPSURYL]H� , VWDUWHG DVNLQJ P\VHOI LI LW ZRXOG QRW EH HDVLHU WR ZULWH D
VFULSW DQG HYHU\ \HDU� ORRN XS LQ WKH VFULSW ZKDW , ZDQW WR WHOO DW D OHVVRQ� 7RJHWKHU ZLWK
VRPH PHPEHUV RI WKH 3K\VLFV 2O\PSLDG ZH VWDUWHG ZULWLQJ D VFULSW DQG ZKDW \RX QRZ
KROG LQ \RXU KDQGV LV WKH VL[WK HGLWLRQ RI LW�

$V , DOUHDG\ PHQWLRQHG DERYH WKH VFULSW LV RQ WKH RQH KDQG KHOSIXO WR JLYH OHFWXUHV� 2Q
WKH RWKHU KDQG VWXGHQWV GR QRW KDYH WR ZULWH HYHU\WKLQJ GRZQ ZKDW WKH WHDFKHU WHOOV� WKH\
VLPSO\ FDQ WDNH QRWHV WR FRPSOHWH RU VWUHVV RXW LPSRUWDQW WKLQJV� 7KHUHIRUH WKLV VFULSW
GRHV QRW UHSODFH D JRRG ERRN� %HFDXVH LQ D JRRG ERRN WKHUH DUH RIWHQ PXFK PRUH GHWDLOV
ZKLFK FDQ QRW EH JLYHQ LQ D VFULSW ZKLFK LV ZULWWHQ WR DFFRPSDQ\ D WZR�KRXUV�OHFWXUH�
$GGLWLRQDOO\ LW LV KLJKO\ UHFRPPHQGHG WR VROYH SUREOHPV� EHFDXVH WKHQ RQH KDV WR WKLQN
DERXW ZKDW WKH DEVWUDFW ODZV RI SK\VLFV DUH WHOOLQJ DQG KRZ WKH\ FDQ EH XVHG�

1RZ WKH ILIWK HGLWLRQ RI WKH VFULSW LV ILQLVKHG� , ZDQW WR JLYH D VSHFLDO WKDQNV WR WKH RWKHU
DXWKRUV� QDPHO\ %DUEDUD� &\ULOO� /HY\� 'DYLG� 4XHQWLQ� /LRQHO� 6YHQ DQG 6HEDVWLDQ� $OVR
D ELJ WKDQNV WR DOO WKH PHPEHUV ZKR KHOSHG� FRUUHFWHG DQG SURRIUHDG WKH VFULSW�
,I \RX KDYH DQ\ FRPPHQW RQ WKH VFULSW� IRXQG D PLVWDNH RU ZRXOG OLNH WR KHOS LPSURYLQJ
RU GHYHORSLQJ LW� SOHDVH ZULWH PH D PDLO DW U�ZLQNOHU#RO\PSLDG�FK

, ZLVK \RX D HQWHUWDLQLQJ DQG LQVWUXFWLYH UHDGLQJ�
%HVW
5DIDHO
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� 6ROYLQJ 6WUDWHJLHV

7KH WHVWV RI WKH 3K\VLFV 2O\PSLDG DUH UDWKHU WULFN\ DQG VRPHWLPHV EH\RQG WKH VFRSH RI
SK\VLFV DW VFKRRO� 2IWHQ LW LV LPSRUWDQW WR KDYH D JRRG LGHD RU WR DSSURDFK WKH SUREOHP
IURP D JRRG VWDUWLQJ SRLQW� 7KH KLQWV DQG WULFNV SUHVHQWHG LQ WKLV FKDSWHU VKRXOG KHOS
\RX WR DSSURDFK D SUREOHP DQG WR VROYH LW HIILFLHQWO\�

��� *HW DQ 2YHUYLHZ DQG (ODERUDWH D 6WUDWHJ\

7KH WLPH DQG WKH SUREOHPV DUH FKRVHQ VXFK WKDW LW LV DOPRVW LPSRVVLEOH WR VROYH DOO WKH
SUREOHPV FRUUHFWO\ ZLWKLQ WKH JLYHQ WLPH� 7KLV PLJKW VRXQG FUXHO EXW \RX KDYH WR VHH LW
IURP D SRVLWLYH VLGH� 7DNH WKH GLIIHUHQW WRSLFV DV FKRLFH DQG IRFXV RQ WKRVH \RX FDQ VROYH
EHVW� QRERG\ H[SHFWV \RX WR VROYH HYHU\WKLQJ FRUUHFWO\ �WKH JRDO LV QRW WR JHW DOO SRLQWV
EXW JHW PRUH WKDQ WKH RWKHUV�� +HQFH D JRRG WLPH PDQDJHPHQW LV FUXFLDO� GR QRW EHFRPH
GHVSHUDWH LI \RX JHW VWXFN LQ D SUREOHP� PD\EH DOVR PRVW RI WKH RWKHU FRPSHWLWRUV ZLOO
JHW VWXFN DQG WKHUH PLJKW EH DQRWKHU SUREOHP WKDW \RX FDQ VROYH� 6XPPDUL]LQJ WKH PRVW
LPSRUWDQW SRLQWV ZH KDYH�
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JHWV PXFK HDVLHU� %XW DOVR WKH RSSRVLWH LV SRVVLEOH��� 6RPH WULFNV WR LPSURYH WKH RYHUYLHZ
DUH�

� 5HDG WKH SUREOHP WZLFH� PD\EH \RX IRUJRW DQ LPSRUWDQW GHWDLO ZKHQ UHDGLQJ LW ILUVW
DQG \RX JHW LW WKH VHFRQG WLPH�

� 5HDG DOVR WKH VXEVHTXHQW WDVNV� PD\EH WKH\ JLYH \RX D FOXH ZKDW WR GR�

�
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� 0DNH D GUDZLQJ RI WKH VLWXDWLRQ �VHH DOVR QH[W VHFWLRQ��

� ,I WKHUH DUH D ORW RI YDULDEOHV LQYROYHG DQG \RX ORVW WKH RYHUYLHZ� PDNH D OLVW ZLWK
WKHVH YDULDEOHV �DQG ODEHO WKHP LQ WKH GUDZLQJ�� $OVR ZULWH GRZQ �REYLRXV� UHODWLRQV
EHWZHHQ WKH YDULDEOHV� 7KLV PLJKW DOUHDG\ JLYH VRPH SRLQWV�

� )RU HDFK WDVN WKH QXPEHU RI SRLQWV \RX FDQ JDLQ IRU WKDW WDVN LV LQGLFDWHG� 7KLV LV
D KLQW KRZ GLIILFXOW RU KRZ HDV\ D WDVN LV�

��� :ULWH &OHDUO\ DQG .HHS WKH 2YHUYLHZ

1RW RQO\ WKRVH ZKR FRUUHFW ZLOO EH SOHDVHG DERXW D QLFH ZULWLQJ DQG D JRRG RYHUYLHZ�
,W LV DOVR YHU\ XVHIXO IRU \RX WR NHHS WKH RYHUYLHZ DQG WKXV PLQLPL]H FDOFXODWLRQ HUURUV�
6RPH KLQWV �VHH DOVR WKH H[DPSOHV LQ WKH QH[W FKDSWHUV��

� /HDYH HQRXJK VSDFH LQ DOO GLUHFWLRQV DQG LQ SDUWLFXODU EHWZHHQ GLIIHUHQW SUREOHPV
� SDUWV � TXHVWLRQV� 7KLV ZLOO LPSURYH WKH RYHUYLHZ DQG LQ FDVH \RX KDYH WR DGG
VRPHWKLQJ� WKHUH LV VWLOO VSDFH OHIW�

� ([SODLQ ZKDW \RX DUH GRLQJ �DOVR LQ ZRUGV� DQG PDNH QLFH GUDZLQJV �VHH DOVR QH[W
VHFWLRQ��

� ,I \RX FDQ QDPH WKH YDULDEOHV E\ \RXUVHOI� JLYH WKHP LQWXLWLYH QDPHV� )RU H[DPSOH
*UHHN OHWWHUV IRU DQJOHV� WKH YDULDEOHV \RX DUH XVHG WR IRU HQHUJ\� PRPHQWXP DQG
VR RQ�

� &OHDUO\ ZULWH GRZQ \RXU DVVXPSWLRQV DQG VLPSOLILFDWLRQV�

� ,I \RX GR D ORQJHU FRPSXWDWLRQ GR QRW PDNH D ORQJ URZ RI HTXDO VLJQV� ,QVWHDG
ZULWH RQ WKH ULJKW KDQG VLGH RI WKH HTXDWLRQ EHORZ HDFK RWKHU� )RU H[DPSOH�

ax2 + bx+ c = a(x2 +
b

a
x) + c

= a(x2 +
b

a
x+

b2

4a2
) + c�

b2

4a

= a(x+
b

2a
)2 + c�

b2

4a2
.

�



� 6ROYLQJ 6WUDWHJLHV

��� 'UDZLQJV

6RPHWLPHV \RX DUH DVNHG WR GR D GUDZLQJ RU \RX ZDQW WR GR D GUDZLQJ WR JHW D EHWWHU
RYHUYLHZ� ,QGHSHQGHQW RI WKH SXUSRVH RI WKH GUDZLQJ WKHUH DUH VRPH SRLQWV WKDW VKRXOG
EH FRQVLGHUHG�

� 0DNH D %,* GUDZLQJ� $QG E\ ELJ ZH PHDQ� UHDOO\ XVH WKH VSDFH RQ WKH SDJH
�GUDZLQJV VPDOOHU WKDQ D WKLUG RI WKH SDJH DUH LQ PRVW FDVHV WRR VPDOO��

� ,I SRVVLEOH� XVH UXOHU DQG FRPSDVV IRU WKH GUDZLQJ DQG WU\ GR GUDZ LW DV SUHFLVHO\
DV SRVVLEOH �ZLWKRXW ZDVWLQJ WLPH RQ WKH GUDZLQJ�� 6RPHWLPHV D SUREOHP FDQ EH
VROYHG JHRPHWULFDOO\� WKDW LV ZK\ D SUHFLVH GUDZLQJ PLJKW EH XVHIXO�

� 8VH GLIIHUHQW FRORUV WR GLVWLQJXLVK GLIIHUHQW SURSHUWLHV�

� /DEHO WKH TXDQWLWLHV LQ WKH GUDZLQJ WKDW DUH JLYHQ RU DVNHG RU WKDW PLJKW EH KHOSIXO
�VHH QH[W VHFWLRQ��

6HFRQG URXQG ����� SDUW RI WKH ILUVW TXHVWLRQ�
&RQVLGHU WKH IROORZLQJ VFKHPDWLF RI D PLUURU WHOHVFRSH VHWXS� XVLQJ DQ RFXODU OHQV�
7KH VNHWFK LV QRW WR VFDOH�

D

dR

lR

lO

7KH WHOHVFRSH KDV D WRWDO OHQJWK RI L = 2P� DQG WKH GLDPHWHU RI WKH RSHQLQJ
DQG WKH SDUDEROLF PLUURU LV D = 50 FP� ,Q WKH LQWHULRU RI WKH WHOHVFRSH� WKHUH
LV D SODQDU VHFRQGDU\ PLUURU ZLWK GLDPHWHU dR = 9 FP� 7KH VHFRQGDU\ PLUURU LV
SODFHG lR = 1.8P IURP WKH SDUDEROLF PLUURU� DQG WLOWHG E\ 45�� 7KH RFXODU OHQV KDV
GLDPHWHU dO = 1 FP DQG LV SODFHG DW DQ DGMXVWDEOH GLVWDQFH lO RXWVLGH WKH KRXVLQJ�
LQ VXFK D ZD\ WKDW D VKDUS LPDJH IRUPV� 7KH IRFDO OHQJWK RI WKH SDUDEROLF PLUURU LV
fP = 2.1P� DQG WKH IRFDO OHQJWK RI WKH RFXODU OHQV LV fO = 3 FP�

�
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4XHVWLRQ �� 6NHWFK WKH WUDMHFWRU\ RI OLJKW IURP D YHU\ GLVWDQW VWDU WKURXJK WKH WHOH�
VFRSH�
6ROYLQJ 6WUDWHJ\� :H PDNH D ELJ GUDZLQJ DQG WU\ WR GUDZ WKH VLWXDWLRQ WR VFDOH 1 : 10
�DW OHDVW DV PXFK DV SRVVLEOH� VHH DOVR 1RWH EHORZ�� 6LQFH WKH VWDU LV YHU\ IDU DZD\
ZH FDQ DVVXPH WKH UD\V DUH SDUDOOHO ZKHQ HQWHULQJ WKH WHOHVFRSH� :KHQ WKH UD\V KLW
WKH PLUURU� WKH\ JHW IRFXVHG WRZDUGV WKH IRFDO SRLQW DQG ZRXOG LQWHUVHFW WKHUH� 7KH
VPDOO SODQDU PLUURU GHIOHFWV WKH UD\V� 7KHUHIRUH WKH UD\V LQWHUVHFW DW WKH PLUURUHG
IRFDO SRLQW� VR ZH µUHIOHFWµ WKH IRFDO SRLQW� ,I ZH ZDQW WR KDYH D VKDUS LPDJH� WKH
UD\V VKRXOG EH SDUDOOHO DIWHU WKH RFXODU� 7R KDYH WKHP SDUDOOHO� DOO RI WKHP PXVW SDVV
WKURXJK WKH IRFDO SRLQW RI WKH RFXODU �QRWH� WKH GLDPHWHU DQG WKH GLVWDQFH IURP WKH
RFXODU DUH QRW GUDZQ WR VFDOH�
6ROXWLRQ ��

)LJXUH ���

1RWH� :H GLG D ELJ DQG QLFH GUDZLQJ� ZKLFK ZLOO EH XVHIXO LQ WKH QH[W WZR WDVNV�
)XUWKHUPRUH� ,V LPSRUWDQW WR UHDG WKH WDVN H[DFWO\ DQG PD\EH DOVR PHQWLRQ WKLQJV
LQ WKH GUDZLQJ WKDW PLJKW EH REYLRXV EXW PLJKW JHW IRUJRWWHQ �WKHUH ZHUH VWXGHQWV
ZKR PLVWRRN WKH PLUURU WHOHVFRSH ZLWK D OHQV DQG GUHZ WKH UD\V WKURXJK WKH PLUURU��

4XHVWLRQ �� $W ZKLFK GLVWDQFH lO GRHV WKH RFXODU OHQV QHHG WR EH SODFHG VR WKDW WKH
UD\V IURP D YHU\ GLVWDQW VWDU DUH SDUDOOHO DIWHU WKH RFXODU OHQV"
6ROYLQJ 6WUDWHJ\� 7R KDYH D SDUDOOHO UD\ DIWHU WKH OHQV� WKH UD\V PXVW SDVV WKURXJK
WKH IRFDO SRLQW� ,I ZH SXW WKH OHQV VXFK WKDW LWV IRFDO SRLQW LV DW WKH SRVLWLRQ ZKHUH
ZDOO UD\V PHHW � PLUURUHG IRFDO SRLQW RI PLUURU�� ZH IXOILO WKLV FRQGLWLRQ� )URP WKH
GUDZLQJ ZH VHH WKDW WKH IRFDO SRLQW RI WKH OHQV DQG RI WKH PLUURU PXVW FRLQFLGH�

�



� 6ROYLQJ 6WUDWHJLHV

6ROXWLRQ �� fP+fO = lR+
1
2D+lO ZKLFK OHDGV WR lO = fP+fO�lR�

1
2D = 8 FP�

1RWH� 6LQFH ZH GUHZ WKH ZKROH VLWXDWLRQ YHU\ FDUHIXOO\� LW LV HDVLHU WR VHH WKLV VROXWLRQ
DQG LI ZH GUDZ LW WR VFDOH� ZH HYHQ FDQ FKHFN WKH QXPHULF VROXWLRQ �QRW SRVVLEOH KHUH
DV LW ZDV QRW SRVVLEOH WR GUDZ WKH RFXODU DW WKH ULJKW SRVLWLRQ��

4XHVWLRQ �� 'HWHUPLQH WKH PDJQLILFDWLRQ RI WKH WHOHVFRSH�
6ROYLQJ 6WUDWHJ\� )URP D JHRPHWULFDO SRLQW RI YLHZ ZH FDQ XVH WKH LQWHUFHSW WKHRUHP�
WKH UDWLR EHWZHHQ WKH GLVWDQFH SDUDEROLF PLUURU � IRFDO SRLQW DQG WKH GLVWDQFH RFXODU
� IRFDO SRLQW LV HTXDO WR WKH UDWLR RI WKH FRUUHVSRQGLQJ GLDPHWHU RI WKH UD\V�
6ROXWLRQ �� M = fP

fO
= 70 XVLQJ LQWHUFHSWLRQ WKHRUHP�

1RWH� $JDLQ� D JRRG GUDZLQJ KHOSV D ORW�

7KH ILUVW SUREOHP FRQWLQXHV DQG WKH GUDZLQJ LWVHOI LV QRW WKDW XVHIXO DQ\PRUH� 1HY�
HUWKHOHVV ZLWK WKLV VROXWLRQV ZH JRW 4.25 SRLQWV RXW RI 16��

��� 6\PPHWULHV DQG 2UGHU RI 0DJQLWXGH

7KH SK\VLFV WDXJKW \RX LQ WKLV VFULSW LV IRUPXODWHG TXLWH JHQHUDOO\ DQG WKH IRUPXODV PLJKW
ORRN PRUH FRPSOLFDWHG WKDQ WKH\ DUH� ,Q D VSHFLILF SUREOHP� WKHUH PLJKW EH V\PPHWULHV
LQYROYHG WKDW PDVVLYHO\ VLPSOLI\ WKH SUREOHP �LQ SDUWLFXODU LQ HOHFWURG\QDPLFV�� )XUWKHU�
PRUH WKH SUREOHP PLJKW FRQWDLQ GLIIHUHQW TXDQWLWLHV WKDW KDYH D FRPSOHWHO\ GLIIHUHQW RU�
GHUV RI PDJQLWXGH� 7KLV PLJKW DOORZ \RX WR VLPSOLI\ WKH SUREOHP �H�J� LQ PRVW SUREOHPV
WKH HDUWK FDQ EH FRQVLGHUHG EHLQJ IODW��7KH PRVW LPSRUWDQW KLQWV LQ WKLV WRSLF DUH�

� :KDW LV WKH SURSHU GLPHQVLRQDOLW\ RI WKH SUREOHP" 2IWHQ LW LV QRW QHFHVVDU\ WR WUHDW
WKH SUREOHP LQ � GLPHQVLRQV� )RU H[DPSOH WKH PRWLRQ RI D SODQHW RU WKH EDOOLVWLF
WUHDWPHQW RI D IRRWEDOO FDQ EH GRQH LQ WZR GLPHQVLRQV DV WKH\ PRYH LQ D SODQH�

� 8VH URWDWLRQDO RU PLUURU V\PPHWULHV�

� ,I LQ WKH SUREOHP WZR TXDQWLWLHV DUH H[SOLFLWO\ UHODWHG YLD D⌧ RU D�� \RX VKRXOG
DOZD\V VLPSOLI\ \RXU FRPSXWDWLRQV� 7KH GLIILFXOW\ LV WKHQ WR ILJXUH RXW KRZ PXFK

�7KH SDJH OD\RXW GRHV QRW DOORZ WR SORW WKH GUDZLQJ LQ LWV ULJKW VFDOH� 7KH VTXDUHV RULJLQDOO\ KDYH D VL]H
RI � PP�

�7KH DYHUDJH RI WKH SRLQWV DW WKLV ZKROH SUREOHP � �LQFOXGLQJ WKH WDVNV WKDW DUH QRW OLVWHG KHUH� DW WKH
VHFRQG URXQG ���� ZDV ⇡ 1.8�

�
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WKH SUREOHP FDQ EH VLPSOLILHG ZLWKRXW QHJOHFWLQJ WKH HIIHFW XQGHU LQYHVWLJDWLRQ� L�H�
ZKHWKHU LW LV DOORZHG WR VHW RQH YDOXH FRPSOHWHO\ WR ]HUR RU D PRUH VRSKLVWLFDWHG
VLPSOLILFDWLRQ LV QHHGHG VXFK DV D 7D\ORU H[SDQVLRQ� )RU H[DPSOH FRQVLGHULQJ D
SHQGXOXP� WKH GLVSODFHPHQW s VKDOO EH PXFK VPDOOHU WKDQ WKH OHQJWK RI WKH SHQGX�
OXP l �s ⌧ l�� %XW VHWWLQJ s = 0 ZRXOG QRW DOORZ XV WR LQYHVWLJDWH WKH RVFLOODWLRQ�
KHQFH ZH QHHG WKH ILUVW RUGHU DSSUR[LPDWLRQ s/l = VLQ(�) ⇡ � ZKHUH � LV WKH
GLVSODFHPHQW DQJOH�

��� ,QWURGXFH QHZ YDULDEOHV

,Q VRPH FDVHV LW LV YHU\ XVHIXO WR LQWURGXFH D QHZ YDULDEOH �RU PXOWLSOH� WKDW LV QRW JLYHQ
E\ WKH SUREOHP� ,W PLJKW EH HDVLHU WR VSOLW WKH SUREOHP LQ VPDOOHU VWHSV DQG ILQG UHODWLRQV
EHWZHHQ JLYHQ TXDQWLWLHV DQG LQWURGXFHG RQHV LQVWHDG RI RQO\ XVLQJ WKH JLYHQ YDULDEOHV�
,Q PRVW FDVHV� WKHVH QHZO\ LQWURGXFHG YDULDEOH LV MXVW KHOSLQJ \RX WR ILQG XVHIXO HTXDWLRQV
DQG WR VLPSOLI\ WKH SK\VLFV� ,Q WKH HQG LW LV RIWHQ SRVVLEOH WR JHW ULG RI WKH LQWURGXFHG
YDULDEOH E\ KDYLQJ HQRXJK HTXDWLRQV WR HOLPLQDWH LW �VHH DOVR H[DPSOH EHORZ�� 6RPH WULFNV
DUH�

� 6D\ FOHDUO\ KRZ \RX GHILQH \RXU QHZ YDULDEOH� ,I WKH GHILQLWLRQ LV QRW FOHDU \RX
PLJKW PL[ XS GLIIHUHQW TXDQWLWLHV�

� ,QWURGXFH RQO\ YDULDEOHV \RX NQRZ KRZ WR GHDO ZLWK� 7KLQN D ELW LI WKH QHZ YDULDEOH
UHDOO\ GHVFULEHV VRPHWKLQJ XVHIXO DQG PHDQLQJIXO�

� 'R QRW LQWURGXFH YDULDEOHV WKDW DUH YHU\ REYLRXVO\ UHODWHG WR RWKHU YDULDEOHV �H�J�
UDGLXV DQG GLDPHWHU RI D FLUFOH�� 2WKHUZLVH \RX ULVN WR ORRVH WKH RYHUYLHZ RYHU DOO
WKH YDULDEOHV�

� .HHS WUDFN RI \RXU YDULDEOHV DQG QDPH WKHP LQ DQ LQWXLWLYH ZD\� L�H� *UHHN OHWWHUV
IRU DQJOHV �VHH DOVR VHFWLRQ ����

� ,I \RX KDYH D GUDZLQJ� DOVR ODEHO WKLV QHZ YDULDEOH�

�
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([DPSOH�
3UREOHP� $ FRLQ ZLWK GLDPHWHU d = 2 FP OLHV RQ WKH IORRU RI D ZKLWH WHD FXS ZKLFK
KDV DQ LQQHU GLDPHWHU b = 6 FP DQG KHLJKW l = 8 FP� 7KH FRLQ OLHV LQ WKH PLGGOH RI
WKH FXS� )URP ZKLFK DQJOH LV LW SRVVLEOH WR VHH WKH ZKROH XSSHU VXUIDFH RI WKH FRLQ
LI WKH FXS LV ILOOHG ZLWK ZDWHU XS WR D KHLJKW h" :ULWH GRZQ D UHODWLRQ EHWZHHQ WKH
JLYHQ TXDQWLWLHV �QR QHHG WR VROYH LW��

6ROYLQJ VWUDWHJ\� )LUVW ZH WKLQN DERXW WKH V\PPHWU\ RI WKH SUREOHP� $VVXPLQJ WR
KDYH D URXQG FXS� LW GRHV QRW PXWWHU IURPZKLFK VLGH ZH ORRN DW LW� :H WKHUHIRUH KDYH
D URWDWLRQ V\PPHWULF SUREOHP DQG ZH VLPSO\ FKRVH RQH YHUWLFDO SODLQ JRLQJ WKRXJK
WKH PLGGOH RI WKH FXS� :H WKHUHIRUH UHGXFHG WKH � GLPHQVLRQDO SUREOHP WR �� ZKLFK
ZLOO VLPSOLI\ RXU FDOFXODWLRQV DQG GUDZLQJV�:H GUDZ WKH VLWXDWLRQ �VHH ILJXUH ���� DQG
WU\ WR XQGHUVWDQG ZKDW OLPLWV WKH YLVLELOLW\ RI WKH FRLQ� /RRNLQJ DW WKH FRLQ IURP WKH
WRS ZH REYLRXVO\ FDQ VHH WKH FRLQ� :KHQ WXUQLQJ WR WKH VLGH WKHUH LV DQ DQJOH ZKHUH
WKH OLJKW RI WKH HGJH RI WKH FRLQ MXVW WRXFKHV WKH ULP RI WKH FXS �FRUUHVSRQGLQJ DQJOH
GUDZQ DV ��� :H WKHUHIRUH KDYH WR ILQG WKLV �� 7KH GLIILFXOW\ LV WKDW WKH OLJKW JHWV
UHIUDFWHG DW WKH ZDWHU�DLU VXUIDFH DQG LW LV QRW FOHDU ZKHUH RQ WKH VXUIDFH WKLV KDSSHQV�
6R ZH LQWURGXFH WKH GLVWDQFH x EHWZHHQ WKDW SRLQW DQG WKH VLGH RI WKH FXS� :H QRZ
WU\ WR ILQG HQRXJK HTXDWLRQV WR HOLPLQDWH x� ,Q WKH GUDZLQJ� ZH KDYH IRXU JLYHQ
YDULDEOHV �b� d� h� l� DQG WKUHH XQNQRZQ YDULDEOHV �↵� � DQG x�� :H KDYH WR ILQG WKUHH
�LQGHSHQGHQW� HTXDWLRQV UHODWLQJ DOO WKHVH YDULDEOHV�

x

↵

�

h
l

b

d

)LJXUH ���� 'UDZLQJ RI WKH VLWXDWLRQ�
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6ROXWLRQ� :H FDQ DSSO\ 6QHOO·V ODZ�

VLQ(↵)nw = VLQ(�) �����

ZKHUH nw LV WKH UHIUDFWLYH LQGH[ IURP ZDWHU �NQRZQ��
6HFRQG ZH FRPSXWH WKH KRUL]RQWDO SDWK OHQJWK IURP WKH HGJH RI WKH FRLQ WR WKH ULP
RI WKH FXS

b�
d

2
= WDQ(↵)h+ x. �����

7KLUG ZH KDYH

WDQ(�) =
x

l � h
. �����

+DYLQJ WKHVH WKUHH HTXDWLRQV ZH FDQ HOLPLQDWH DOO XQNQRZQ YDULDEOHV� 6ROYH HTXDWLRQ
��� IRU x DQG LQVHUW LW LQ ���� )XUWKHUPRUH VROYH HTXDWLRQ ��� IRU ↵ DQG DOVR LQVHUW LW
LQWR HTXDWLRQ ���� :H WKHQ JHW

b�
d

2
= WDQ

✓
DUFVLQ(

VLQ(�)
nw

)

◆
h+ (l � h) WDQ(�) �����

7KLV HTXDWLRQ GHILQHV �� $V ZH DUH QRW DVNHG WR VROYH LW� ZH DUH GRQH�

1RWH� 2I FRXUVH ZH FRXOG KDYH VROYHG WKH SUREOHP ZLWKRXW LQWURGXFLQJ x EXW VRPH�
WLPHV LW LV YHU\ KHOSIXO WR LQWURGXFH D YDULDEOH WR VSOLW WKH SUREOHP LQWR VPDOOHU VWHSV
ZKLFK FDQ EH VROYHG HDVLHU�

��� &KHFN <RXU 5HVXOW

,I \RX JRW D UHVXOW WKHUH DUH VRPH VDQLW\ FKHFNV \RX VKRXOG GR WR DYRLG DYRLGDEOH PLVWDNHV
VXFK DV IRUJHWWLQJ D VTXDUH RU XVLQJ WKH ZURQJ XQLWV�

� $QDO\VLV RI GLPHQVLRQ� 'RHV WKH UHVXOW KDYH WKH FRUUHFW GLPHQVLRQ" 6RPHWLPHV LW
LV HYHQ SRVVLEOH WR JXHVV D IRUPXOD MXVW E\ ORRNLQJ DW WKH GLPHQVLRQ RI WKH JLYHQ
TXDQWLWLHV� VHH GHWDLOV LQ WKH DSSHQGL[ %���

� ,V WKH DUJXPHQW RI FHUWDLQ IXQFWLRQV ZLWKRXW GLPHQVLRQ" 7KLV SRLQW FRQFHUQV LQ
SDUWLFXODU WKH WULJRQRPHWULF IXQFWLRQV DQG WKH H[SRQHQWLDO DQG ORJDULWKP� )RU H[�

�



� 6ROYLQJ 6WUDWHJLHV

DPSOH LQ VLQ(x)� xPXVW EH ZLWKRXW GLPHQVLRQ� 6R x = !t ZKHUH t LV WLPH DQG ! D
�DQJXODU� IUHTXHQF\ LV ILQH� EXW x = tPDNHV QR VHQVH �ZKDW LV WKH VLQH RI D WLPH"���

� ,I VSHFLILF QXPHULFDO YDOXHV DUH JLYHQ� WKH UHVXOW VKRXOG EHPHDQLQJIXO� )RU H[DPSOH
WKH VSHHG RI D FDU LV LQ WKH RUGHU RI 10P·V�1 DQG FHUWDLQO\ QRW 1000P·V�1 RU
0.01P·V�1�

� %DFN RI WKH HQYHORSH FDOFXODWLRQ ZKHQ GRLQJ FDOFXODWLRQV ZLWK WKH FDOFXODWRU

��� &DOFXODWRU

$W RXU H[DPV� \RX DUH RQO\ DOORZHG WR XVH D VLPSOH FDOFXODWRU ZLWKRXW DQ\ DOJHEUDLF VROYLQJ
V\VWHP RU JUDSKLF GLVSOD\� :LWK VRPH WULFNV VXFK D FDOFXODWRU LV HQRXJK WR VROYH WKH
SUREOHPV��

� ,I QXPHULFDO YDOXHV DUH JLYHQ� LQVHUW WKHP DW WKH YHU\ HQG RI \RXU FDOFXODWLRQ� ,W LV
HDVLHU WR FDOFXODWH ZLWK YDULDEOHV WKDQ ZLWK QXPEHUV DQG \RXZLOO PDNH OHVV PLVWDNHV�

� ,I \RX VSOLW \RXU FRPSXWDWLRQV LQ GLIIHUHQW VWHSV� VDYH \RXU VWHSV DQG FRQWLQXH ZLWK
WKH VDYHG YDOXHV� 7KLV ZD\ \RX DYRLG WR PDNH URXQGLQJ HUURUV�

� :KHQ LQVHUWLQJ WKH QXPEHUV LQ \RXU IRUPXOD� LW LV HDVLHU WR ZULWH WKHP LQ VFLHQWLILF
QRWDWLRQ� L�H� c = 3 · 108 LQVWHDG RI c = 300000000� 'RLQJ WKLV� \RX FDQ HYHQ
JR RQH VWHS IXUWKHU DQG VLPSOLI\ DOO WKH 10x H[SRQHQWLDOV LQ \RXU IRUPXOD EHIRUH
W\SLQJ LW LQWR WKH FDOFXODWRU�

� *HW XVHG WR \RXU FDOFXODWRU� <RX VKRXOG NQRZ KRZ \RXU FDOFXODWRU ZRUNV DQG
ZKHUH WKH GLIIHUHQW RSHUDWLRQV DUH ORFDWHG� 6RPH FDOFXODWRUV �ZKLFK DUH DOORZHG DW
RXU H[DPV� KDYH HYHQ VRPH PRUH IXQFWLRQV VXFK DV FRPSXWLQJ WKH PHDQ RU WKH
VWDQGDUG GHYLDWLRQ� .QRZLQJ WKHVH IXQFWLRQV PLJKW EH YHU\ KHOSIXO�

�:KHQ VWXG\LQJ 0DWK RU 3K\VLFV� LQ PRVW H[DPV \RX DUH QRW DOORZHG WR XVH DQ\ FDOFXODWRU RU RQO\ D
VLPSOH RQH� 6R LW LV D YHU\ JRRG H[HUFLVH WR JHW XVHG WR VROYH PDWKHPDWLFDO RU SK\VLFDO SUREOHPV ZLWKRXW
FDOFXODWRU RU ZLWK D VLPSOH RQH�

��
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��� 2WKHU +LQWV

7KHUH DUH VRPH RWKHU KLQWV WKDW PLJKW KHOS�

� (YHQ ZKHQ VSHFLILF YDOXHV DUH JLYHQ �H�J� YHORFLW\ v = 3P·V�1�� RQO\ SOXJ WKHP LQ
DW WKH HQG� DV \RX QRUPDOO\ ZLOO JHW SRLQWV IRU WKH ILQDO IRUPXOD

� ,I \RX KDYH QR FOXH� ORRN DW WKH GLPHQVLRQV RI WKH JLYHQ YDULDEOHV� 0D\EH \RX FDQ
JXHVV WKH DQVZHU� 7KLV LV DOVR YHU\ XVHIXO ZKHQ \RX DUH QRW VXUH DW ZKLFK SRZHU
\RX KDYH WR WDNH WKH TXDQWLWLHV RU LI \RX IRUJRW WKH IRUPXOD

� 8VXDOO\ WKH WDVNV DUH VXFK WKDW WKH VROXWLRQ RQO\ QHHGV JLYHQ TXDQWLWLHV �PD\EH QRW
JLYHQ DV QXPHULFDO YDOXHV EXW DV YDULDEOHV� RU QDWXUDO FRQVWDQWV� 1HYHUWKHOHVV WKHUH
DUH VRPHWLPHV TXHVWLRQV ZKHUH \RX KDYH WR PDNH DQ DVVXPSWLRQ� ([DPSOHV DUH
WKH GLDPHWHU RI DQ H\H �LQ RSWLFV� RU WKH PDVV RI DQ REMHFW�

� 7DNH \RXU WLPH WR UHDG WKH SUREOHP DQG JHW VRPH XQGHUVWDQGLQJ RI WKH V\VWHPV
DQG GHILQLWLRQV� 6WDUW VROYLQJ WKH ILUVW H[HUFLVH RQFH \RX KDYH GRQH WKLV�

���� &DOFXODWHG H[DPSOH

,Q WKLV VHFWLRQ ZH KDYH D ORRN DW DQ HQWLUH IRUPHU VHFRQG URXQG SUREOHP �VHFRQG URXQG
����� SUREOHP ���
,QWUR�
/HW·V FRQVLGHU D KHOLFDO UDPS� 7KH KHOL[·V D[LV LV YHUWLFDO� LWV UDGLXV R �WKH KRUL]RQWDO
GLVWDQFH IURP HDFK SRLQW RI WKH UDPS WR WKH D[LV� LV FRQVWDQW� 7KH UDPS·V VORSH LV DOVR
FRQVWDQW DQG VXFK WKDW WKH YHUWLFDO GLVWDQFH EHWZHHQ WZR FRLOV �GLVWDQFH ZKLFK LV FDOOHG
WKH KHOL[·V µSLWFKµ� LV s�

R

s~g

��



� 6ROYLQJ 6WUDWHJLHV

:H VWXG\ WKH PRWLRQ RI D PDUEOH RI PDVVm WKDW UROOV RQ WKH UDPS� 7KH PDUEOH·V SRVLWLRQ
l(t) RQ WKH KHOL[ LV GHVFULEHG E\ WKH GLVWDQFH LW WUDYHOOHG DORQJ WKH UDPS IURP LWV LQLWLDO
SRVLWLRQ�
3DUW $� $ SRLQW REMHFW RQ D OLQH
)LUVW� OHW·V FRQVLGHU WKDW WKH UDPS LV DQDORJ WR D OLQH DORQJ ZKLFK WKH PDUEOH PRYHV ZLWK�
RXW IULFWLRQ DQG ZLWKRXW OHDYLQJ WKH UDPS�

7DVN $ L� ��3�� :KDW LV WKH OHQJWK L RI RQH KHOL[·V WXUQ� WKDW LV� WKH GLVWDQFH WKH PDUEOH
WUDYHOOHG ZKHQ LW FURVVHV WKH YHUWLFDO RI LWV LQLWLDO SRVLWLRQ IRU WKH ILUVW WLPH DIWHU EHLQJ OHW
JR DORQJ WKH UDPS"
6ROYLQJ 6WUDWHJ\� %HIRUH KXUU\LQJ ZLWK WKH DQVZHU� ZH ILUVW PDNH VRPH JHQHUDO WKRXJKWV
DERXW WKH SUREOHP�

� 5HDG WKH ZKROH SUREOHP RU DW OHDVW SDUW $� 7KHUH PLJKW EH VRPH KLQWV KLGGHQ LQ
WKH IROORZLQJ WDVNV�

� 7KLQN DERXW WKH GLPHQVLRQDOLW\ RI WKH SUREOHP DQG KRZ WR GHVFULEH WKH PRWLRQ
HIILFLHQWO\ �UHDGLQJ WKH ZKROH SDUW $ ILUVW PLJKW KHOS DQVZHU WKLV TXHVWLRQ� 7KH
PRWLRQ LWVHOI LV FRQILQHG RQ WKH KHOL[� 7KH KHOL[ LWVHOI LV D OLQH� VR RQH GLPHQVLRQ LV
VXIILFLHQW WR GHVFULEH WKH PRWLRQ �LQ 7DVN $ LY� � YL� WKLV ZLOO EH UHOHYDQW�� 1HYHU�
WKHOHVV WKH KHOL[ LWVHOI LV HPEHGGHG LQ WKUHH GLPHQVLRQV� VR ZKHQ WDONLQJ DERXW WKH
KHOL[ LWVHOI� ZH PD\EH KDYH WR GR WKH FRPSXWDWLRQ LQ �'�

$V WKLV TXHVWLRQ GHDOV ZLWK WKH KHOL[� ZH KDYH WR FRQVLGHU PRUH WKDQ RQH GLPHQVLRQ� %XW
ZH FDQ VLPSOLI\ WKH FRPSXWDWLRQ LI ZH XQUROO WKH KHOL[�� :H WKHQ VHH WKDW RQH ZLQGLQJ
FRUUHVSRQGV WR D WULDQJOH� WKH K\SRWHQXVH RI D ULJKW WULDQJOH� 2QH FDWKHWXV RI WKLV WULDQJOH
LV WKH FLUFXPIHUHQFH 2⇡R WKH RWKHU LV WKH SLWFK s�
6ROXWLRQ� 8QUROOLQJ WKH KHOL[ DQG DSSO\LQJ 3\WKDJRUDV OHDGV WR

L =
p

(2⇡R)2 + s2.

1RWH� 1R KXUU\ DW WKH EHJLQQLQJ� ZH ZLOO VHH WKDW WKH JHQHUDO FRQVLGHUDWLRQV ZLOO QRW EH
GRQH LQ YDLQ�

7DVN $ LL� ��3�� :KDW LV WKH DQJOH ↵ EHWZHHQ WKH UDPS DQG WKH KRUL]RQWDO SODQH"
6ROYLQJ 6WUDWHJ\� :H DUH GHDOLQJ ZLWK WKH KHOL[ DJDLQ DQG ZH FDQ UHXVH WKH SLFWXUH JDLQHG
LQ WKH ILUVW WDVN�

�7R XQUROO WKH KHOL[� LPDJLQH D SLHFH RI SDSHU UROOHG LQWR D F\OLQGHU� 'UDZ WKH KHOL[ RQWR WKH SDSHU DQG
XQUROO LW� 7KH KHOL[ EHFRPHV D VHW RI SDUDOOHO� VODQWHG OLQHV�

��
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6ROXWLRQ�

↵ = DUFWDQ
⇣ s

2⇡R

⌘
.

1RWH� 8QGHUVWDQGLQJ WKH ILUVW WDVN ZHOO DQG PDNLQJ D GUDZLQJ �DW OHDVW LQ WKH KHDG E\
XQUROOLQJ WKH KHOL[� KHOSHG VROYLQJ WKLV RQH�

7DVN $ LLL� ��3�� 'UDZ WKH DSSOLHG IRUFHV DFWLQJ RQ WKH PDUEOH LQ WKH UHIHUHQWLDO RI \RXU
FKRLFH�
6ROYLQJ 6WUDWHJ\� $V ZH QHHG WKUHH GLPHQVLRQV WR GUDZ WKH KHOL[� ZH QHHG DOVR DOO WKUHH
GLPHQVLRQV WR GUDZ WKH IRUFHV� 6LQFH D WKUHH GLPHQVLRQDO GUDZLQJ LV GLIILFXOW� ZH GUDZ
WKH VLWXDWLRQ RQFH IURP WKH VLGH DQG RQFH IURP WKH IURQW YLHZ �DOVR D JRRG �' GUDZLQJ
LV SRVVLEOH��
6ROXWLRQ� 7KHUH LV WKH JUDYLWDWLRQDO IRUFH FG� WKH FHQWULSHWDO IRUFH FZ DQG WKH QRUPDO
IRUFH FN � 7KH YHUWLFDO OLQH LQ WKH GUDZLQJ FRUUHVSRQGV WR WKH D[LV DURXQG ZKLFK WKH KHOL[
ZLQGV�

VLGH YLHZ

R

FN

FG

FN

IURQW YLHZ

FZ

�FG

FG

)LJXUH ���

1RWH� ,Q WKLV WDVN GLIIHUHQW GUDZLQJV DUH SRVVLEOH EXW LW PXVW FOHDU IURP ZKLFK SHUVSHFWLYH
WKH\ DUH GUDZQ�

7DVN $ LY� ����3�� &RPSXWH WKH PDUEOH·V DFFHOHUDWLRQ a(t) WDQJHQW WR WKH UDPS DV D IXQF�
WLRQ RI WLPH�
6ROYLQJ 6WUDWHJ\� :H XVH 1HZWRQ·V VHFRQG ODZ� 7KH VXP RI DOO IRUFHV PXVW EH HTXDO WR
WKH DFFHOHUDWLRQ WLPHV WKH PDVV� $V ZH RQO\ KDYH WR FRQVLGHU WKH WDQJHQW DFFHOHUDWLRQ� ZH
RQO\ KDYH WR FRQVLGHU WKH IRUFHV GUDZQ LQ WKH VLGH YLHZ SLFWXUH� 7KH QRUPDO IRUFH DQG WKH
JUDYLWDWLRQDO IRUFH FRPSHQVDWH HDFK RWKHU LQ WKH GLUHFWLRQ SHUSHQGLFXODU WR WKH GLUHFWLRQ
RI PRWLRQ� 7KH UHVXOWLQJ IRUFH LV WKHUHIRUH WKH IRUFH SRLQWLQJ SDUDOOHO WR WKH UDPS�

��



� 6ROYLQJ 6WUDWHJLHV

6ROXWLRQ� 7KH WDQJHQW IRUFH LV FRQVWDQW DQG VLQFH WKHUH LV QR IULFWLRQ ZH JHW

a = g VLQ(↵) =
gs

L
.

1RWH� 8QGHUVWDQGLQJ WKH JHRPHWU\ RI WKH SUREOHP LV DJDLQ YHU\ XVHIXO�

7DVN $ Y� ����3�� :H OHW WKH PDUEOH UROO DORQJ WKH UDPS ZLWK DQ LQLWLDO YHORFLW\ v0 �WDQJHQW
WR WKH UDPS�� &RPSXWH WKH PDUEOH·V SRVLWLRQ l(t) DV D IXQFWLRQ RI WLPH�
6ROYLQJ 6WUDWHJ\� $V WKH DFFHOHUDWLRQ LV FRQVWDQW� ZH GHDO ZLWK WKH XVXDO IRUPXOD IRU FRQ�
VWDQW DFFHOHUDWLRQ�
6ROXWLRQ�

l(t) = v0t+
1

2
at2

1RWH� 7KLV TXHVWLRQ PLJKW ORRN GLIILFXOW DW ILUVW VLJKW� EXW ORRNLQJ DW WKH QXPEHU RI SRLQWV
ZH UHDOL]H WKHUH PXVW EH D VLPSOH VROXWLRQ�

7DVN $ YL� ��3�� ,I WKH LQLWLDO YHORFLW\·V GLUHFWLRQ LV XSZDUG WKH UDPS� DIWHU ZKDW WLPH
⌧ ZLOO WKH PDUEOH FURVV LWV LQLWLDO SRVLWLRQ DJDLQ" )LQG D QXPHULFDO YDOXH IRU ⌧ XVLQJ
R = s = 20 FP DQG v0 = 1P·V�1�
6ROYLQJ 6WUDWHJ\� %HLQJ DW WKH VDPH SRVLWLRQ DJDLQ PHDQV l(⌧) = 0� ,QVHUWLQJ LQ WKH
HTXDWLRQ DERYH DQG VROYH LW IRU t OHDGV WR WKH FRUUHFW UHVXOW�
6ROXWLRQ� :H ZDQW l(⌧) = 0� 7KHUH DUH WZR VROXWLRQV� DW t = 0 WKH PDUEOH VWDUWV UROOLQJ
XS� KHQFH ZH ZDQW WKH QRQ�]HUR VROXWLRQ�

0 = v0 +
1

2
a⌧

⌧ =
2v0
a

=
2v0
gs

q
(2⇡R)2 + s2

=
2v0
g

s✓
2⇡

R

s

◆2

+ 1.

7KHUHIRUH ⌧ ⇡ 1.3 V�
1RWH� 7KH QXPHULFDO YDOXHV DUH LQVHUWHG DW WKH YHU\ HQG�

��
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3DUW %� /LNH D VOLGH
:H FRQVLGHU QRZ WKDW WKH UDPS·V FURVV�VHFWLRQ LV D KDOI�FLUFOH RI UDGLXV r� WKH WZR ULPV
EHLQJ DW VDPH KHLJKW� 7KHPDUEOH LV VWLOO FRQVLGHUHG D SRLQW REMHFW ZLWK IULFWLRQOHVVPRWLRQ�
7KH SRVLWLRQ RI WKH PDUEOH LQVLGH WKH UDPS LV GHWHUPLQHG E\ WKH DQJOH �(t) �WDNHQ LQ WKH
YHUWLFDO SODQH FRQWDLQLQJ WKH KHOL[·V D[LV� DQG WKH GLVWDQFH l(t) IURP LWV LQLWLDO SRVLWLRQ�
PHDVXUHG DORQJ WKH ERWWRP RI WKH KDOI�SLSH �ZKHUH � = 0��

R

r�

7DVN % L� ��3�� )LQG DQ HTXDWLRQ WKDW OLQNV WKH YDULDEOHV �(t)� R� r� s� l(t) DQG L LI WKH
PDUEOH·V LQLWLDO FRQGLWLRQV DUH v0 = 0 DQG �0 = 0� 1R RWKHU YDULDEOH WKDQ WKHVH VL[ RQHV
VKRXOG DSSHDU LQ WKLV HTXDWLRQ� <RX DUH QRW DVNHG WR VROYH WKLV HTXDWLRQ�
6ROYLQJ 6WUDWHJ\� 2N� WKLV LV D KDUG WDVN� DOVR DV LW JLYHV � SRLQWV� %XW WKHUH LV QR UHDVRQ
WR EH LQ GHVSDLU� OHW·V VROYH LW VWHS E\ VWHS�

�� 8QGHUVWDQG WKH JHRPHWU\ RI WKH SUREOHP� ,Q SDUW $� WKH KHOL[ FRQVLVWHG RI DQ
LQILQLWH WKLQ OLQH� WKDW·V ZK\ ZH FRXOG WUHDW WKH PRYHPHQW RI WKH PDUEOH LQ RQH
GLPHQVLRQ� ,Q WKLV SDUW %� WKH OLQH LV UHSODFHG E\ D KDOI SLSH� 7KLV KDOI SLSH LV WKHQ
ZRXQG XS DV KHOL[� 7KH GLIILFXOW\ LV� WKDW WKH PRWLRQ RI WKH PDUEOH LV QRW FRQILQHG
WR RQH GLPHQVLRQ DQ\PRUH� ,QVWHDG WKH PDUEOH FDQ DOVR PRYH RQ WKH VHPL�FLUFOH
JLYHQ E\ WKH KDOI SLSH DQG ZKLFK LV SDUDPHWUL]HG E\ '�

�� $IWHU XQGHUVWDQGLQJ WKH JHRPHWU\� ZH VWDUW WR WKLQN DERXW WKHPRWLRQ LQ DQ LQWXLWLYH
ZD\� $ORQJ WKH KHOL[� WKH PDUEOH ZLOO DOZD\V JHW IDVWHU �DV LW JRHV GRZQ�� %XW WKH
IDVWHU PRWLRQ DVNV IRU D ELJJHU FHQWULSHWDO IRUFH� KHQFH WKH PDUEOH ZLOO EH SXVKHG
RXW� PHDQLQJ ' JHWV ELJJHU �LQWXLWLYHO\ �EXW ZURQJO\� VSRNHQ� WKH FHQWULIXJDO IRUFH
JHWV ELJJHU DQG SXVKHV WKH PDUEOH RXW��

�� 7KLQN DERXW KRZ WR VLPSOLI\ WKH FRPSXWDWLRQ� 7KH VSHHG DORQJ WKH KHOL[ ZLOO DO�
ZD\V EH PXFK ELJJHU WKDQ WKH PRWLRQ LQ WKH VHPL�FLUFOH� 7KHUHIRUH ZH QHJOHFW WKH
YHORFLW\ DORQJ WKH VHPL�FLUFOH�

�,I \RX GLG QRW FRQVLGHU WKHPRWLRQ DORQJ WKH VHPL�VSKHUH� GRQ·W ZRUU\� \RX KDYH D JRRG SK\VLFDO LQWXLWLRQ
DERXW UHOHYDQW DVSHFWV�

��



� 6ROYLQJ 6WUDWHJLHV

�� 1RZ ZH VWDUW FROOHFWLQJ HTXDWLRQV� )LUVW ZH DSSO\ 1HZWRQ·V ODZV LQ YHUWLFDO DQG
KRUL]RQWDO GLUHFWLRQ�

N FRV(�)�mg? = 0

N VLQ(�) = mac = m
v2

R+ r VLQ(�)
.

7KH ILUVW OLQH EDVLFDOO\ WHOOV \RX WKDW WKH FRPSRQHQW RI WKH JUDYLWDWLRQDO IRUFH g?
LV FRPSHQVDWHG E\ WKH QRUPDO IRUFH N � 7KH VHFRQG OLQH LQFOXGHV WKH FHQWULSHWDO
IRUFH ac� 7KH KRUL]RQWDO FRPSRQHQW RI WKH QRUPDO IRUFH DFWV DV FHQWULSHWDO IRUFH
IRUFLQJ WKH PDUEOH RQ WKH FXUYHG SDWK RI WKH KHOL[� 6LQFH WKH UHVXOW VKRXOG QRW
LQFOXGH g? DQG WKH YHORFLW\ v� ZH KDYH WR ILQG PRUH HTXDWLRQV HTXDWLQJ WKHP ZLWK
RWKHU JLYHQ TXDQWLWLHV�

$V WKH YHORFLW\ DORQJ WKH FLUFOH LV QHJOLJLEOH� WKHUH PXVW EH QR IRUFH SRLQWLQJ WDQJHQW
WR WKH FLUFOH� 7KLV PHDQV� WKH QRUPDO IRUFH SRLQWV WRZDUGV WKH FHQWHU RI WKH FLUFOH�
VHH WKH IROORZLQJ ILJXUH

~N�

$V WKH YHUWLFDO FRPSRQHQW RI ~N LVmg?� ZH JHW DQRWKHU HTXDWLRQ

v2

(R+ r VLQ(�))
= g? WDQ(�).

,Q DGGLWLRQ ZH VRPHKRZ KDYH WR FRQQHFW WKH YHORFLW\ ZLWK WKH SRVLWLRQ DORQJ WKH
SDWK� 7KLV LV HDVLHVW GRQH ZLWK HQHUJ\ FRQVHUYDWLRQ HTXDWLQJ WKH SRWHQWLDO DQG WKH
NLQHWLF HQHUJ\�

1

2
mv2 = mg?

✓
s
l

L
� r (1� FRV(�))

◆
.

:LWK WKHVH HTXDWLRQV LW VKRXOG EH SRVVLEOH WR HOLPLQDWH DOO LQWURGXFHG YDULDEOHV DQG
WR VROYH WKH SUREOHP�

��
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6ROXWLRQ� 7KH IRUFHV DUH

N FRV(�)�mg? = 0

N VLQ(�) = mac = m
v2

R+ r VLQ(�)
.

)XUWKHUPRUH WKH IRUFH PXVW DFW SHUSHQGLFXODU WR WR WKH FLUFOH�

v2

(R+ r VLQ(�))
= g? WDQ(�) ) mv2 = mg? WDQ(�) (R+ r VLQ(�))

$QG DFFRUGLQJ WR HQHUJ\ FRQVHUYDWLRQ�

1

2
mv2 = mg?

✓
s
l

L
� r (1� FRV(�))

◆

mv2 = 2mg?

✓
s
l

L
� r (1� FRV(�))

◆

0HUJLQJ WKH ODVW WZR HTXDWLRQV� ZH JHW

WDQ(�) (R+ r VLQ(�)) = 2

✓
s
l

L
� r (1� FRV(�))

◆
.

1RWH� :LWK WKH ODVW HTXDWLRQ� ZH DUH GRQH DV LW UHODWHV WKH JLYHQ TXDQWLWLHV� 7KLV ZDV D
UHDOO\ WKRXJK WDVN� QRERG\ ZLOO EH DEOH WR VROYH WKLV ZLWKLQ VRPH PLQXWHV� 6R GR QRW GHV�
SHUDWH LI \RX GRQ·W VHH WKH VROXWLRQ LPPHGLDWHO\ EXW WU\ WR GR WKH VWHSV H[SODLQHG DERYH�
)XUWKHUPRUH ZH GLG QRW XVH WKH ILUVW WZR HTXDWLRQV� EXW WKH\ DUH JRRG WR XQGHUVWDQG WKH
SUREOHP DQG ZKHUH WKH IRUFHV FRPH IURP�

7DVN % LL� ��3�� :LOO WKH PDUEOH MXPS RII WKH UDPS"
6ROYLQJ 6WUDWHJ\ � 6ROXWLRQ� $V YHUWLFDO FRPSRQHQW RI WKH QRUPDO IRUFH LV DOZD\V SRLQWLQJ
LQ WKH VDPH GLUHFWLRQ DV WKH JUDYLWDWLRQDO IRUFH� WKH QRUPDO IRUFH KDV DOZD\V D QRQ�]HUR
YHUWLFDO FRPSRQHQW� +HQFH WKH QRUPDO IRUFH ZLOO QHYHU EH SHUIHFWO\ KRUL]RQWDO DQG WKHUH�
IRUH WKH DQJOH DOZD\V VPDOOHU WKDQ 90�� 7KHUHIRUH WKH EDOO ZLOO QHYHU MXPS RII WKH UDPS��
1RWH� 2QFH DJDLQ LW KHOSHG XQGHUVWDQGLQJ WKH SUHYLRXV SUREOHP DQG WKH XQXVHG HTXD�
WLRQV DERXW WKH IRUFHV EHFRPH XVHIXO� ,Q DGGLWLRQ WKLV WDVN ZDV VROYDEOH HYHQ ZLWKRXW
FRPSOHWHO\ VROYLQJ WKH SUHYLRXV RQH� 6R DOZD\V ORRN DW DOO WDVNV DQG GR QRW VWRS VROYLQJ
LI \RX FDQQRW VROYH RQH�

�+HUH WKH DVVXPSWLRQ HQWHUV� WKDW WKHUH LV QR PRWLRQ LQ WKH VHPL FLUFOH DQG WKHUHIRUH QR RVFLOODWLRQ RU
RWKHU ZLUHG PRWLRQ ZKLFK �K\SRWKHWLFDOO\� FRXOG FDXVH WKH EDOO WR MXPS RII WKH UDPS�

��



� 6ROYLQJ 6WUDWHJLHV

7DVN % LLL� ��3�� +RZ LV WKH HTXDWLRQ VLPSOLILHG LI ZH DVVXPH R � r"
6ROYLQJ 6WUDWHJ\� :H GLYLGH WKH VROXWLRQ RI 7DVN % L� E\ R DQG XVH 1 � r/R PHDQLQJ
ZH GLVFDUG DOO WHUPV ZKHUH r/R LV DGGHG WR D FRQVWDQW�
6ROXWLRQ�

WDQ(�)
⇣
1 +

r

R
VLQ(�)

⌘
=

2sl

LR
� 2

r

R
(1� FRV(�))

WDQ(�) ⇡
2sl

LR

XVLQJ VLQ(�) DQG FRV(�) DUH ILQLWH�
1RWH� $ ZURQJ UHVXOW LQ 7DVN % L� PLJKW DOVR OHDG WR D ZURQJ UHVXOW LQ WKLV WDVN� 6R LI \RX
JHW VRPH YHU\ XQUHDOLVWLF UHVXOW KHUH� \RX PLJKW DOUHDG\ KDYH GRQH D PLVWDNH LQ % L�� %XW
\RX PLJKW VWLOO JHW SDUWLDO SRLQWV IRU WKLV WDVN VR FHUWDLQO\ ZULWH VRPHWKLQJ GRZQ�

7DVN % LY� ��3�� 3URYLGH WKH QXPHULFDO YDOXH RI �(t) ZKHQ WKH PDUEOH FRPSOHWHG � WXUQV
�ZLWK R = 10P� r = 2 FP DQG s = 2P��
6ROYLQJ 6WUDWHJ\� 7KH PDUEOH SHUIRUPLQJ � WXUQV PHDQV l/L = 5� ,QVHUWLQJ DOO WKHVH
YDOXHV� ZH JHW WKH QXPHULFDO UHVXOW� )XUWKHUPRUH R � r� WKHUHIRUH ZH FDQ XVH WKH
VLPSOLILHG IRUPXOD�
6ROXWLRQ� :H XVH WKH VLPSOLILHG IRUPXOD� WKHQ � ⇡ 1.1 UDG �= 63��
1RWH� 'R QRW LQVHUW QXPHULFDO YDOXHV HDUOLHU� RQO\ DW WKH YHU\ HQG�

��
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3LSSL /nQJVWUXPS

��� 9HFWRU DOJHEUD � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 6FDODU SURGXFW � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 9HFWRU SURGXFW � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 'LIIHUHQWLDO FDOFXOXV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 'HULYDWLYH RI D IXQFWLRQ � � � � � � � � � � � � � � � � � � � � ��
����� 'LIIHUHQWLDWLRQ UXOHV � � � � � � � � � � � � � � � � � � � � � � ��
����� 0RUH GHULYDWLYHV � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 2YHUYLHZ DERXW GHULYDWLYHV � � � � � � � � � � � � � � � � � � ��
����� +LJKHU GHULYDWLYHV � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7D\ORU DSSUR[LPDWLRQ � � � � � � � � � � � � � � � � � � � � � ��
����� 7KH LGHD RI GLIIHUHQWLDO HTXDWLRQV � � � � � � � � � � � � � � ��

��� ,QWHJUDO FDOFXOXV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� $QWLGHULYDWLYHV � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ,QWHJUDO DV DQ DUHD � � � � � � � � � � � � � � � � � � � � � � � ��
����� )XQGDPHQWDO WKHRUHP RI FDOFXOXV � � � � � � � � � � � � � � ��
����� 0RUH LQWHJUDWLRQ UXOHV � � � � � � � � � � � � � � � � � � � � � ��
����� 7KH LGHD RI PXOWLGLPHQVLRQDO LQWHJUDOV � � � � � � � � � � � ��

��� &RPSOH[ 1XPEHUV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 5HSUHVHQWDWLRQ RI D FRPSOH[ QXPEHU� (XOHU IRUPXOD � � ��
����� $ ILUVW VLPSOH DSSOLFDWLRQ � � � � � � � � � � � � � � � � � � � ��
����� 3K\VLFDO H[DPSOHV � � � � � � � � � � � � � � � � � � � � � � � ��

��
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7KLV SDUW RI WKH VFULSW SUHVHQWV WKH PRVW LPSRUWDQW PDWKHPDWLFDO WRROV� 6RPH WKLQJV ZLOO
EH NQRZQ IURP VFKRRO� RWKHU WKLQJV PD\EH ZLOO EH QHZ� 7KH JRDO LV QRW WR SUHVHQW WKH
HQWLUH KLJK VFKRRO PDWKHPDWLFV� EXW WR JLYH DQ RYHUYLHZ RYHU WKH FRQFHSWV� ZKLFK DUH
QHHGHG LQ WKH SK\VLFV SDUW� 7KH SURRIV DUH QRW UHDOO\ LPSRUWDQW IRU WKH SK\VLFV� VR RQH
FDQ RPLW WKHP LI QRW LQWHUHVWHG�

��� 9HFWRU DOJHEUD

,Q SK\VLFV� YHFWRUV DUH RI FUXFLDO LPSRUWDQFH� VLQFH PDQ\ SK\VLFDO TXDQWLWLHV DUH UHSUH�
VHQWHG E\ YHFWRUV� 7KH IRXQGDWLRQ RI YHFWRU DOJHEUD VKRXOG EH NQRZQ IURP VFKRRO�
7KHUHIRUH ZH ZLOO RQO\ UHSHDW WKH WZR PRVW LPSRUWDQW FRQFHSWV IRU SK\VLFV� 7KH PDLQ
UHIHUHQFH IRU WKLV FKDSWHU LV >�@�

����� 6FDODU SURGXFW

7KHUH LV DQ LQWXLWLYH ZD\ WR DGG WZR YHFWRUV DQG WR PXOWLSO\ D YHFWRU E\ D QXPEHU� 7KHUH
DUH HVVHQWLDOO\ WZR ZD\V KRZ WZR YHFWRUV FDQ EH PXOWLSOLHG� 2QH RI WKHP LV WKH VFDODU
SURGXFW �DOVR NQRZQ DV GRW SURGXFW��

'HILQLWLRQ� /HW ~a DQG~b EH YHFWRUV� 7KHQ WKH VFDODU SURGXFW RI ~a DQG~b LV

~a ·~b =

0

@
ax
ay
az

1

A ·

0

@
bx
by
bz

1

A = axbx + ayby + azbz.

7KHUH LV D QLFH FRQQHFWLRQ EHWZHHQ WKH VFDODU SURGXFW DQG WKH DQJOH ' EHWZHHQ WKH YHF�
WRUV ~a DQG ~b �VHH ILJXUH ����� :H KDYH WKH IROORZLQJ DOWHUQDWLYH H[SUHVVLRQ IRU WKH VFDODU
SURGXFW�

~a ·~b = axbx + ayby + azbz = |~a| · |~b| · FRV(').

��
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)LJXUH ���� ~c = ~a�~b

3URRI� 7KH HTXDOLW\ axbx + ayby + azbz = |~a| · |~b| · FRV(') IROORZV IURP WKH FRVLQH IRUPXOD��
:H ORRN DW ILJXUH ��� DQG FDOFXODWH WKH OHQJWK RI ~c = ~a�~b LQ WZR ZD\V� 2Q RQH KDQG� ZH KDYH�

|~c|2 = |~a�~b|2 = (ax � bx)
2 + (ay � by)

2 + (az � bz)
2

= a2x + a2y + a2z + b2x + b2y + b2z � 2axbx � 2ayby � 2azbz

= |~a|2 + |~b|2 � 2 (axbx + ayby + azbz) .

2Q WKH RWKHU KDQG� LW IROORZV E\ WKH FRVLQH IRUPXOD� WKDW�

|~c|2 = |~a|2 + |~b|2 � 2 · |~a| · |~b| · FRV(').

&RPSDULQJ WKH WZR H[SUHVVLRQV IRU |~c|2� ZH ILQG

axbx + ayby + azbz = |~a| · |~b| · FRV(').

⇤

��
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5HPDUNV

� 7KH VFDODU SURGXFW LV RIWHQ XVHG WR FDOFXODWH WKH DQJOH ' EHWZHHQ WZR YHFWRUV ~a
DQG~b� 8VLQJ WKH WZR GLIIHUHQW H[SUHVVLRQV IRU WKH VFDODU SURGXFW� ZH JHW

FRV(') =
~a ·~b

|~a| · |~b|
=

axbx + ayby + azbz

|~a| · |~b|
.

� 7KH VFDODU SURGXFW KDV DQ LQWXLWLYH LQWHUSUHWDWLRQ� 2QH ILUVW SURMHFWV WKH YHFWRU ~a
RQ WKH YHFWRU~b WR JHW D YHFWRU ~a0 RI OHQJWK

|~a0| = |~a| · FRV(')

�VHH ILJ� ����� 7KHQ WKH VFDODU SURGXFW RI ~a DQG~b LV WKH SURGXFW

|~a| · FRV(') · |~b| = |~a0| · |~b|

RI WKH OHQJWK RI ~a0 ZLWK WKH OHQJWK RI~b� 7KLV PHDQV WKDW RQO\ WKH SDUW RI ~a ZKLFK LV
SDUDOOHO WR~b FRQWULEXWHV WR WKH VFDODU SURGXFW� 7KH VDPH KROGV� LI RQH LQWHUFKDQJHV
~a DQG~b�

3URSHUWLHV� :H VXPPDUL]H WKH PRVW LPSRUWDQW UXOHV IRU FDOFXODWLRQV LQYROYLQJ WKH
VFDODU SURGXFW� /HW ~a�~b� ~c EH WKUHH YHFWRUV DQG s D UHDO QXPEHU� 7KHQ ZH KDYH�

~a · ~a = |~a|2 = a2x + a2y + a2z

~a ·~b = ~b · ~a

(s~a) ·~b = s ·
⇣
~a ·~b

⌘

~a ·

⇣
~b+ ~c

⌘
= ~a ·~b+ ~a · ~c.

)XUWKHUPRUH� ,I ~a,~b 6= ~0� WKHQ ~a ·~b = 0 LI DQG RQO\ LI ~a DQG~b DUH RUWKRJRQDO�

([HUFLVH� 'RHV (~a ·~b) · ~c = ~a · (~b · ~c) KROG"
�7KH FRVLQH IRUPXOD WHOOV XV� WKDW LQ D WULDQJOH ZLWK VLGHOHQJWKV a� b DQG c ZH KDYH

c
2 = a

2 + b
2 � 2ab FRV('),

ZKHUH ' LV WKH DQJOH EHWZHHQ a DQG b�

��
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)LJXUH ���� 3URMHFWLRQ RI ~a RQ~b

����� 9HFWRU SURGXFW

7KH VFDODU SURGXFW RI WZR YHFWRUV LV D QXPEHU �VFDODU�� 7KH YHFWRU SURGXFW �DOVR NQRZQ
DV FURVV SURGXFW� RI WZR YHFWRUV LV D YHFWRU� FRQFUHWHO\�

'HILQLWLRQ� /HW ~a DQG~b EH YHFWRUV� 7KH YHFWRU SURGXFW RI ~a DQG~b LV GHILQHG
DV

~a⇥~b =

0

@
ax
ay
az

1

A⇥

0

@
bx
by
bz

1

A =

0

@
aybz � azby
azbx � axbz
axby � aybx

1

A

3URSHUWLHV

�� 7KH YHFWRU SURGXFW ~a⇥~b LV RUWKRJRQDO WR ERWK ~a DQG~b� JLYHQ WKDW ~a DQG
~b DUHQ·W SDUDOOHO �VHH� ILJ� ����� ,I ~a DQG~b DUH SDUDOOHO WKHQ ~a⇥~b = ~0�

�� 7KH YHFWRUV ~a�~b DQG ~a⇥~b IROORZ WKH ULJKW KDQG UXOH �VHH� ILJ� �����

��
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)LJXUH ���� 9HFWRU SURGXFW

�� ,I ' LV WKH DQJOH EHWZHHQ ~a DQG ~b� ZH KDYH |~a ⇥~b| = |~a| · |~b| · VLQ(')�
7KHUHIRUH WKH DEVROXWH YDOXH RI WKH YHFWRU SURGXFW LV HTXDO WR WKH DUHD RI
WKH SDUDOOHORJUDP ZLWK VLGHV ~a DQG ~b �VHH ILJ� ����� 7KLV PHDQV WKDW RQO\
WKH SDUW RI ~a� ZKLFK LV RUWKRJRQDO WR~b FRQWULEXWHV WR ~a⇥~b�

3URRI�

~a⇥~b

~a

~b

)LJXUH ���� 5LJKW KDQG UXOH�

��
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�� 2QH FDOFXODWHV ~a ·

⇣
~a⇥~b

⌘
= 0 DQG ~b ·

⇣
~a⇥~b

⌘
= 0� 6R LW IROORZV� WKDW ~a DQG ~b DUH

RUWKRJRQDO WR ~a⇥~b�

�� 7KLV LV QRW UHDOO\ DQ REYLRXV IDFW� 7KH LGHD LV WR ILUVW VKRZ WKH IDFW IRU ~a DQG ~b LQ WKH
xy�SODQH DQG WKHQ RQH UHGXFHV WKH JHQHUDO FDVH WR WKLV�

�� 2QH KDV VLQ2(') = 1� FRV2(')� 7KHUHIRUH�

⇣
|~a| · |~b| · VLQ(')

⌘2
= |~a|2 · |~b|2 ·

�
1� FRV2(')

�

= |~a|2 · |~b|2 �
⇣
|~a| · |~b| · FRV(')

⌘2

= |~a|2 · |~b|2 �
⇣
~a ·~b

⌘2
.

2Q WKH RWKHU KDQG� RQH FDQ FDOFXODWH H[SOLFLWO\� WKDW |~a|2 · |~b|2 �
⇣
~a ·~b

⌘2
= |~a ⇥~b|2�

7KHUHIRUH RQH JHWV |~a⇥~b| = |~a| · |~b| · VLQ(')�

⇤

0RUH SURSHUWLHV� :H VXPPDUL]H WKH PRVW LPSRUWDQW UXOHV IRU FDOFXODWLRQV LQYROYLQJ
WKH YHFWRU SURGXFW� /HW ~a�~b� ~c EH WKUHH YHFWRUV DQG s D UHDO QXPEHU� 7KHQ ZH KDYH�

~a⇥ ~a = 0

~a⇥~b = �

⇣
~b⇥ ~a

⌘

(s~a)⇥~b = ~a⇥

⇣
s~b
⌘
= s ·

⇣
~a⇥~b

⌘

~a⇥

⇣
~b+ ~c

⌘
= ~a⇥~b+ ~a⇥ ~c

⇣
~a+~b

⌘
⇥ ~c = ~a⇥ ~c+~b⇥ ~c

([HUFLVH� 'RHV (~a⇥~b)⇥ ~c = ~a⇥ (~b⇥ ~c) KROG"

��
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��� 'LIIHUHQWLDO FDOFXOXV

3K\VLFV ZLWKRXW FDOFXOXV LV LPSRVVLEOH� VLQFH PRVW SK\VLFDO ODZV LQ WKHLU JHQHUDO IRUPXOD�
WLRQ XVH GHULYDWLYHV RU LQWHJUDOV� ,Q WKLV FKDSWHU� ZH ORRN DW GLIIHUHQWLDO FDOFXOXV� 7KH QH[W
FKDSWHU ZLOO WUHDW LQWHJUDO FDOFXOXV� 7KH PDLQ UHIHUHQFH IRU WKLV FKDSWHU LV >�@�

����� 'HULYDWLYH RI D IXQFWLRQ

*LYHQ D UHDO IXQFWLRQ f � ZKLFK PDSV D UHDO QXPEHU WR DQRWKHU UHDO QXPEHU� ZH DUH RIWHQ
LQWHUHVWHG LQ WKH VORSH RI WKH JUDSK RI f DW VRPH SRLQW x0� :LWK WKH VORSH RI f � ZH PHDQ
WKH VORSH RI WKH WDQJHQW DW WKH JUDSK RI f WKURXJK f(x0) �VHH ILJ� ����� +RZ FDQ ZH
FDOFXODWH WKLV VORSH" )RU WKLV ZH ILUVW WKLQN DERXW KRZ WR FDOFXODWH WKH VORSH RI WKH VHFDQW
WKURXJK f(x0) DQG f(x0 + h) IRU VRPH h > 0 �VHH� ILJ� ����� 7KLV VORSH LV VLPSO\ WKH
GLIIHUHQFH LQ KHLJKW GLYLGHG E\ WKH GLIIHUHQFH LQ OHQJKW� KHQFH

f(x0 + h)� f(x0)

(x0 + h)� x0
=

f(x0 + h)� f(x0)

h
.

,I ZH PDNH h VPDOOHU� WKH VHFDQW DSSURDFKHV WKH WDQJHQW DQG WKH VORSH RI WKH VHFDQW
DSSURDFKHV WKH VORSH RI WKH WDQJHQW� 7KHUHIRUH WKH VORSH RI WKH WDQJHQW LV WKH OLPLW RI WKH
VORSH RI WKH VHFDQW� ZKHQ h JRHV WR 0� ZULWWHQ DV OLPh!0� :H FDOO WKH VORSH RI WKH WDQJHQW
RI f DW WKH SRLQW x0 WKH GHULYDWLYH f 0(x0) RI f DW WKH SRLQW x0�

'HILQLWLRQ� /HW f EH D UHDO IXQFWLRQ DQG x0 D UHDO QXPEHU� 7KHQ ZH GHILQH
WKH GHULYDWLYH RI f DW WKH SRLQW x0 DV

f 0(x0) = OLP
h!0

f(x0 + h)� f(x0)

h
. �����

5HPDUNV

� 2QH RIWHQ DOVR ZULWHV Gf
Gx (x0) IRU f

0(x0)� 7KHQ Gf DQG Gx VWDQG IRU YHU\ VPDOO
�µLQILQLWHVLPDOµ� GLIIHUHQFHV f(x0 + h)� f(x0) DQG (x0 + h)� x0�

� ,Q SK\VLFV f LV RIWHQ D IXQFWLRQ RI WKH WLPH t� 7KHQ� ZH RIWHQ ZULWH

ḟ(t0) =
Gf
Gt

(t0)

IRU WKH GHULYDWLYH RI f DW WKH SRLQW t0�

��
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)LJXUH ���� 7DQJHQW DQG VHFDQW

� 7KH OLPLW LQ WKH GHILQLWLRQ RI WKH GHULYDWLYH GRHVQ·W H[LVW IRU HYHU\ IXQFWLRQ HYHU\�
ZKHUH� +RZHYHU� ZH ZLOO RQO\ ZRUN ZLWK IXQFWLRQV ZKLFK DUH µQLFH HQRXJKµ DQG
ZH ZLOO DOZD\V DVVXPH WKH OLPLW H[LVWV HYHU\ZKHUH�

� 2QH RIWHQ FDOOV WKH GHULYDWLYH f 0(x0) WKH µLQVWDQWDQHRXV UDWH RI FKDQJHµ RI f DW
WKH SRLQW x0� EHFDXVH LW WHOOV KRZ IDVW f LV FKDQJLQJ DW x0� :LWK WKH KHOS RI WKH
GHULYDWLYH� ZH FDQ DSSUR[LPDWH f QHDU x0� )RU �x VPDOO� ZH KDYH

f(x0 +�x) ⇡ f(x0) +�x · f 0(x0), �����

VLQFH f(x0) +�x · f 0(x0) LV WKH YDOXH RI WKH WDQJHQW OLQH DW WKH SRLQW x0 + h �VHH
ILJ� �����

��
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)LJXUH ���� 'HULYDWLYH DV DSSUR[LPDWLRQ

([DPSOH�
:H FDOFXODWH WKH GHULYDWLYH RI WKH IXQFWLRQ f(x) = x2 DW WKH SRLQW x0 = 1� 6R ZH
FDOFXODWH

f 0(1) = f 0(x0) = OLP
h!0

f(x0 + h)� f(x0)

h
= OLP

h!0

(1 + h)2 � 12

h

= OLP
h!0

1 + 2h+ h2 � 1

h
= OLP

h!0

2h+ h2

h
= OLP

h!0
(2 + h) = 2.

0RVWO\� ZH GR QRW RQO\ ZDQW WR NQRZ WKH GHULYDWLYH RI f DW VRPH SRLQW x0 �DV LQ WKH
H[DPSOH�� EXW JHQHUDOO\ DW DQ DUELWUDU\ SRLQW� :H GHILQH WKH GHULYDWLYH IXQFWLRQ RI f
�PRVWO\� ZH RQO\ VD\ GHULYDWLYH RI f � DV WKH IXQFWLRQ f 0 = Gf

Gx � ZKLFK PDSV HYHU\ UHDO
QXPEHU x WR WKH GHULYDWLYH f 0(x) RI f DW WKH SRLQW x� 7KHUHIRUH WKH GHULYDWLYH f 0 RI
D IXQFWLRQ f LV DJDLQ D IXQFWLRQ� :H DOVR VD\ µGLIIHUHQWLDWHµ LQVWHDG RI µFDOFXODWLQJ WKH
GHULYDWLYHµ�

��
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([DPSOH�
:H FDOFXODWH WKH GHULYDWLYH IXQFWLRQ RI f(x) = x2� :H SURFHHG MXVW DV EHIRUH� EXW
ZH ZULWH x LQVWHDG RI x0 = 1�

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h
= OLP

h!0

(x+ h)2 � x2

h

= OLP
h!0

x2 + 2hx+ h2 � x2

h
= OLP

h!0

2hx+ h2

h
= OLP

h!0
(2x+ h) = 2x.

6R WKH GHULYDWLYH RI f(x) = x2 LV f 0(x) = 2x�

2QH FDQ VKRZ DQDORJRXVO\� WKDW IRU D SRVLWLYH LQWHJHU n� WKH GHULYDWLYH RI f(x) = xn LV
WKH IXQFWLRQ f 0(x) = n ·xn�1� )RU H[DPSOH IRU f(x) = x25� ZH KDYH f 0(x) = 25 ·x24�
RU IRU g(x) = x ZH KDYH g0(x) = 1 �WKLV FDQ EH YHULILHG LPPHGLDWHO\� VLQFH WKH VORSH RI
g(x) = x LV HTXDO WR 1 HYHU\ZKHUH��

����� 'LIIHUHQWLDWLRQ UXOHV

2IWHQ LW LV QRW QHFHVVDU\ WR FDOFXODWH WKH GHULYDWLYH H[SOLFLWO\ XVLQJ WKH OLPLW ������ VLQFH
RIWHQ WKH IXQFWLRQ LV D FRPELQDWLRQ RI VLPSOHU IXQFWLRQV� ZKRVH GHULYDWLYHV DUH DOUHDG\
NQRZQ� ,Q WKLV FKDSWHU ZH ORRN DW WKH FRUUHVSRQGLQJ GLIIHUHQWLDWLRQ UXOHV�

)DFWRU UXOH� /HW s EH D UHDO QXPEHU DQG g D IXQFWLRQ� ,I f(x) = s · g(x)�
WKHQ WKH GHULYDWLYH f 0(x) = s · g0(x)�

6XP UXOH� /HW g DQG k EH IXQFWLRQV� ,I f(x) = g(x) + k(x)� WKHQ f 0(x) =
g0(x) + k0(x)�

��
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3URRI�

� /HW f(x) = s · g(x)� 7KHQ ZH KDYH

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h
= OLP

h!0

s · g(x+ h)� s · g(x)

h

= OLP
h!0

✓
s ·

g(x+ h)� g(x)

h

◆
= s · OLP

h!0

g(x+ h)� g(x)

h

= s · g0(x).

� /HW f(x) = g(x) + k(x)� 7KHQ ZH KDYH

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h

= OLP
h!0

g(x+ h) + k(x+ h)� (g(x) + k(x))

h

= OLP
h!0

g(x+ h)� g(x) + k(x+ h)� k(x)

h

= OLP
h!0

✓
g(x+ h)� g(x)

h
+

k(x+ h)� k(x)

h

◆

= OLP
h!0

g(x+ h)� g(x)

h
+ OLP

h!0

k(x+ h)� k(x)

h
= g0(x) + k0(x).

⇤

([DPSOH�
:H FDOFXODWH WKH GHULYDWLYH RI f(x) = 3x4 � 2x2� :H VHW g(x) = 3x4 XQG k(x) =
�2x2� VR ZH KDYH f(x) = g(x) + k(x)� 8VLQJ WKH IDFWRU UXOH �DQG WKH UXOH IRU
GHULYDWLYHV RI SRZHUV LQ WKH ODVW VHFWLRQ�� ZH JHW g0(x) = 3 · 4 · x3 = 12x3 DQG
k0(x) = (�2) · 2 · x = �4x� 8VLQJ WKH VXP UXOH� ZH JHW f 0(x) = g0(x) + k0(x) =
12x3 � 4x�

:H DUH QRZ DEOH WR GLIIHUHQWLDWH VXPV �DQG DOVR GLIIHUHQFHV XVLQJ WKH IDFWRU UXOH�� :H
DOVR ZDQW WR GLIIHUHQWLDWH SURGXFWV DQG TXRWLHQWV� 7KH ILUVW JXHVV (g(x) · k(x))0 = g0(x)·
k0(x) FDQ EH HDVLO\ SURYHG WR EH ZURQJ� IRU H[DPSOH E\ ORRNLQJ DW g(x) = k(x) = x�
7KH FRUUHFW UXOHV DUH�

��
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3URGXFW UXOH� /HW g DQG k EH IXQFWLRQV� ,I f(x) = g(x) · k(x)� WKHQ ZH
KDYH

f 0(x) = g0(x) · k(x) + g(x) · k0(x).

4XRWLHQW UXOH� /HW g DQG k EH IXQFWLRQV� ,I f(x) = g(x)
k(x) � WKHQ ZH KDYH

f 0(x) =
g0(x) · k(x)� g(x) · k0(x)

(k(x))2
.

3URRI�

� /HW f(x) = g(x) · k(x)� 7KHQ ZH KDYH

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h

= OLP
h!0

g(x+ h) · k(x+ h)� g(x) · k(x)

h

= OLP
h!0

g(x+ h) · k(x+ h)� g(x+ h) · k(x) + g(x+ h) · k(x)� g(x) · k(x)

h

= OLP
h!0

k(x) · (g(x+ h)� g(x)) + g(x+ h) · (k(x+ h)� k(x))

h

= OLP
h!0

k(x) · (g(x+ h)� g(x))

h
+ OLP

h!0

g(x+ h) · (k(x+ h)� k(x))

h

= k(x) · OLP
h!0

g(x+ h)� g(x)

h
+ OLP

h!0
g(x+ h) · OLP

h!0

k(x+ h)� k(x)

h
= g0(x) · k(x) + g(x) · k0(x)

� 7KH TXRWLHQW UXOH IROORZV IURP WKH SURGXFW UXOH� /HW f(x) = g(x)
k(x) � 7KHQ ZH KDYH

g(x) = f(x) ·k(x)� 7KHUHIRUH E\ WKH SURGXFW UXOH g0(x) = f 0(x) ·k(x)+ f(x) ·k0(x)�
,I ZH VROYH IRU f 0(x) DQG SOXJ LQ f(x) = g(x)

k(x) � ZH ILQG

f 0(x) =
g0(x)� f(x) · k0(x)

k(x)

=
g0(x)� g(x)

k(x) · k
0(x)

k(x)

=
g0(x) · k(x)� g(x) · k0(x)

(k(x))2
.

��
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⇤

([DPSOH�

�� :H FDOFXODWH WKH GHULYDWLYH RI f(x) = x�1
x+1 � :H VHW g(x) = x�1 DQG k(x) =

x + 1� 7KHQ ZH KDYH f(x) = g(x)
k(x) � )XUWKHUPRUH g

0(x) = 1 DQG k0(x) = 1�
7KHUHIRUH E\ WKH TXRWLHQW UXOH�

f 0(x) =
g0(x) · k(x)� g(x) · k0(x)

(k(x))2
=

1 · (x+ 1)� (x� 1) · 1

(x+ 1)2
=

2

(x+ 1)2

�� )RU D SRVLWLYH LQWHJHU n� OHW EH f(x) = 1
xn = x�n� 7KHQ ZH KDYH E\ WKH

TXRWLHQW UXOH

f 0(x) =
(1)0 · xn � 1 · (xn)0

(xn)2
=

0 · xn � 1 · n · xn�1

x2n

= �n · xn�1�2n = �n · x�n�1 = �n ·
1

xn+1

(VSHFLDOO\� ZH KDYH IRXQG WKDW WKH UXOH (xn)0 = n·xn�1 DOVR KROGV IRU QHJDWLYH
n�

:H DUH QRZ DEOH WR GLIIHUHQWLDWH DOO SRO\QRPLDO IXQFWLRQV DQG DOO IUDFWLRQV RI SRO\QRPLDO
IXQFWLRQV� +RZHYHU� IXQFWLRQV RIWHQ DSSHDU DV FRPSRVLWLRQV RI WZR IXQFWLRQV� )RU H[�
DPSOH WKH IXQFWLRQ f(x) = (x2� 3x+13)17� FDQ EH ZULWWHQ DV f(x) = u(v(x))� ZKHUH
u(y) = y17 DQG v(x) = x2�3x+13� 7KHRUHWLFDOO\� ZH FRXOG FDOFXODWH f 0 E\ H[SDQGLQJ
(x3 � 3x + 13)17 DQG DSSO\LQJ WKH DERYH UXOHV� EXW WKDW ZRXOG QRW EH D YHU\ VDWLVI\LQJ
VROXWLRQ� :H QRZ IRUPXODWH WKH FKDLQ UXOH� ZKLFK GHDOV ZLWK VXFK FRPSRVLWLRQV�

&KDLQ UXOH� /HW u DQG v EH IXQFWLRQV DQG f(x) = u(v(x))� 7KHQ

f 0(x) = u0(v(x)) · v0(x).

,W LV HDV\ WR UHPHPEHU WKH FKDLQ UXOH� XVLQJ WKH QRWDWLRQ f 0 = Gf
Gx � :H IRUPDOO\ µH[SDQG

��
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WKH IUDFWLRQµ DQG JHW

f 0 =
Gf
Gx

=
Gu(v)
Gx

=
Gu(v)
Gv

·
Gv
Gx

= u0(v) · v0

3URRI� /HW f(x) = u(v(x))� 7KHQ ZH KDYH

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h

= OLP
h!0

u(v(x+ h))� u(v(x))

h

= OLP
h!0

✓
u(v(x+ h))� u(v(x))

v(x+ h)� v(x)
·
v(x+ h)� v(x)

h

◆

= OLP
h!0

u(v(x+ h))� u(v(x))

v(x+ h)� v(x)
· OLP
h!0

v(x+ h)� v(x)

h

= OLP
h!0

u(v(x+ h))� u(v(x))

v(x+ h)� v(x)
· v0(x)

:H QRZ GHILQH ĥ = v(x + h) � v(x)� )RU h ! 0� ZH DOVR KDYH ĥ ! 0 �EHFDXVH ZH DVVXPHG
v WR EH µQLFH HQRXJKµ�� 7KHUHIRUH

OLP
h!0

u(v(x+ h))� u(v(x))

v(x+ h)� v(x)
= OLP

h!0

u(v(x) + (v(x+ h)� v(x)))� u(v(x))

v(x+ h)� v(x)

= OLP
ĥ!0

u(v(x) + ĥ)� u(v(x))

ĥ
= u0(v(x)).

:H JHW f 0(x) = u0(v(x)) · v0(x)� ⇤

([DPSOH�
:H FDOFXODWH WKH GHULYDWLYH RI f(x) = (x2�3x+13)17� :H KDYH f(x) = u(v(x))�
ZKHUH u(y) = y17 DQG v(x) = x2 � 3x + 13� :H GLIIHUHQWLDWH u DQG v DQG JHW
u0(y) = 17y16 DQG v0(x) = 2x � 3� 7KHUHIRUH f 0(x) = u0(v(x)) · v0(x) =
17 · (x2 � 3x+ 13)16 · (2x� 3)�

��
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����� 0RUH GHULYDWLYHV

:H ZDQW WR GLIIHUHQWLDWH PRUH IXQFWLRQV� :H VWDUW ZLWK WKH WULJRQRPHWULF IXQFWLRQV VLQH�
FRVLQH DQG WDQJHQW� :H ZLOO DOZD\V PHDVXUH DQJOHV LQ UDGLDQV DQG QRW LQ GHJUHHV�� 7KH
JUDSKV RI VLQH DQG FRVLQH DUH SUHVHQWHG LQ ILJ� ����

)LJXUH ���� 7KH JUDSKV RI VLQH DQG FRVLQH

:H QRZ KDYH D FORVHU ORRN DW WKH JUDSK RI WKH VLQH IXQFWLRQ f(x) = VLQ(x) �VHH� ILJ� �����
7KH VORSH DW WKH SRLQW 0 VHHPV WR EH DSSUR[LPDWHO\ f 0(0) ⇡ 1� $W WKH SRLQW ⇡

2 � WKH VLQH
IXQFWLRQ REWDLQV LWV PD[LPXP� WKHUHIRUH WKH GHULYDWLYH LV f 0 �⇡

2

�
= 0� $W WKH SRLQW ⇡� WKH

GHULYDWLYH LV DJDLQ DSSUR[LPDWHO\ f 0(⇡) ⇡ �1� DW WKH SRLQW 3⇡
2 LW LV DJDLQ f 0 �3⇡

2

�
= 0�

HWF� :H FDQ GUDZ WKH GHULYDWLYH IXQFWLRQ �VHH ILJ� ����� ,I ZH FRPSDUH WKH ILJXUHV ��� XQG
���� ZH FRQMHFWXUH WKDW WKH GHULYDWLYH RI WKH VLQH IXQFWLRQ LV f 0(x) = FRV(x)�

2QH FDQ LQGHHG SURYH WKLV� EXW ZH GRQ·W GR WKLV KHUH� VLQFH WKH SURRI LV TXLWH WHFKQLFDO�
$QDORJRXVO\� RQH FDQ ILQG WKH GHULYDWLYH RI g(x) = FRV(x)� ,W LV g0(x) = � VLQ(x)�
)RU WKH WDQJHQW� ZH XVH

WDQ(x) =
VLQ(x)
FRV(x)

�5HSHWLWLRQ� 7KH PDJQLWXGH RI DQ DQJOH LQ UDGLDQV LV WKH OHQJWK RI WKH FRUUHVSRQGLQJ DUF RI WKH XQLW FLUFOH�
)RU H[DPSOH 360� FRUUHVSRQG WR 2⇡ LQ UDGLDQV� 180� FRUUHVSRQG WR ⇡� ,Q JHQHUDO� y� FRUUHVSRQGV WR

y
�

360�
· 2⇡ =

y
�

180�
· ⇡

LQ UDGLDQV�

��
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)LJXUH ���� 'HULYDWLYH RI WKH VLQH IXQFWLRQ

DQG DSSO\ WKH TXRWLHQW UXOH� 7KHQ ZH KDYH �ZKHUH ZH XVH WKDW VLQ2(x) + FRV2(x) = 1��

WDQ0(x) =
VLQ0(x) · FRV(x)� VLQ(x) · FRV0(x)

(FRV(x))2

=
FRV(x) · FRV(x)� VLQ(x) · (� VLQ(x))

FRV2(x)

=
FRV2(x) + VLQ2(x)

FRV2(x)
=

1

FRV2(x)
.

$OWHUQDWLYHO\ ZH FDQ DOVR ZULWH WKLV GLIIHUHQWO\ DQG JHW�

WDQ0(x) =
FRV2(x) + VLQ2(x)

FRV2(x)
= 1 +

VLQ2(x)
FRV2(x)

= 1 + WDQ2(x).

)LQDOO\� ZH KDYH

WDQ0(x) =
1

FRV2(x)
= 1 + WDQ2(x).

7R VXPPDUL]H�

'HULYDWLYHV RI WULJRQRPHWULF IXQFWLRQV�

VLQ0(x) = FRV(x)
FRV0(x) = � VLQ(x)

WDQ0(x) =
1

FRV2(x)
= 1 + WDQ2(x)

��
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([DPSOH�
:H FDOFXODWH WKH GHULYDWLYH RI f(x) = VLQ(x2) + (VLQ(x))2 )RU g(x) = VLQ(x2) ZH
JHW XVLQJ WKH FKDLQ UXOH�

g0(x) = VLQ0(x2) · 2x = 2x · FRV(x2).

IRU k(x) = (VLQ(x))2 ZH JHW DOVR XVLQJ WKH FKDLQ UXOH

k0(x) = 2 · VLQ(x) · VLQ0(x) = 2 VLQ(x) · FRV(x).

8VLQJ WKH VXP UXOH� ZH ILQDOO\ JHW

f 0(x) = g0(x) + k0(x) = 2x · FRV(x2) + 2 VLQ(x) · FRV(x).

([SRQHQWLDO IXQFWLRQ� :H QRZ ZDQW WR ILQG WKH GHULYDWLYH RI WKH H[SRQHQWLDO IXQF�
WLRQ

f(x) = ax,

ZKHUH ZH VKRXOG KDYH a > 0� :H VWDUW ZLWK WKH OLPLW ������ 8VLQJ WKH SRZHU UXOHV� ZH
JHW�

f 0(x) = OLP
h!0

f(x+ h)� f(x)

h
= OLP

h!0

ax+h
� ax

h

= OLP
h!0

ax · ah � ax

h
= OLP

h!0

✓
ah � 1

h
· ax
◆

=

✓
OLP
h!0

ah � 1

h

◆
· ax �����

:H VHH� WKDW WKH OLPLW

OLP
h!0

ah � 1

h
�����

GRHVQ·W GHSHQG RQ x DQ\PRUH� VR LW LV VLPSO\ D QXPEHU�
([HUFLVH� :KDW LV WKH JHRPHWULF PHDQLQJ RI WKH OLPLW �����"

:H ZDQW WR XQGHUVWDQG WKLV OLPLW EHWWHU DQG FDOFXODWH LW DSSUR[LPDWHO\ IRU a = 2 DQG 3�
E\ SOXJJLQJ LQ VPDOO QXPEHUV IRU h �VHH WDEOH ����� )RU a = 2� WKH OLPLW ����� LV VPDOOHU

��
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h = 0.1 h = 0.01 h = 0.001
2h�1
h 0.717... 0.695... 0.693...

3h�1
h 1.161... 1.104... 1.099...

7DEOH ���� &DOFXODWLRQ RI WKH OLPLW ����� IRU a = 2, 3

WKDQ 1 DQG IRU a = 3 LW LV ELJJHU 1� 7KHUHIRUH WKHUH H[LVWV D QXPEHU e� ZLWK 2 < e < 3�
VXFK WKDW

OLP
h!0

eh � 1

h
= 1

:H WKHUHIRUH ILQG ZLWK HTXDWLRQ ������ WKDW

G
Gx

ex = ex.

7KH GHULYDWLYH RI ex LV DJDLQ ex� 2QH FDQ FDOFXODWH WKDW

e = 2.7182...

7KH QXPEHU e LV FDOOHG (XOHU·V QXPEHU DQG SOD\V DQ LPSRUWDQW UROH LQ PDWKHPDWLFV�

0RUH DERXW e�:H GHILQHG e DV WKH QXPEHU� WKDW VDWLVILHV OLPh!0
eh�1
h = 1� :H ZDQW WR ILQG D

EHWWHU UHSUHVHQWDWLRQ IRU e� %\ WKH GHILQLWLRQ RI WKH OLPLW� ZH JHW IRU YHU\ VPDOO h

eh � 1

h
⇡ 1.

7KHUHIRUH eh ⇡ 1 + h� UHVSHFWLYHO\

e ⇡ (1 + h)
1
h .

,I ZH WDNH WKH OLPLW IRU h ! 0� WKH ⇡ JHWV DJDLQ D =� ,I ZH VHW h = 1
n � ZH ILQG

e = OLP
n!1

✓
1 +

1

n

◆n

.

7KLV LV D ZLGHO\ XVHG UHSUHVHQWDWLRQ IRU e DQG LV RIWHQ DOVR VHHQ DV WKH GHILQLWLRQ RI e� ⇤

��
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:H FRPH EDFN WR WKH TXHVWLRQ DERXW WKH GHULYDWLYH RI ax� )RU WKLV� ZH GHILQH WKH QDWXUDO
ORJDULWKP

OQ(x) = ORJe(x).

7KLV PHDQV WKDW WKH QXPEHU u = OQ(x) VDWLVILHV WKH HTXDWLRQ

eu = eOQ(x) = x.

:H FDQ XVH WKLV DV IROORZV� /HW a > 0 DQG f(x) = ax� :LWK WKH SRZHU UXOHV� ZH ILQG

f(x) = ax =
⇣
eOQ(a)

⌘x
= eOQ(a)·x.

:LWK WKH FKDLQ UXOH�

f 0(x) = eOQ(a)·x · OQ(a) =
⇣
eOQ(a)

⌘x
· OQ(a) = ax · OQ(a).

7KH GHULYDWLYH RI ax WKHUHIRUH LV OQ(a) · ax�

$Q LQWHUHVWLQJ UHVXOW LV WKH GHULYDWLYH RI OQ(x)� ,W KROGV

G
Gx

OQ(x) =
1

x
.

3URRI� :H XVH WKH LGHQWLW\ x = eOQ(x)� ,I ZH GLIIHUHQWLDWH WKLV RQ ERWK VLGHV� ZH JHW XVLQJ WKH
FKDLQ UXOH

1 =
G
Gx

x =
G
Gx

eOQ(x) = eOQ(x) ·
G
Gx

OQ(x) = x ·
G
Gx

OQ(x).

7KXV
G
Gx

OQ(x) =
1

x
.

⇤

��
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([DPSOH�

�� :H FDOFXODWH WKH GHULYDWLYH RI f(x) = 23x� 8VLQJ WKH FKDLQ UXOH� ZH JHW
f 0(x) = 3 · OQ(2) · 23x�

�� :H FDOFXODWH WKH GHULYDWLYH RI f(x) = xr IRU DQ\ UHDO QXPEHU r� :H QRWLFH
WKDW

f(x) = xr =
⇣
eOQ(x)

⌘r
= eOQ(x)·r.

:H VHW u(y) = ey DQG v(x) = OQ(x) · r� 7KHUHIRUH ZH KDYH f(x) = u(v(x))�
%\ WKH FKDLQ UXOH� ZH JHW

f 0(x) = u0(v(x)) · v0(x) = eOQ(x)·r · r ·
1

x
= r ·

xr

x
= r · xr�1.

����� 2YHUYLHZ DERXW GHULYDWLYHV

:H VXPPDUL]H LQ WDEOH ��� WKH PRVW LPSRUWDQW IXQFWLRQV DQG WKHLU GHULYDWLYHV� 7KH\
DSSHDU YHU\ RIWHQ DQG RQH VKRXOG NQRZ WKHP E\ KHDUW�

f(x) f 0(x)
xr r · xr�1

ex ex

ax OQ(a) · ax

OQ(x) 1
x

VLQ(x) FRV(x)
FRV(x) � VLQ(x)
WDQ(x) 1

FRV2(x) = 1 + WDQ2(x)

7DEOH ���� 'HULYDWLYHV RI WKH PRVW LPSRUWDQW IXQFWLRQV

��
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����� +LJKHU GHULYDWLYHV

:H GHILQH WKH VHFRQG GHULYDWLYH f 00(x) RI D IXQFWLRQ f(x) DV WKH GHULYDWLYH RI f 0(x)�
$QDORJRXVO\� ZH GHILQH WKH WKLUG GHULYDWLYH f 000(x) DV WKH GHULYDWLYH RI WKH VHFRQG GHULYD�
WLYH f 00(x)� HWF� ,Q JHQHUDO� ZH GHILQH WKH n�WK GHULYDWLYH f (n)(x) UHFXUVLYHO\ DV WKH GHULYD�
WLYH RI WKH (n� 1)�WK GHULYDWLYH f (n�1)(x)�

([DPSOH�

�� /HW f(x) = ex� 7KHQ

f 00(x) =
G
Gx

(f 0(x)) =
G
Gx

(ex) = ex.

�� /HW g(x) = VLQ(x)� 7KHQ

g00(x) =
G
Gx

(g0(x)) =
G
Gx

(FRV(x)) = � VLQ(x).

�� /HW k(x) = 1
2x

2� 7KHQ

k00(x) =
G
Gx

(k0(x)) =
G
Gx

(x) = 1.

����� 7D\ORU DSSUR[LPDWLRQ

:H KDYH VHHQ DW WKH YHU\ EHJLQQLQJ �VHH HTXDWLRQ ������ WKDW WKH GHULYDWLYH RI D IXQFWLRQ
f DW D SRLQW x0 FDQ EH XVHG WR DSSUR[LPDWH WKH IXQFWLRQ f DW x DURXQG x0� 2QH MXVW
FDOFXODWHV WKH YDOXH RI WKH OLQHDU IXQFWLRQ WKDW LV WDQJHQW WR f DW x0� L�H� DW x DURXQG x0
RQH DSSUR[LPDWHV

f(x) ⇡ f(x0) + (x� x0) · f
0(x0) =: T1,f,x0(x).

7KLV LV WKH EHVW OLQHDU DSSUR[LPDWLRQ RI WKH IXQFWLRQ f QHDU x0�
7KLV LV DOUHDG\ D VSHFLDO FDVH �DQG E\ IDU WKH PRVW LPSRUWDQW�� RI D FRQFHSW FDOOHG 7D\�
ORU DSSUR[LPDWLRQ� 7KH LGHD LV WKH IROORZLQJ� :K\ UHVWULFW WR OLQHDU DSSUR[LPDWLRQV"

��
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+RZ DERXW WKH EHVW TXDGUDWLF DSSUR[LPDWLRQ" )RU WKLV ZH ORRN IRU D TXDGUDWLF IXQF�
WLRQ T2,f,x0(x) VXFK WKDW DW x0 LW JRHV WKURXJK f(x0) DQG KDV WKH VDPH ILUVW DQG VHFRQG
GHULYDWLYH DV f DW x0� ,W LV QRW KDUG WR VKRZ WKDW T2,f,x0(x) LV JLYHQ E\�

T2,f,x0(x) = f(x0) + f 0(x0)(x� x0) +
1

2
f 00(x0)(x� x0)

2.

)LJXUH ���� *UDSKV RI f � T1,f,x0 DQG T2,f,x0

6LPLODUO\� ZH FDQ ILQG WKH SRO\QRPLDO Tn,f,x0(x) RI GHJUHH n� ZKLFK DSSUR[LPDWHV f EHVW
DURXQG x0� L�H� WKH SRO\QRPLDO RI GHJUHH n VXFK WKDW IRU DOO k  n

T (k)
n,f,x0

(x0) = f (k)(x0).

�7KLV LV HVVHQWLDOO\ EHFDXVH D TXDGUDWLF IXQFWLRQ KDV WKUHH µGHJUHHV RI IUHHGRPµ� L�H� WKUHH SDUDPHWHUV
FDQ EH FKRVHQ IUHHO\�

��
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'HILQLWLRQ� 7KLV SRO\QRPLDO Tn,f,x0(x) LV FDOOHG 7D\ORU SRO\QRPLDO RI GHJUHH
n RI f DW x0 DQG JLYHQ E\

Tn,f,x0(x) = f(x0) +
nX

k=1

1

k!
f (k)(x0)(x� x0)

k

= f(x0) + f 0(x0)(x� x0) +
1

2
f 00(x0)(x� x0)

2

+ . . .+
1

n!
f (n)(x0)(x� x0)

n

ZKHUH n! = n · (n� 1) · . . . · 2 · 1��:H GHILQH 0! = 1��

)LJXUH ���� VKRZV WKH 7D\ORU SRO\QRPLDOV XS WR GHJUHH 5 IRU WKH VDPH IXQFWLRQ f DV
DERYH�

)LJXUH ����� 7D\ORU SRO\QRPLDOV RI f �VROLG OLQH� XS WR GHJUHH 5�

��
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([DPSOH�

�� /RRN DW f(x) = ex DQG x0 = 0� 6LQFH G
Gxe

x = ex� ZH KDYH f (n)(x) = ex IRU
DOO n� 7KXV f (n)(x0) = e0 = 1 IRU DOO n� 7KXV

Tn,f,0(x) = 1 +
nX

k=1

1

k!
xk

LV WKH EHVW SRO\QRPLDO DSSUR[LPDWLRQ IRU ex RI GHJUHH n DURXQG 0� 0RVW LP�
SRUWDQWO\� ZH KDYH

ex ⇡ 1 + x

IRU x DURXQG 0�

�� /RRN DW f(x) = VLQ(x) DQG x0 = 0� 7KHQ f 0(x) = FRV(x)� VR f 0(0) = 1 DQG
f 00(x) = � VLQ(x)� VR f 00(0) = 0� 7KXV

T2,f,0(x) = f(0) + f 0(0)x+
1

2
f 00(0)x2 = x,

LQ SDUWLFXODU IRU x DURXQG 0�

VLQ(x) ⇡ x.

�� /RRN DW f(x) = FRV(x) DQG x0 = 0� :H KDYH f(0) = FRV(0) = 1� )XUWKHU�
PRUH f 0(x) = � VLQ(x)� VR f 0(0) = � VLQ(0) = 0 DQG f 00(x) = � FRV(x)� VR
f 00(0) = � FRV(0) = �1� 7KXV

T2,f,0(x) = f(0) + f 0(0)x+
1

2
f 00(0)x2 = 1�

x2

2
,

ZKLFK PHDQV WKDW IRU x DURXQG 0�

FRV(x) ⇡ 1�
x2

2
.

2QH FDQ DFWXDOO\ VWDWH PRUH SUHFLVHO\ KRZ DFFXUDWH WKH IXQFWLRQ f LV DSSUR[LPDWHG E\

��
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Tn,f,x0 � ,W KROGV WKDW �LI f VDWLVILHV FHUWDLQ FRQGLWLRQV��

f(x) = Tn,f,x0(x) +O(|x� x0|
n+1).

O(|x � x0|n+1) PHDQV WKDW WKH DSSUR[LPDWLRQ HUURU LV RI RUGHU |x � x0|n+1� L�H� WKHUH
LV D FRQVWDQW C > 0 VXFK WKDW ZKHQ |x� x0| LV VPDOO HQRXJK�

|f(x)� Tn,f,x0(x)|  C · |x� x0|
n+1.

����� 7KH LGHD RI GLIIHUHQWLDO HTXDWLRQV

'LIIHUHQWLDO HTXDWLRQV DUH �IXQFWLRQDO� HTXDWLRQV WKDW DOVR FRQWDLQ GHULYDWLYHV RI WKH IXQF�
WLRQV� 7KH VROXWLRQV RI D GLIIHUHQWLDO HTXDWLRQ DUH IXQFWLRQV� 'LIIHUHQWLDO HTXDWLRQV DUH
FUXFLDO IRU SK\VLFV VLQFH PDQ\ SK\VLFDO ODZV FDQ EH IRUPXODWHG XVLQJ GLIIHUHQWLDO HTXD�
WLRQV�
/HW XV VWDUW ZLWK DQ H[DPSOH�

f 0(x) = f(x).

7KLV HTXDWLRQ PHDQV WKDW ZH DUH ORRNLQJ IRU D IXQFWLRQ f VXFK WKDW LWV GHULYDWLYH f 0 LV
HTXDO WR f � :H NQRZ DOUHDG\ WKDW f(x) = ex LV D VROXWLRQ WR WKLV GLIIHUHQWLDO HTXDWLRQ�
%XW DFWXDOO\� IRU HYHU\ c 2 R� DOVR f(x) = cex LV D VROXWLRQ� 6R WKH VROXWLRQ WR WKH DERYH
GLIIHUHQWLDO HTXDWLRQ LV QRW XQLTXH� 7R HQVXUH XQLTXHQHVV RI WKH VROXWLRQ� ZH DOVR QHHG
WR IL[ WKH YDOXH RI f DW D SRLQW H�J� x = 0� ,I ZH WKHQ SUHVHQW WKH GLIIHUHQWLDO HTXDWLRQ DV

f 0(x) = f(x), f(0) = 3,

�D VR FDOOHG LQLWLDO YDOXH SUREOHP� WKH VROXWLRQ LV JLYHQ E\ f(x) = 3ex� 2QH FDQ VKRZ
WKDW WKLV VROXWLRQ LV DFWXDOO\ WKH XQLTXH VROXWLRQ�
:H GR QRW GHYHORS WKH WKHRU\ RI GLIIHUHQWLDO HTXDWLRQV LQ WKLV VFULSW �7KHUH DUH ERRNV RQ
WKLV WRSLF����� :H MXVW PHQWLRQ WKH JHQHUDO UHVXOW WKDW� LI WKH GLIIHUHQWLDO HTXDWLRQ GRHV QRW
EHKDYH WRR EDG� WKHQ IRU DQ\ JLYHQ LQLWLDO YDOXH WKHUH DOZD\V H[LVWV D XQLTXH VROXWLRQ�

([DPSOH�

�� :H VOLJKWO\ JHQHUDOL]H RXU ILUVW H[DPSOH� /HW c 2 R DQG f0 > 0� DQG OHW

f 0(x) = cf(x), f(0) = f0.

7KHQ WKH VROXWLRQ LV JLYHQ E\

f(x) = f0e
cx.

�WKDW ZH DOZD\V DVVXPH WR KROG���

��
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�� /RRN DW WKH LQLWLDO YDOXH SUREOHP

f 0(x) = 1 + f(x)2, f(0) = 0.

:H DOUHDG\ NQRZ WKDW
f(x) = WDQ(x)

LV D VROXWLRQ�

�� :H QRZ ORRN DW D VHFRQG RUGHU GLIIHUHQWLDO HTXDWLRQ �L�H� DOVR VHFRQG GHULYD�
WLYHV DSSHDU�� 7R PDNH WKH VROXWLRQ XQLTXH� ZH QHHG WZR LQLWLDO FRQGLWLRQV� IRU
H[DPSOH RQ f(0) DQG f 0(0)� /HW ↵ > 0 DQG f0 2 R� DQG OHW

f 00(x) = �↵2f(x), f(0) = f0, f
0(0) = 0.

7KLV LV WKH GLIIHUHQWLDO HTXDWLRQ FRUUHVSRQGLQJ WR D KDUPRQLF RVFLOODWRU� 7KH
VROXWLRQ WR WKLV GLIIHUHQWLDO HTXDWLRQ LV JLYHQ E\

f(x) = f0 FRV(↵x).

�� :H JHQHUDOL]H WKLV HTXDWLRQ D ELW� /HW ↵ > 0 DJDLQ� DQG OHW

f 00 + 2↵f 0 + ↵2f = 0.

7KHQ WKH VROXWLRQ LV JLYHQ E\

f(x) = (b1 + b2t)e
�↵t,

ZKHUH b1 DQG b2 DUH FKRVHQ DFFRUGLQJ WR WKH LQLWLDO FRQGLWLRQV� 7KLV FRUUH�
VSRQGV WR WKH FDVH RI FULWLFDO GDPSLQJ RI D KDUPRQLF RVFLOODWRU�

��
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��� ,QWHJUDO FDOFXOXV

5RXJKO\ VSHDNLQJ� LQWHJUDO FDOFXOXV GHDOV ZLWK WKH DUHD HQFORVHG E\ WKH JUDSKV RI IXQF�
WLRQV� :H ZLOO VHH WKDW GLIIHUHQWLDO DQG LQWHJUDO FDOFXOXV DUH FORVHO\ UHODWHG� 7KH PDLQ
UHIHUHQFH IRU WKLV FKDSWHU LV >�@�

����� $QWLGHULYDWLYHV

'HILQLWLRQ� $Q DQWLGHULYDWLYH RI D IXQFWLRQ f LV D IXQFWLRQ F � ZKLFK VDWLVILHV

f(x) = F 0(x) =
GF
Gx

(x).

&DOFXODWLQJ DQ DQWLGHULYDWLYH LV WKHUHIRUH WKH UHYHUVH RI FDOFXODWLQJ WKH GHULYDWLYH� )RU
H[DPSOH DQ DQWLGHULYDWLYH RI f(x) = x2 LV WKH IXQFWLRQ F (x) = 1

3x
3� VLQFH F 0(x) =

1
3 · 3 · x2 = x2 = f(x)� +RZHYHU� WKH DQWLGHULYDWLYH F LVQ·W XQLTXH� )RU H[DPSOH WKH
IXQFWLRQ G(x) = 1

3x
3 + 42 DOVR VDWLVILHV G0(x) = f(x)�

,Q JHQHUDO� ,I f LV D IXQFWLRQ DQG F DQ DQWLGHULYDWLYH RI f � WKHQ IRU DQ\ UHDO QXPEHU c�
DOVR F (x) + c LV DQ DQWLGHULYDWLYH RI f � 7KLV IROORZV EHFDXVH RI

G
Gx

(F (x) + c) =
G
Gx

F (x) + 0 = F 0(x) = f(x).

,W HYHQ KROGV WKDW IRU WZR DUELWUDU\ DQWLGHULYDWLYHV F DQG G RI f WKHUH H[LVWV D FRQVWDQW
c VXFK WKDW

G(x) = F (x) + c.

�,I F DQG G DUH DQWLGHULYDWLYHV RI f � WKHQ WKH GHULYDWLYH RI WKH GLIIHUHQFH F (x)�G(x)
LV

G
Gx

(F (x)�G(x)) =
G
Gx

F (x)�
G
Gx

G(x) = f(x)� f(x) = 0.

7KHUHIRUH F (x)�G(x) LV FRQVWDQW��

$QWLGHULYDWLYHV RI PDQ\ IXQFWLRQV FDQ EH HDVLO\ FDOFXODWHG� :H FDQ HVVHQWLDOO\ LQWHUFKDQJH
WKH WZR FROXPQV RI WDEOH ��� DQG JHW WDEOH ���� ,Q WKH WDEOH IRU HDFK IXQFWLRQ WKHUH LV RQO\
RQH DQWLGHULYDWLYH OLVWHG� 2QH REWDLQV DOO WKH RWKHU DQWLGHULYDWLYHV E\ DGGLQJ WKH FRUUH�
VSRQGLQJ FRQVWDQW c� :H KDYH D IDFWRU UXOH DQG D VXP UXOH IRU DQWLGHULYDWLYHV� 7KH\
FRUUHVSRQG WR WKH IDFWRU DQG VXP UXOHV IRU GHULYDWLYHV�

��



���� ,17(*5$/ &$/&8/86

f(x) F (x)
xr IRU r 6= �1 1

r+1 · xr+1

1
x OQ |x|
ex ex

ax ax

OQ(a)
VLQ(x) � FRV(x)
FRV(x) VLQ(x)

7DEOH ���� $QWLGHULYDWLYHV RI WKH PRVW LPSRUWDQW IXQFWLRQV

)DFWRU UXOH� /HW f EH D IXQFWLRQ ZLWK DQWLGHULYDWLYH F DQG OHW s EH D UHDO
QXPEHU� 7KHQ s · F LV DQ DQWLGHULYDWLYH RI s · f �

6XP UXOH� /HW f DQG g EH IXQFWLRQV ZLWK DQWLGHULYDWLYHV F DQG G� 7KHQ
F +G LV DQ DQWLGHULYDWLYH RI f + g�

����� ,QWHJUDO DV DQ DUHD

:H GHILQH WKH LQWHJUDO RI D IXQFWLRQ f DV WKH µVLJQHG DUHDµ EHWZHHQ WKH JUDSK RI f DQG
WKH x�D[LV�

'HILQLWLRQ� /HW f EH D IXQFWLRQ DQG OHW a DQG b EH UHDO QXPEHUV ZLWK a  b�
7KHQ WKH LQWHJUDO RI f IURP a WR b

ˆ b

a
f(x)Gx

LV WKH DUHD EHWZHHQ WKH JUDSK RI f DQG WKH x�D[LV LQ WKH UHJLRQ EHWZHHQ a DQG
b� ZKHUH WKH DUHD XQGHU WKH x�D[LV FRXQWV QHJDWLYH �VHH ILJ� ������

6R WKH LQWHJUDO LV D UHDO QXPEHU�

,Q WKH H[DPSOH LQ ILJXUH ����� WKH LQWHJUDO LV
ˆ b

a
f(x)Gx = A�B + C.

��
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)LJXUH ����� 7KH LQWHJUDO
´ b
a f(x)Gx

([DPSOH�
:H FDOFXODWH ˆ 2

1
f(x)Gx

IRU WKH IXQFWLRQ f(x) = x� :H ORRN DW ILJXUH ���� DQG VHH� WKDW WKH DUHD XQGHU WKH
JUDSK EHWZHHQ 1 DQG 2 LV D WUDSH]RLG ZLWK KHLJKW (2� 1) DQG VLGH OHQJWKV 1 DQG 2�

)LJXUH ����� 7KH LQWHJUDO
´ 2
1 x Gx

��
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7KHUHIRUH WKH DUHD RI WKLV WUDSH]RLG LV
ˆ 2

1
x Gx =

1 + 2

2
· (2� 1) =

3

2
.

)RU a > b� ZH GHILQH ˆ b

a
f(x)Gx = �

ˆ a

b
f(x)Gx.

,Q WKLV FDVH� WKH DUHD DERYH WKH x�D[LV FRXQWV QHJDWLYH DQG WKH DUHD XQGHU WKH x�D[LV
SRVLWLYH�
)RU DUELWUDU\ a� b DQG c� ZH WKHQ KDYH

ˆ c

a
f(x)Gx =

ˆ b

a
f(x)Gx+

ˆ c

b
f(x)Gx. �����

7KLV IROORZV EHFDXVH RQH FDQ VLPSO\ DGG WKH FRUUHVSRQGLQJ DUHDV� 7KLV SURSHUW\ LV FDOOHG
µLQWHUYDO DGGLWLYLW\µ�

$SSUR[LPDWLRQ RI LQWHJUDOV XVLQJ 5LHPDQQ VXPV� /HW XV PHQWLRQ D XVHIXO ZD\
WR DSSUR[LPDWH LQWHJUDOV� ZKLFK FDQ EH JHQHUDOL]HG ODWHU� 2QH FDQ FDOFXODWH WKH LQWHJUDO´ b
a f(x)Gx RI D IXQFWLRQ f E\ DSSUR[LPDWLQJ LW XVLQJ VR�FDOOHG 5LHPDQQ VXPV� 2QH GL�
YLGHV WKH LQWHUYDO [a, b] LQWR D VHTXHQFH RI SRLQWV a = x0 < x1 < . . . < xn�1 < xn = b
DQG FDOFXODWHV WKH DUHD RI WKH UHFWDQJOHV ZLWK ZLGWK�xk := xk�xk�1 DQG KHLJKW f(xk)
IRU DOO k = 1, . . . , n �VHH ILJXUH ������ 7KH VXP RI WKH DUHDV RI WKH UHFWDQJOHV LV

nX

k=1

f(xk) · (xk � xk�1) =
nX

k=1

f(xk) ·�xk.

,I RQH PDNHV WKH SDUWLWLRQ a = x0 < x1 < . . . < xn�1 < xn = b ILQHU �L�H� LQFUHDVHV
n� WKHQ WKH VXP RI WKH DUHDV RI WKH UHFWDQJOHV ZLOO FRQYHUJH WR WKH LQWHJUDO

ˆ b

a
f(x)Gx.

7KH QRWDWLRQ RI WKH LQWHJUDO LV PRWLYDWHG E\ WKLV DSSUR[LPDWLRQ� ,Q WKH OLPLW� WKH
P

EHFRPHV DQ
´
DQG WKH �xk EHFRPHV D Gx�

��
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)LJXUH ����� $SSUR[LPDWLRQ RI LQWHJUDO ZLWK VXPV

����� )XQGDPHQWDO WKHRUHP RI FDOFXOXV

,Q WKLV VHFWLRQ� ZH DUH JRLQJ WR FRQQHFW DQWLGHULYDWLYHV DQG LQWHJUDOV� 7KH LGHD LV WR YDU\
WKH XSSHU OLPLW RI WKH LQWHJUDO� ,Q WKLV ZD\� RQH JHWV D IXQFWLRQ RI WKH XSSHU OLPLW RI WKH
LQWHJUDO� /HW f EH D IXQFWLRQ DQG a DQ DUELWUDU\ QXPEHU� 7KHQ ZH GHILQH

If,a(x) =

ˆ x

a
f(t)Gt.

6LQFH x DOUHDG\ DSSHDUV LQ WKH OLPLWV RI WKH LQWHJUDOV� ZH KDYH WR WDNH DQRWKHU LQWHJUDWLRQ
YDULDEOH t� 7KH H[SUHVVLRQ If,a(x) LV LQGHSHQGHQW RI t� ZKLFK LV MXVW D µGXPP\µ YDULDEOH�
2I FRXUVH� ZH KDYH IRU DQ\ UHDO QXPEHU b WKDW

If,a(b) =

ˆ b

a
f(t)Gt =

ˆ b

a
f(x)Gx.

��
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([DPSOH�
/HW f(x) = x� :H FDOFXODWH If,1(x)� :H FDQ SURFHHG DQDORJRXVO\ DV LQ WKH H[DPSOH
DERYH� ZH RQO\ KDYH WR UHSODFH 2 E\ x� 7KHQ ZH KDYH

If,1(x) =

ˆ x

1
f(t)Gt =

ˆ x

1
t Gt =

1 + x

2
· (x� 1) =

x2 � 1

2
.

,I ZH GLIIHUHQWLDWH If,1(x) = x2�1
2 ZLWK UHVSHFW WR x� ZH JHW

I 0f,1(x) =
G
Gx

✓
x2 � 1

2

◆
= x = f(x).

7KLV LV QRW D FRLQFLGHQFH� EXW LW·V H[DFWO\ WKH VWDWHPHQW RI WKH IXQGDPHQWDO WKHRUHP RI
FDOFXOXV�

)XQGDPHQWDO WKHRUHP RI FDOFXOXV� /HW f EH D IXQFWLRQ DQG a D UHDO
QXPEHU� 7KHQ If,a LV DQ DQWLGHULYDWLYH RI f � &RQFUHWHO\� WKLV PHDQV�

I 0f,a(x) =
G
Gx

(If,a(x)) =
G
Gx

✓ˆ x

a
f(t)Gt

◆
= f(x).

3URRI� :H ZDQW WR FDOFXODWH

I 0f,a(x) = OLP
h!0

If,a(x+ h)� If,a(x)

h
.

)RU WKLV� ZH ORRN DW If,a(x+ h)� If,a(x) PRUH FORVHO\� 8VLQJ WKH LQWHUYDO DGGLWLYLW\ ������ ZH
KDYH

If,a(x+ h)� If,a(x) =

ˆ x+h

a
f(t)Gt�

ˆ x

a
f(t)Gt =

ˆ x+h

x
f(t)Gt. �����

:H ORRN DW )LJXUH ����� /HW fh,min EH WKH PLQLPDO YDOXH RI f EHWZHHQ x DQG x + h� DQG OHW
fh,max EH WKH PD[LPDO YDOXH RI f EHWZHHQ x DQG x+ h� 7KHQ ZH VXUHO\ KDYH

h · fh,min 

ˆ x+h

x
f(t)Gt  h · fh,max.

��



� 0DWKHPDWLFV

,I ZH GLYLGH E\ h� ZH JHW

fh,min 
1

h
·

ˆ x+h

x
f(t)Gt  fh,max.

8VLQJ HTXDWLRQ ������ ZH KDYH

fh,min 
If,a(x+ h)� If,a(x)

h
 fh,max.

,I ZH OHW JR h ! 0� WKHQ fh,min ! f(x) DQG fh,max ! f(x)� KHQFH

f(x)  OLP
h!0

If,a(x+ h)� If,a(x)

h
 f(x).

)LQDOO\� ZH JHW

I 0f,a(x) = OLP
h!0

If,a(x+ h)� If,a(x)

h
= f(x)

DQG WKHUHIRUH If,a LV DQ DQWLGHULYDWLYH RI f � ⇤

)LJXUH ����� 3URRI RI WKH IXQGDPHQWDO WKHRUHP RI FDOFXOXV

��
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7KH IXQGDPHQWDO WKHRUHP RI FDOFXOXV JLYHV XV D XVHIXO WRRO WR FDOFXODWH LQWHJUDOV� :H
ZDQW WR NQRZ WKH YDOXH RI WKH LQWHJUDOˆ b

a
f(x)Gx = If,a(b).

/HW F EH DQ DQWLGHULYDWLYH RI f � )URP WKH IXQGDPHQWDO WKHRUHP RI FDOFXOXV� ZH NQRZ
WKDW If,a(x) DOVR LV DQ DQWLGHULYDWLYH RI f(x)� 7KHUHIRUH WKHUH H[LVWV D UHDO QXPEHU c VXFK
WKDW

If,a(x) = F (x) + c.

%XW WKHQ ZH KDYH

F (b)� F (a) = If,a(b) + c� (If,a(a) + c) = If,a(b)� If,a(a) = If,a(b),

VLQFH
If,a(a) =

ˆ a

a
f(x)Gx = 0.

+HQFH ZH JHW

ˆ b

a
f(x)Gx = If,a(b) = F (b)� F (a). �����

:H HPSKDVL]H DJDLQ� WKDW WKH IRUPXOD ����� GRHV QRW GHSHQG RQ WKH FKRLFH RI WKH DQ�
WLGHULYDWLYH�
)RU F (b)� F (a)� ZH DOVR ZULWH

[F (x)]ba = F (b)� F (a)

([DPSOH�

�� :H FDOFXODWH ˆ 2

1
x Gx.

$Q DQWLGHULYDWLYH RI f(x) = x LV JLYHQ E\ F (x) = 1
2x

2� 6R XVLQJ HTXDWLRQ
������ ˆ 2

1
x Gx =


1

2
x2
�2

1

=
1

2
· 22 �

1

2
· 12 =

3

2
.

:H LQGHHG JHW WKH VDPH UHVXOW DV DERYH�

��
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�� :H FDOFXODWH ˆ 1

0
x2 Gx.

$Q DQWLGHULYDWLYH RI f(x) = x2 LV JLYHQ E\ F (x) = 1
3x

3� 6R ZH JHW

ˆ 1

0
x2 Gx =


1

3
x3
�1

0

=
1

3
· 13 �

1

3
· 03 =

1

3
.

�� :H FDOFXODWH ˆ ⇡

0
VLQ(x) Gx.

$Q DQWLGHULYDWLYH RI VLQ(x) LV JLYHQ E\ � FRV(x)� 7KHUHIRUH�
ˆ ⇡

0
VLQ(x) Gx = [� FRV(x)]⇡0 = � FRV(⇡)� (� FRV(0)) = �(�1) + 1 = 2.

7KH IXQGDPHQWDO WKHRUHP RI FDOFXOXV PRWLYDWHV WKH IROORZLQJ QRWDWLRQ� /HW f EH D IXQF�
WLRQ� 7KHQ ZH DOVR ZULWH ˆ

f(x)Gx

IRU DQ DUELWUDU\ DQWLGHULYDWLYH RI f � 1RWH WKDW WKLV QRWDWLRQ LV QRW UHDOO\ PDWKHPDWLFDOO\
FRUUHFW� VLQFH

´
f(x)Gx LV QRW XQLTXH� EXW LW VKRXOG DOZD\V EH FOHDU IURP WKH FRQWH[W�

ZKDW LV PHDQW�

����� 0RUH LQWHJUDWLRQ UXOHV

/HW f EH D IXQFWLRQ� ,I ZH DUH JLYHQ DQ DQWLGHULYDWLYH RI f � LW LV LQ JHQHUDO HDV\ WR FKHFN
WKDW F LV UHDOO\ DQ DQWLGHULYDWLYH RI f � VLQFH ZH MXVW KDYH WR FDOFXODWH WKH GHULYDWLYH F 0�
%XW LW FDQ EH YHU\ GLIILFXOW WR ILQG DQ DQWLGHULYDWLYH�� ,Q WKLV VHFWLRQ ZH ZLOO SUHVHQW PRUH
PHWKRGV WR FDOFXODWH DQWLGHULYDWLYHV LQ FHUWDLQ VLWXDWLRQV� 7KH ILUVW RQH LV WKH PHWKRG RI
LQWHJUDWLRQ E\ SDUWV� ,QWHJUDWLRQ E\ SDUWV HVVHQWLDOO\ LV WKH UHYHUVHG SURGXFW UXOH� 7KH
VHFRQG RQH LV LQWHJUDWLRQ E\ VXEVWLWXWLRQ� ZKLFK LV WKH UHYHUVHG FKDLQ UXOH�

�7KHUH HYHQ H[LVW IXQFWLRQV� ZKHUH LW LV DQDO\WLFDOO\ LPSRVVLEOH� (�J�WKH IXQFWLRQ f(x) = e
�x

2
GRHV QRW

KDYH DQ DQWLGHULYDWLYH WKDW FDQ EH H[SUHVVHG E\ RWKHU IXQFWLRQV�

��
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,QWHJUDWLRQ E\ SDUWV� :H VWDUW ZLWK WKH SURGXFW UXOH� /HW u DQG v EH WZR IXQFWLRQV
DQG f(x) = u(x) · v(x)� 7KHQ WKH SURGXFW UXOH VD\V WKDW

f 0(x) =
G
Gx

(u(x) · v(x)) = u0(x) · v(x) + u(x) · v0(x).

,I ZH FDOFXODWH DQWLGHULYDWLYHV RQ ERWK VLGHV� ZH JHW

u(x) · v(x) =

ˆ �
u0(x) · v(x) + u(x) · v0(x)

�
Gx

=

ˆ
u0(x) · v(x)Gx+

ˆ
u(x) · v0(x)Gx.

7KLV LPSOLHV

ˆ
u0(x) · v(x)Gx = u(x) · v(x)�

ˆ
u(x) · v0(x)Gx. �����

7KLV HTXDWLRQ PD\ ORRN YHU\ DEVWUDFW DW ILUVW JODQFH DQG ZLOO QRZ EH FODULILHG E\ VRPH
H[DPSOHV�

([DPSOH�

�� :H FDOFXODWH DQ DQWLGHULYDWLYH RI ex · x� 6HW u(x) = ex DQG v(x) = x� 7KHQ

ex · x = u0(x) · v(x).

8VLQJ HTXDWLRQ ����� DQ DQWLGHULYDWLYH RI ex · x LV JLYHQ E\
ˆ

ex · x Gx =

ˆ
u0(x) · v(x)Gx

= u(x) · v(x)�

ˆ
u(x) · v0(x)Gx

= ex · x�

ˆ
ex · 1 Gx

= ex · x� ex.

,I ZH GLIIHUHQWLDWH ex ·x�ex� ZH VHH WKDW LW LV LQGHHG DQ DQWLGHULYDWLYH RI ex ·x�

��
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�� :H FDOFXODWH DQ DQWLGHULYDWLYH RI VLQ2(x)� :H VHW u(x) = � FRV(x) DQG
v(x) = VLQ(x)� 7KHQ u0(x) = VLQ(x) DQG WKHUHIRUH

VLQ2(x) = u0(x) · v(x).

8VLQJ HTXDWLRQ ������ ZH FDOFXODWH
ˆ
VLQ2(x) Gx =

ˆ
u0(x) · v(x)Gx

= u(x) · v(x)�

ˆ
u(x) · v0(x)Gx

= � FRV(x) · VLQ(x)�
ˆ
(� FRV(x)) · FRV(x)Gx

= � FRV(x) · VLQ(x) +
ˆ
FRV2(x)Gx.

:H QRZ XVH
FRV2(x) = 1� VLQ2(x)

DQG JHW
ˆ
VLQ2(x) Gx = � FRV(x) · VLQ(x) +

ˆ
FRV2(x)Gx

= � FRV(x) · VLQ(x) +
ˆ �

1� VLQ2(x)
�
Gx

= � FRV(x) · VLQ(x) +
ˆ

1 Gx�

ˆ
VLQ2(x)Gx

= � FRV(x) · VLQ(x) + x�

ˆ
VLQ2(x)Gx.

1RZ ZH VROYH IRU
´
VLQ2(x)Gx DQG JHW

ˆ
VLQ2(x) Gx =

1

2
· (� FRV(x) · VLQ(x) + x)

=
x

2
�
FRV(x) · VLQ(x)

2
.

$JDLQ� ZH FDQ FKHFN E\ GLIIHUHQWLDWLQJ WKDW WKLV LV LQGHHG DQ DQWLGHULYDWLYH RI
VLQ2(x)�

��
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�� :H FDOFXODWH DQ DQWLGHULYDWLYH RI OQ(x)� 7KLV GRHV QRW ORRN OLNH D FDVH IRU
LQWHJUDWLRQ E\ SDUWV� EXW ZH FDQ ZULWH

OQ(x) = 1 · OQ(x).

7KHQ ZH GHILQH u(x) = x DQG v(x) = OQ(x)� 1RZ ZH KDYH

OQ(x) = u0(x) · v(x).

8VLQJ HTXDWLRQ ����� DQG v0(x) = 1
x ZH JHWˆ

OQ(x)Gx =

ˆ
1 · OQ(x)Gx =

ˆ
u0(x) · v(x)Gx

= u(x) · v(x)�

ˆ
u(x) · v0(x)Gx

= x · OQ(x)�
ˆ

x ·
1

x
Gx

= x · OQ(x)�
ˆ

1 Gx

= x · OQ(x)� x.

,QWHJUDWLRQ E\ VXEVWLWXWLRQ� 7KH VHFRQG PHWKRG ZH ORRN DW LV LQWHJUDWLRQ E\ VXE�
VWLWXWLRQ� 7KLV LV HVVHQWLDOO\ WKH FRQYHUVH RI WKH FKDLQ UXOH� :H VWDUW ZLWK DQ H[DPSOH� :H
ZDQW WR FDOFXODWH DQ DQWLGHULYDWLYH RI

f(x) = 2x · ex
2
.

:H FDQ ZULWH f DV
f(x) = k0(x) · g0(k(x)),

ZKHUH k(x) = x2 DQG g(y) = ey � $SSO\LQJ WKH FKDLQ UXOH� ZH JHW

f(x) = k0(x) · g0(k(x)) =
G
Gx

g(k(x)).

7KHUHIRUH E\ GHILQLWLRQ RI DQ DQWLGHULYDWLYH�

F (x) = g(k(x)) = ex
2

��
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LV DQ DQWLGHULYDWLYH RI f � 7KLV LV DFWXDOO\ WKH ZKROH LGHD RI LQWHJUDWLRQ E\ VXEVWLWXWLRQ�

,QWHJUDWLRQ E\ VXEVWLWXWLRQ �YHUVLRQ ��� /HW u DQG v EH IXQFWLRQV DQG
OHW U EH DQ DQWLGHULYDWLYH RI u� 7KHQ U(v(x)) LV DQ DQWLGHULYDWLYH RI u(v(x)) ·
v0(x)� +HQFH ˆ

u(v(x)) · v0(x)Gx = U(v(x)).

2QH FDQ FKHFN WKDWU(v(x)) LV UHDOO\ DQ DQWLGHULYDWLYH RI u(v(x))·v0(x) E\ GLIIHUHQWLDWLQJ
XVLQJ WKH FKDLQ UXOH� 7KH VLPSOHVW DSSOLFDWLRQ RI LQWHJUDWLRQ E\ VXEVWLWXWLRQ LV WKH FDVH
ZKHUH v LV RI WKH IRUP

v(x) = ax+ b.

,I u LV D IXQFWLRQ DQG U LV DQ DQWLGHULYDWLYH RI u� WKHQ DQ DQWLGHULYDWLYH RI u(ax + b) LV
JLYHQ E\

ˆ
u(ax+ b) Gx =

1

a

ˆ
u(ax+ b) · a Gx

=
1

a
U(ax+ b).

5HPDUN� ,QWHJUDWLRQ E\ VXEVWLWXWLRQ FDQ EH UHPHPEHUHG DQG DSSOLHG XVLQJ D VLPSOH
WULFN� :H VLPSO\ SUHWHQG WKDW ZH FDQ KDQGOH Gv� Gx DQG Gv

Gx MXVW DV QRUPDO YDULDEOHV� 7KHQ
ZH FDQ GR WKH IROORZLQJ IRUPDO� FDOFXODWLRQ� :ULWH v0(x) = Gv

Gx � 7KHQ µv
0(x)Gx = Gvµ�

VR ˆ
u(v(x)) · v0(x)Gx =

ˆ
u(v)Gv = U(v(x)).

([DPSOH�

�� :H FDOFXODWH DQ DQWLGHULYDWLYH RI e3x�2�ˆ
e3x�2 Gx =

1

3
· e3x�2.

�1RWH WKDW KHUH µIRUPDOµ PHDQV WKDW ZH ZULWH WKLQJV WKDW DUH QRW SURSHUO\ GHILQHG�

��
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�� :H FDOFXODWH DQ DQWLGHULYDWLYH RI WDQ(x)� )RU WKLV ZH ZULWH

WDQ(x) =
VLQ(x)
FRV(x)

= �
� VLQ(x)
FRV(x)

.

6HW v(x) = FRV(x)� 7KHQ Gv
Gx = � VLQ(x)� VR ZH ZULWH

� VLQ(x)Gx = Gv.

ˆ
WDQ(x) Gx = �

ˆ
1

v(x)
· (� VLQ(x)) Gx

= �

ˆ
1

v
Gv = � OQ(|v|) = � OQ(| FRV(x)|).

'HILQLWH LQWHJUDOV� ,I RQH FDOFXODWHV GHILQLWH LQWHJUDOV XVLQJ WKH VXEVWLWXWLRQ UXOH� RQH
JHWV WKH IROORZLQJ IRUPXOD�

,QWHJUDWLRQ E\ VXEVWLWXWLRQ �YHUVLRQ ��� /HW u DQG v EH IXQFWLRQV DQG
OHW a DQG b EH UHDO QXPEHUV� 7KHQ

ˆ b

a
u(v(x)) · v0(x)Gx =

ˆ v(b)

v(a)
u(v)Gv.

([DPSOH�
:H FDOFXODWH ˆ ⇡

2

0
VLQ(x) · FRV(x)Gx.

6HW
v(x) = VLQ(x).

��
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7KXV Gv = FRV(x)Gx� VR

ˆ ⇡

2

0
VLQ(x) · FRV(x)Gx =

ˆ ⇡

2

0
v(x) · FRV(x)Gx

=

ˆ v(⇡2 )

v(0)
vGv

=

ˆ VLQ(⇡2 )

VLQ(0)
v Gv

=


v2

2

�1

0

=
1

2
.

7ZR PRUH HODERUDWH H[DPSOHV�
$W D ILUVW JODQFH� IXQFWLRQV IRU ZKLFK RQH FDQ DSSO\ LQWHJUDWLRQ E\ VXEVWLWXWLRQ VHHP
WR KDYH D YHU\ VSHFLDO IRUP� %XW DFWXDOO\� WKH PDQLSXODWLRQV VHHQ DERYH FDQ EH
DSSOLHG WR D ZLGH UDQJH RI IXQFWLRQV� ZKLFK ZH ZDQW WR LOOXVWUDWH RQ WZR H[DPSOHV�

�� :H ZDQW WR FDOFXODWH DQ DQWLGHULYDWLYH RI

1

ex + 1
.

:H VHW v(x) = ex� 7KXV
Gv = exGx.

8VLQJ LQWHJUDWLRQ E\ VXEVWLWXWLRQ� ZH KDYH
ˆ

1

ex + 1
Gx =

ˆ
1

(ex)2 + ex
· exGx

=

ˆ
1

v(x)2 + v(x)
· exGx

=

ˆ
1

v2 + v
Gv

��
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1RZ ZH ZULWH

1

v2 + v
=

1

v(v + 1)
=

(v + 1)� v

v(v + 1)

=
v + 1

v(v + 1)
�

v

v(v + 1)

=
1

v
�

1

v + 1
.

:H FDQ VLPSO\ LQWHJUDWH WKLV DQG JHW WKDW
ˆ

1

v2 + v
Gv = OQ(|v|)� OQ(|v + 1|).

7KHUHIRUH
ˆ

1

ex + 1
Gx =

ˆ
1

v2 + v
Gv

= OQ(|ex|)� OQ(|ex + 1|)

= OQ(ex)� OQ(ex + 1)

= x� OQ(ex + 1).

,I RQH GLIIHUHQWLDWHV x� OQ(ex + 1) ZLWK UHVSHFW WR x� RQH FDQ FKHFN WKDW WKLV
LV LQGHHG DQ DQWLGHULYDWLYH RI 1

ex+1 �

�� :H ZDQW WR ILQG DQ DQWLGHULYDWLYH RI
p
1� x2.

7KLV LV D FDVH ZKHUH RQH FDQ DSSO\ LQWHJUDWLRQ E\ VXEVWLWXLRQ µEDFNZDUGVµ� L�H�
RQH UHSODFHV x E\ VRPH IXQFWLRQ x(u) GHSHQGLQJ RQ VRPH RWKHU YDULDEOH u�
:LWK D ELW RI H[SHULHQFH�� RQH VHHV WKDW

x(u) = FRV(u)

FRXOG EH D JRRG FKRLFH IRU D VXEVWLWXWLRQ� 7KHQ ZH KDYH
p
1� x2 =

p
1� FRV2(u) = VLQ(u).

��
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1RWH WKDW x = FRV(u)� VR

Gx = � VLQ(u)Gu.

8VLQJ LQWHJUDWLRQ E\ VXEVWLWXWLRQ� ZH JHW
ˆ p

1� x2Gx =

ˆ p
1� FRV2(u) · (� VLQ(u))Gu

=

ˆ
VLQ(u) · (� VLQ(u))Gu

= �

ˆ
VLQ2(u)Gu

= �

✓
u

2
�
FRV(u) · VLQ(u)

2

◆

ZKHUH ZH XVHG WKH DQWLGHULYDWLYH RI VLQ2(u) ZKLFK ZH FDOFXODWHG LQ WKH VHFWLRQ
DERXW LQWHJUDWLRQ E\ SDUWV� 1RZ� ZH KDYH WR ZULWH WKLV WHUP DV D IXQFWLRQ RI x
DJDLQ� 1RWH WKDW

VLQ(u) =
p
1� FRV2(u) =

p
1� x2.

)XUWKHUPRUH� ZH ZULWH

u = DUFFRV(FRV(u)) = DUFFRV(x).

7KHUHIRUH
ˆ p

1� x2Gx = �

✓
u

2
�
FRV(u) · VLQ(u)

2

◆

= �

 
DUFFRV(x)

2
�

x ·
p
1� x2

2

!
.

:H FDQ GLIIHUHQWLDWH WKLV WR VHH WKDW LW LV LQGHHG DQ DQWLGHULYDWLYH RI
p
1� x2��

��



���� ,17(*5$/ &$/&8/86

����� 7KH LGHD RI PXOWLGLPHQVLRQDO LQWHJUDOV

7KH LGHD RI LQWHJUDOV LV QRW UHVWULFWHG WR IXQFWLRQV RI RQH GLPHQVLRQ� ,W FDQ EH JHQHUDOL]HG
WR KLJKHU GLPHQVLRQV� /HW·V LOOXVWUDWH WKLV ZLWK DQ H[DPSOH LQ WKUHH GLPHQVLRQV� $VVXPH
ZH KDYH VRPH REMHFW C � DW ZKLFK ZH ORRN DV D VXEVHW RI WKH WKUHH GLPHQVLRQDO VSDFH R3�
:H ZRXOG OLNH WR NQRZ WKH PDVV RI C � EXW ZH RQO\ NQRZ WKH GHQVLW\ ⇢ DQG WKH YROXPH
V RI C � 7KLV LV HDV\� VLQFH ZH FDQ MXVW FDOFXODWH WKH PDVVm RI C IURP WKLV LQIRUPDWLRQ�

m = ⇢ · V.

%XW ZKDW LI WKH GHQVLW\ ⇢ LV QRW FRQVWDQW" /HW XV ILUVW DVVXPH WKDW LW LV DW OHDVW SLHFHZLVH
FRQVWDQW� L�H� ZH FDQ GLYLGHC LQWR GLVMRLQW SLHFHVC1, ..., Cn VXFK WKDWC1[C2[...[Cn =
C DQG� RQ HDFK RI C1, ..., Cn� WKH GHQVLW\ LV FRQVWDQW HTXDO WR ⇢1, ..., ⇢n� )XUWKHUPRUH�
OHW V1, ..., Vn GHQRWH WKH FRUUHVSRQGLQJ YROXPHV� 7KHQ WKH WRWDO PDVV RI C LV MXVW WKH
VXP RI DOO WKH PDVVHV RI C1, ..., Cn� L�H��

m = ⇢1 · V1 + ...+ ⇢n · Vn =
nX

k=1

⇢k · Vk.

1RZ OHW XV DVVXPH WKDW WKH GHQVLW\ ⇢ LV D IXQFWLRQ RI WKH ORFDWLRQ ~x LQ C � L�H� ⇢ = ⇢(~x)�
ZKHUH ~x 2 C ⇢ R3� 1RZ ZH FDQ VWLOO DSSUR[LPDWH WKH PDVV RI C E\ GLYLGLQJ C LQWR D
ODUJH QXPEHU RI VPDOO GLVMRLQW VXEVHWV�C1, ...,�Cn� VXFK WKDW�C1 [ ...[�Cn = C �
7KHQ IRU HDFK �Ck� ZH FKRRVH D ORFDWLRQ ~xk 2 �Ck� )RU k = 1, ..., n OHW �Vk GHQRWH
WKH YROXPH RI �Ck� 7KHQ ZH DSSUR[LPDWH WKH PDVVm RI C E\

m ⇡

nX

k=1

⇢(~xk) ·�Vk

ZKHUH WKH DSSUR[LPDWLRQ JHWV EHWWHU PDNLQJ WKH SDUWLWLRQ ILQHU� 7KLV YDOXH WKHQ FRQYHUJHV
WR WKH DFWXDO PDVVm RI C � ,Q DQDORJ\ WR WKH RQH GLPHQVLRQDO FDVH� ZH ZULWH

m =

˚
C
⇢(~x)GV (~x).

�2QH KDV WR JXHVV�VHH ZKLFK IXQFWLRQ LV VXLWDEOH� 7KHUH DUH HYHQ WDEOHV ZKHUH RQH FDQ ORRN XS WKH PRVW
FRPPRQ µVWDQGDUG VXEVWLWXWLRQVµ�

�:H XVH WKDW
G
Gx

DUFFRV(x) = � 1p
1� x2

.

7R VHH WKLV� RQH GLIIHUHQWLDWHV y = FRV(DUFFRV(y)) XVLQJ WKH FKDLQ UXOH DQG

FRV2(x) + VLQ2(x) = 1.

��
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$V LQ WKH RQH GLPHQVLRQDO FDVH� WKH LQWXLWLRQ LV WKDW LQ WKH OLPLW WKH
P
JHWV D

˝
DQG WKH

� JHWV D G� ,I ZH UHSODFH WKH GHQVLW\ ⇢ = ⇢(~x) E\ DQ DUELWUDU\ IXQFWLRQ f = f(~x)� ZH

x

y

z

dV (~x)

~x

)LJXUH ����� $Q REMHFW ZLWK D VPDOO SLHFH RI YROXPH� 'LYLGLQJ LW LQ VPDOO SLHFHV RI YROXPH
GV DOORZV WR DVVXPH D FRQVWDQW GHQVLW\ �RU LQ JHQHUDO D FRQVWDQW IXQFWLRQ� RQ WKDW VPDOO
SLHFH� 6XPPLQJ�LQWHJUDWLQJ DOO WKHVH SLHFH WLPHV WKHLU GHQVLW\ ⇢GV DOORZV WR FRPSXWH WKH
WRWDO PDVV�

KDYH QRZ DOUHDG\ GHILQHG ˚
C
f(~x)GV (~x)

IRU DUELWUDU\� IXQFWLRQV f IURP R3 WR R DQG VXEVHWV C ⇢ R3�

$W WKH PRPHQW� ZH RPLW WKH GLVFXVVLRQ RI KRZ RQH DFWXDOO\ FDOFXODWHV WKRVH LQWHJUDOV�
,W LV PRUH LPSRUWDQW WR XQGHUVWDQG WKH LGHD� 7KLV LGHD LV QRW UHVWULFWHG WR WKH WKUHH GL�
PHQVLRQDO FDVH� ,I ZH UHSODFH WKH YROXPH V E\ WKH DUHD A� ZH FDQ VLPLODUO\ GHILQH WKH
LQWHJUDO ¨

C
f(~x)GA(~x)

IRU D VXEVHW C ⇢ R2 DQG D IXQFWLRQ f = f(~x) IURP R2 WR R� 7KLV LQWHJUDO FRUUHVSRQGV
WR WKH �VLJQHG� 9ROXPH EHWZHHQ C DQG WKH WZR GLPHQVLRQDO JUDSK RI f �

�:H LPSOLFLWO\ DVVXPH WKDW f LV µQLFH HQRXJKµ�

��
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:H FDQ JHQHUDOL]H WKLV LGHD HYHQ PRUH� )RU H[DPSOH ZH FDQ LQWHJUDWH IXQFWLRQV RQ FXUYHG
WZR GLPHQVLRQDO VXUIDFHV LQ WKH WUHH GLPHQVLRQDO VSDFH� ,Q WKH VDPH VSLULW� ZH FDQ DOVR
LQWHJUDWH IXQFWLRQV DORQJ RQH GLPHQVLRQDO FXUYHV LQ WKUHH GLPHQVLRQDO VSDFH� 7KH LGHD
VWD\V DOZD\V WKH VDPH� 2QH FXWV WKH VHW RQ ZKLFK RQH ZDQWV WR LQWHJUDWH LQWR VPDOO SDUWV
DQG WKHQ DVVXPHV WKH IXQFWLRQ f WR EH FRQVWDQW RQ WKRVH VPDOO SDUWV� 7KHQ RQH MXVW VXPV
RYHU DOO WKH VPDOO SDUWV WR DSSUR[LPDWH WKH LQWHJUDO�

��� &RPSOH[ 1XPEHUV

7KLV &KDSWHU LV �H[FHSW IRU YHU\ VPDOO PRGLILFDWLRQV� HTXDO WR &KDSWHU � LQ >�@� ZKLFK ZDV
ZULWWHQ E\ /LRQHO 3KLOLSSR]�

����� ,QWURGXFWLRQ

6KRXOG \RX HQFRXQWHU WKH IROORZLQJ HTXDWLRQ LQ D WH[WERRN

x2 = 1 �����

DQG EH DVNHG WR ILQG LWV VROXWLRQV LQR� LW ZRXOG QRW EH WKDW GLIILFXOW WR FRQFOXGH WKDW WKHUH
DUH WZR RI WKHP� QDPHO\ 1 DQG �1� %XW ZKDW KDSSHQV LI RQH VOLJKWO\ PRGLILHV (T� �����
E\ FKDQJLQJ D VLJQ"

x2 = �1 ������

&DQ \RX ILQG D UHDO VROXWLRQ" $FWXDOO\ QRW� VLQFH IRU DQ\ UHDO QXPEHU x� x2 � 0� ,Q
WKH UHDO QXPEHUV�

p
�1 LV QRW GHILQHG� 7KLV HTXDWLRQ WKXV SRVVHVVHV QR VROXWLRQV LQ R�

+RZHYHU� RQH FDQ H[SDQG WKH VHW RI UHDO QXPEHUV WR WKH VR�FDOOHG VHW RI FRPSOH[ QXPEHUV
C LQ ZKLFK (T� ������ DFWXDOO\ KDV WZR �FRPSOH[� VROXWLRQV�

����� 5HSUHVHQWDWLRQ RI D FRPSOH[ QXPEHU� (XOHU IRUPXOD

&RPSOH[ QXPEHUV DUH QRW VR GLIIHUHQW IURP UHDO QXPEHUV� DQG DOO \RX DFWXDOO\ QHHG WR
NQRZ LV WKDW ZH GHILQH D QHZ QXPEHU i 2 C VXFK WKDW i2 = �1� $QG WKDW·V LW� <RX FDQ
QRZ VROYH (T� ������ LQ C DQG ILQG LWV WZR VROXWLRQV� i DQG �i�
$Q\ FRPSOH[ QXPEHU z 2 C FDQ EH ZULWWHQ DV WKH VXP RI WZR QXPEHUV�

z = x+ iy ������

��
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ZKHUH x, y 2 R DQG i DV SUHYLRXVO\ GHILQHG� x LV DOVR FDOOHG WKH UHDO SDUW RI z �VRPHWLPHV
ZULWWHQ DV <(z) RU 5H(z)�� ZKHUHDV y LV FDOOHG WKH LPDJLQDU\ SDUW RI z �ZULWWHQ DV =(z) RU
,P(z)��
,I y = 0� WKHQ z LV VLPSO\ D UHDO QXPEHU� DQG ZKHQ x = 0� ZH VD\ WKDW z LV DQ LPDJLQDU\
QXPEHU� $V \RX FDQ VHH� DQ\ FRPSOH[ QXPEHU FDQ QRZ EH GHILQHG XVLQJ WZR ´FRRUGL�
QDWHVµ x DQG y� ZKLFK PHDQV LW FDQ DFWXDOO\ EH UHSUHVHQWHG LQ D SODQH� WKH VR�FDOOHG«FRP�
SOH[ SODQH�

R

iR

�� � � � ��

�i

i

2i

3i

z = 3 + 2i

|z|

✓

)LJXUH ����� z FDQ EH VHHQ DV D SRLQW LQ WKH FRPSOH[ SODQH� ZLWK FDUWHVLDQ FRRUGLQDWHV
(x, y) RU SRODU RQHV (|z| , ✓)�

$QRWKHU SRVVLELOLW\ WR GHVFULEH WKH SRVLWLRQ RI D SRLQW LQ D SODQH FRQVLVWV LQ XVLQJ SRODU
FRRUGLQDWHV� ZKHUH RQH QHHGV WR JLYH WKH GLVWDQFH IURP WKH RULJLQ DV ZHOO DV WKH DQJOH
EHWZHHQ WKH x�D[LV �KHUH WKH UHDO D[LV� DQG WKH OLQH FRQQHFWLQJ WKH RULJLQ DQG WKH SRLQW��
,I \RX NQRZ WULJRQRPHWU\ ZHOO� \RX FDQ WKHQ HDVLO\ UHODWH ERWK FRRUGLQDWH V\VWHPV E\
ZULWLQJ�

x = |z| FRV(✓)
y = |z| VLQ(✓)

DQG z FDQ WKXV EH ZULWWHQ DV
�,I \RX ZDQW WR FRQVLGHU z DV D YHFWRU� WKHQ x DQG y DUH WKH FRPSRQHQWV RI WKDW YHFWRU� |z| WKH QRUP RI

z DQG ✓ WKH DQJOH EHWZHHQ WKH YHFWRU DQG WKH x�D[LV�

��
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z = x+ iy

= |z| FRV(✓) + i |z| VLQ(✓)
= |z| (FRV(✓) + i VLQ(✓))
= |z| ei✓ ������

7KH ODVW VWHS LV DFWXDOO\ SHUIRUPHG XVLQJ WKH (XOHU IRUPXOD�

ei✓ = FRV(✓) + i VLQ(✓) ������

ZKLFK ZH ZLOO WDNH DV D GHILQLWLRQ RI D FRPSOH[ H[SRQHQWLDO IXQFWLRQ LQ WKLV VFULSW� 7KLV LV
D YHU\ LPSRUWDQW UHODWLRQ ZKLFK DOORZV RQH WR VZLWFK EHWZHHQ D WULJRQRPHWULF UHSUHVHQ�
WDWLRQ DQG DQ H[SRQHQWLDO IXQFWLRQ� ZKLFK LV PXFK PRUH HDV\ WR KDQGOH ZLWK� <RX FDQ
DFWXDOO\ ZULWH ERWK WULJRQRPHWULF IXQFWLRQV VLQ(✓) DQG FRV(✓) DV D IXQFWLRQ RI FRPSOH[
H[SRQHQWLDOV� 7KLV LV GRQH DV IROORZV�

ei✓ = FRV(✓) + i VLQ(✓) ������
e�i✓ = FRV(�✓) + i VLQ(�✓)

= FRV(✓)� i VLQ(✓) ������

,I \RX QRZ DGG �UHVS� VXEVWUDFW� (T� ������ DQG (T� ������� \RX FDQ HOLPLQDWH WKH VLQ SDUW
�UHVS� FRV� DQG VROYH IRU FRV �UHVS� VLQ�� ZKLFK OHDGV WR

FRV(✓) =
ei✓ + e�i✓

2
������

VLQ(✓) =
ei✓ � e�i✓

2i
������

��
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����� $ ILUVW VLPSOH DSSOLFDWLRQ

2QH XVHIXO DSSOLFDWLRQ RI WKH (XOHU IRUPXOD OLHV LQ WKH IDFW WKDW GHDOLQJ ZLWK WULJRQRPHWULF
IXQFWLRQ LV QRW DOZD\V WKDW HDV\� )RU LQVWDQFH� GR \RX NQRZ E\ KHDUW KRZ WR ZULWH VLQ(2✓)
RU FRV(2✓)ZLWK RQO\ IXQFWLRQV RI WKH DQJOH ✓� QRW 2✓" ,I \RX IRUJRW DERXW WKRVH IRUPXODV�
MXVW VZLWFK WR WKH FRPSOH[ ZRUOG�

ei(2✓) = FRV(2✓)| {z }
<(e2i✓)

+i · VLQ(2✓)| {z }
=(e2i✓)

ei(2✓) =
⇣
ei✓
⌘2

= (FRV(✓) + i VLQ(✓))2

= FRV2(✓) + 2i VLQ(✓) FRV(✓) + i2 VLQ2(✓)
= FRV2(✓)� VLQ2(✓)| {z }

<(e2i✓)

+i · 2 VLQ(✓) FRV(✓)| {z }
=(e2i✓)

ZKHUH ZH XVHG WKH IDFW WKDW i2 = �1� DV \RX VKRXOG NQRZ E\ QRZ� ,W LV QRZ HDV\ WR
FRQFOXGH E\ HTXDWLQJ WKH WZR H[SUHVVLRQV RI WKH UHDO SDUW �DQG LGHQWLFDOO\ IRU WKH LPDJLQDU\
SDUW��

VLQ(2✓) = 2 VLQ(✓) FRV(✓)
FRV(2✓) = FRV2(✓)� VLQ2(✓)

����� 3K\VLFDO H[DPSOHV

2QH SRVVLEOH DSSOLFDWLRQ RI FRPSOH[ QXPEHUV WR SK\VLFV UHVLGHV LQ WKH UHSUHVHQWDWLRQ RI
DQ\ SHULRGLF V\VWHP ZKLFK ZRXOG UHTXLUH WULJRQRPHWULF IXQFWLRQV WR EH GHVFULEHG� VXFK
DV ZDYHV IRU LQVWDQFH� ,I ZH FRQVLGHU D ZDYH IXQFWLRQ ⇠(x, t) �� LW ZLOO XVXDOO\ EH ZULWWHQ
DV

⇠(x, t) = ⇠0 FRV(kx� !t)

RU� XVLQJ WKH (XOHU IRUPXOD

⇠(x, t) = ⇠0 <
⇣
ei(kx�!t)

⌘

�
⇠(x, t) LV WKH GLVSODFHPHQW RI WKH ZDYH� ZKLFK GHSHQGV RQ WKH SRVLWLRQ x DQG WKH WLPH t DQG ⇠0 DV WKH

DPSOLWXGH�

��



���� &203/(; 180%(56

+RZHYHU� \RX ZLOO QHYHU HQFRXQWHU WKLV QRWDWLRQ ZLWK WKH UHDO SDUW �RU LPDJLQDU\ SDUW LI
\RX FRQVLGHUHG D VLQ�IXQFWLRQ� LQ DQ\ SK\VLFV ERRN� ZKHUH WKH ZDYH LV VLPSO\ GHQRWHG DV

⇠(x, t) = ⇠0 e
i(kx�!t)

3K\VLFLVWV VLPSO\ DVVXPH WKDW WKH UHDO SDUW LV WDNHQ DW WKH HQG RI WKHLU FDOFXODWLRQV �DQG
WKDW ZD\V� LW LV VKRUWHU WR ZULWH DQG PXFK HDVLHU WR UHDG� GRQ·W \RX DJUHH"��
:KDW LV QRZ WKH YHORFLW\ ⇠̇(x, t) ⌘ G⇠(x,t)

Gt RU WKH DFFHOHUDWLRQ ⇠̈(x, t) ⌘ G2⇠(x,t)
Gt2 " :HOO�

\RX MXVW QHHG WR GLIIHUHQWLDWH WKH ZDYH IXQFWLRQ ⇠(x, t)� DQG LW LV PXFK HDVLHU WR GR LW
ZKHQ FRQVLGHULQJ DQ H[SRQHQWLDO IXQFWLRQ�

��
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, OLNH WR PRYH LW� PRYH LW�

.LQJ -XOLHQ

��� 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� .LQHPDWLFV RI 3RLQW�OLNH 3DUWLFOHV � � � � � � � � � � � � � � � � � � ��

����� *HQHUDO 'HVFULSWLRQ � � � � � � � � � � � � � � � � � � � � � � ��
����� /LQHDU 8QLIRUP $FFHOHUDWLRQ � � � � � � � � � � � � � � � � � ��
����� &LUFXODU 0RWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� *HQHUDO � 'LPHQVLRQDO 0RWLRQ � � � � � � � � � � � � � � � � ��

��� '\QDPLFV RI 3RLQW�OLNH 3DUWLFOHV � � � � � � � � � � � � � � � � � � � ��
����� )RUFH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� &KRLFH RI )UDPH RI 5HIHUHQFH � � � � � � � � � � � � � � � � ��
����� 1HZWRQ·V /DZV � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� &HQWHU RI 0DVV � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� (TXLOLEULXP � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� *UDYLWDWLRQDO )RUFH � � � � � � � � � � � � � � � � � � � � � � � ��
����� ,QGHSHQGHQFH RI 0RWLRQ � � � � � � � � � � � � � � � � � � � � ��
����� 9ROXPH� 6XUIDFH� 1RUPDO DQG 6KHDU )RUFHV � � � � � � � � ��
����� )ULFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 0RPHQWXP� :RUN� (QHUJ\ DQG 3RZHU � � � � � � � � � � � � � � � � ��
����� 0RPHQWXP � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� :RUN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 3RWHQWLDO (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � ��
����� .LQHWLF (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 3RZHU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5RWDWLRQ (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � � ���
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0HFKDQLFV LV RQH RI WKH PRVW LPSRUWDQW WRSLFV LQ SK\VLFV� ,W GHVFULEHV KRZ D ERG\ PRYHV
LI WKH LQWHUDFWLRQ RI WKDW ERG\ ZLWK RWKHU ERGLHV LV NQRZQ� )RU H[DPSOH LQ 1HZWRQLDQ
PHFKDQLFV� WKH µKRZ ERGLHV PRYHµ LV GHVFULEHG E\ WKH DFFHOHUDWLRQ� DQG WKH LQWHUDFWLRQ
E\ WKH IRUFH� 1HZWRQV VHFRQG ODZ EULQJV WKHVH WZR WKLQJV WRJHWKHU VXFK WKDW LQ SULQFLSOH
ZH FDQ FDOFXODWH WKHPRWLRQ� ,QPHFKDQLFV ZH GR QRW DVN ZKHUH WKH IRUFH FRPHV IURP� WKLV
LV VXEMHFW RI RWKHU WRSLFV IRU H[DPSOH HOHFWURPDJQHWLVP� :H RQO\ GHVFULEH LWV LQIOXHQFH
RQ PRWLRQ�
$OO WKH IROORZLQJ WRSLFV LQ SK\VLFV ZLOO PRUH RU OHVV EDVH RQ PHFKDQLFV� IRU H[DPSOH WKHU�
PRG\QDPLFV DQG IOXLG G\QDPLFV ZLOO GHVFULEH WKH FROOHFWLYH EHKDYLRXU RI PDQ\ SDUWLFOHV�
2VFLOODWLRQV DQG ZDYHV GHVFULEH WKH PRWLRQ RI D ERG\ RU PDQ\ ERGLHV ZKHUH D OLQHDU
IRUFH LV DFWLQJ RQ� $QG ILQDOO\ HOHFWURG\QDPLFV GHVFULEHV WKH LQWHUDFWLRQ RI HOHFWULF DQG
PDJQHWLF ILHOGV ZLWK D ERG\�
6LQFH PHFKDQLFV FRQWDLQV D ORW RI VXEMHFWV ZH GLYLGH LW LQWR WZR SDUWV� ,Q WKLV FKDSWHU
ZH ZLOO IRFXV RQ SRLQW�OLNH SDUWLFOHV DQG LQWURGXFH WKH PDLQ FRQFHSWV WR GHVFULEH WKHLU
PRWLRQ� ,Q WKH QH[W FKDSWHU ZH ZLOO WKHQ ORRN DW ULJLG ERGLHV� ZKLFK FRQVLVW RI PDQ\
DWRPV� DQG JHQHUDOL]H FLUFXODU PRWLRQ LQFOXGLQJ WKH PRWLRQ RI SODQHWV DURXQG WKH VXQ�

��� 0RGHO

$Q\ ERG\ LV EXLOW RI D ORW RI DWRPV� 7R SUHFLVHO\ GHVFULEH WKH PRWLRQ RI WKDW ERG\ RQH
ZRXOG QHHG WR GHVFULEH WKH LQWHUDFWLRQ RI HDFK DWRP ZLWK HDFK RWKHU DQG DOVR ZLWK RWKHU
ERGLHV DQG WKHQ FRPSXWH WKH PRWLRQ RI HDFK VLQJOH DWRP� 2EYLRXVO\ WKLV FDOFXODWLRQ
H[FHHGV DQ\ FRPSXWLQJ SRZHU IRU V\VWHPV ZLWK PRUH WKDQ VRPH GR]HQV RI DWRPV� ,Q
RUGHU WR GHVFULEH WKH PRWLRQ RI D ERG\ LQ JRRG DSSUR[LPDWLRQ ZH KDYH WR ILJXUH RXW D
PRGHO�

� $ ILUVW JRRG DSSUR[LPDWLRQ LV WR FRQVLGHU WKH ERG\ DV SRLQW�OLNH DQG DGGUHVV FRO�
OHFWLYH SURSHUWLHV OLNH �WRWDO� PDVV DQG �WRWDO� FKDUJH WR LW� 7KLV DSSUR[LPDWLRQ FDQ
EH MXVWLILHG LQ FDVH WKH LQWHUQDO VWUXFWXUH RI WKH ERG\ LV VPDOO FRPSDUHG WR LWV EH�
KDYLRXU DV HQWLUH ERG\� )RU H[DPSOH LI \RX NLFN D IRRWEDOO LWV WUDYHOOLQJ GLVWDQFH LV
PXFK ODUJHU WKDQ LWV GLDPHWHU� VDPH KROGV IRU SODQHWV� 7KHUHIRUH RQH FDQ LQ JRRG
DSSUR[LPDWLRQ GHVFULEH D IRRWEDOO DQG SODQHWV DV SRLQW�OLNH SDUWLFOHV��

�2WKHU FRPPRQ GHVFULSWLRQV DUH /DJUDQJLDQ DQG +DPLOWRQ PHFKDQLFV� 7KH\ GHVFULEH LQWHUDFWLRQV E\
WKH SRWHQWLDO HQHUJ\ DQG LW LV SRVVLEOH WR JHQHUDOL]H WKH IRUPDOLVP DW WKH SUL]H LW JHWV PRUH FRPSOLFDWHG� ,Q
WKH HQG� WKH HTXDWLRQV RQH KDV WR VROYH WR JHW WKH PRWLRQ DUH WKH VDPH IRU DOO GHVFULSWLRQ�

�1HYHUWKHOHVV WKHUH DUH HIIHFWV WKDW DSSHDU IURP WKHLU QRQ�]HUR VL]H� 2QH WKHQ KDV WR PRGHO LW LQ D PRUH
FRPSOLFDWHG ZD\�

��
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� ,I RQH FRQVLGHUV WKH GLVWDQFH EHWZHHQ WKH DWRPV WR EH FRQVWDQW� RQH GHVFULEHV WKDW
ERG\ DV ULJLG ERG\� 7KLV LV WUHDWHG LQ ��

� 2QH FDQ DOVR ORRN DW WKH GHIRUPDWLRQ RI D ERG\� 7KH GHVFULSWLRQ DV ULJLG ERG\ LV
WKHQ QRW YDOLG DQ\ PRUH DQG RQH KDV WR JR RQH VWHS IXUWKHU�

��� .LQHPDWLFV RI 3RLQW�OLNH 3DUWLFOHV

$V DOUHDG\ PHQWLRQHG DERYH LQ WKLV ZKROH FKDSWHU � ZH ZLOO RQO\ FRQVLGHU SRLQW�OLNH SDU�
WLFOHV� ,Q WKLV VHFWLRQ ZH ZLOO ORRN KRZ RQH FDQ GHVFULEH WKH PRWLRQ RI VXFK D SDUWLFOH�
:H DUH QRW LQWHUHVWHG ZK\ WKH SDUWLFOH SHUIRUPV WKLV PRWLRQ� 7KLV ZH ZLOO GLVFXVV LQ WKH
QH[W VHFWLRQ DERXW 1HZWRQ·V ODZV�
,Q WKLV VHFWLRQ� ILUVW D JHQHUDO GHVFULSWLRQ LV JLYHQ ZKLFK LV EDVLFDOO\ D OLWWOH UHSHWLWLRQ RI
PDWK� $IWHUZDUGV ZH ZLOO ORRN DW WKH PRVW LPSRUWDQW FDVHV�

����� *HQHUDO 'HVFULSWLRQ

2XU XQLYHUVH LV WKUHH GLPHQVLRQDO DQG WKH ZKROH HYROXWLRQ FDQ EH SDUDPHWUL]HG E\ WKH
WLPH� 2U LQ VLPSOHU ZRUGV� WKH SRVLWLRQ RI DQ\ ERG\ FDQ EH GHVFULEHG E\ D WKUHH�GLPHQVLRQDO
YHFWRU ZKLFK RQO\ GHSHQGV RQ WLPH DQG LWV VWDUWLQJ SRLQW� /HW·V ORRN DW WKLV GHVFULSWLRQ
VWHS E\ VWHS�
)LUVW RI DOO ZH QHHG WR GHILQH D UHIHUHQFH SRLQW� RIWHQ GHQRWHG DV O� 7KLV SRLQW LV WKH
RULJLQ LQ WKH FRRUGLQDWH V\VWHP DQG WKH FRRUGLQDWHV RI DOO ERGLHV UHIHU WR WKLV SRLQW� VHH
DOVR ILJXUH ���� )RU RXU FRRUGLQDWH V\VWHP ZH QHHG IXUWKHUPRUH WKUHH FRRUGLQDWH D[HV�
,Q SULQFLSOH� RQH LV IUHH WR FKRRVH DQ\ SRLQW LQ VSDFH DV RULJLQ DQG DOVR WKH GLUHFWLRQ RI
WKH D[HV� 1HYHUWKHOHVV� LW LV YHU\ RIWHQ SRVVLEOH WR UHGXFH WKH GLIILFXOW\ RI WKH SUREOHP
E\ D JRRG FKRLFH RI UHIHUHQFH SRLQW DQG GLUHFWLRQ RI D[HV �VHH VHFWLRQV ����� DQG �������
,Q SDUWLFXODU LW LV XVHIXO WR WDNH SHUSHQGLFXODU D[HV VLQFH WKHQ WKH VFDODU SURGXFW RI WZR
D[HV LV DOZD\V ]HUR� $GGLWLRQDOO\� RQH VKRXOG FKRRVH WKH D[HV VXFK WKDW WKH\ REH\ WKH
ULJKW KDQG UXOH �VHH DOVR ������� 7KLV PHDQV LI WKH x�D[LV SRLQWV LQ WKH GLUHFWLRQ RI WKH
WKXPE DQG WKH y�D[LV LQ WKH GLUHFWLRQ RI WKH IRUHILQJHU� WKHQ WKH z�D[LV VKRXOG SRLQW LQ
WKH GLUHFWLRQ RI WKH PLGGOH ILQJHU� 7KLV ULJKW KDQG UXOH ZLOO JHW LPSRUWDQW ZKHQ ZH ORRN
DW YHFWRU SURGXFWV RI YHFWRUV VXFK DV DQJXODU PRPHQWXP RU WRUTXH� 7KH SRVLWLRQ RI D
SRLQW�OLNH SDUWLFOH DW WLPH t LV JLYHQ E\ WKH SRVLWLRQ YHFWRU ~r(t)� QDPHO\

~r(t) =

0

@
x(t)
y(t)
z(t)

1

A

��
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ZKHUH x(t) LV WKH FRRUGLQDWH DORQJ WKH x�D[LV DW WKH WLPH SRLQW t� 7KLV PHDQV WKH GLVWDQFH
EHWZHHQ WKH UHIHUHQFH SRLQW O DQG WKH SDUWLFOH LV LQ WKH GLUHFWLRQ RI WKH x�D[LV LV x(t)�
1RWH� x(t) LV QRW VLPSO\ D QXPEHU� LW DOVR FRQWDLQV DQ XQLW VXFK DV PHWHU RU NLORPHWHU�
'HSHQGLQJ RQ WKH XQLW� WKH YDOXH RI x(t) FDQ EH GLIIHUHQW EXW WKH GLVWDQFH LV DOZD\V WKH
VDPH� 7KH VDPH KROGV IRU y DQG z�

~r(t)

~v(t)

x(t)

x

]

\

z(t)

y(t)

O

P (t)

)LJXUH ���� *HQHUDO VHWXS DW WLPH t� $ SDUWLFOH LV PRYLQJ RQ D �FXUYHG� WUDMHFWRU\ WKURXJK
VSDFH �IURP OHIW WR WKH ULJKW�� 7KH SRVLWLRQ P (t) RI WKH SDUWLFOH LV PHDVXUHG ZLWK UHVSHFW
WR D UHIHUHQFH SRLQW O� 7KH YHORFLW\ RI WKH SDUWLFOH SRLQWV DORQJ WKH WDQJHQW DW WKH FXUYH
DW WKH SRLQW P (t)�

7KH FKDQJH RI WKH SRVLWLRQ YHFWRU ~r(t) GLYLGHG E\ WKH WLPH �t QHHGHG IRU WKLV FKDQJH
GHILQHV WKH YHORFLW\� $VVXPH WKH SDUWLFOH WUDYHOV EHWZHHQ WKH WLPHV t1 DQG t2 IURP ~r(t1)
WR ~r(t2)� 7KH DYHUDJH YHORFLW\ �GHQRWHG E\ WKH OLQH RYHU ~v� LV WKHQ

~v(t) =
�~r(t)

�t
=

~r(t2)� ~r(t1)

t2 � t1
=

0

@
�x
�t
�y
�t
�z
�t

1

A .

7R JHW WKH LQVWDQWDQHRXV YHORFLW\ RQH ORRNV DW WKH OLPLW RI YHU\ VPDOO �t ZKLFK LV WKH

��
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GHULYDWLYH� 7KH LQVWDQWDQHRXV YHORFLW\ YHFWRU ~v(t) LV WKHUHIRUH

~v(t) =
G~r(t)
Gt

=

0

B@

Gx(t)
Gt

Gy(t)
Gt

Gz(t)
Gt

1

CA =

0

@
vx(t)
vy(t)
vz(t)

1

A .

*HRPHWULFDOO\� WKH LQVWDQWDQHRXV YHORFLW\ SRLQWV DORQJ WKH WDQJHQW DW WKH FXUYH ~r(t) DQG
SRLQWV LQ WKH GLUHFWLRQ RI PRWLRQ ZLWK OHQJWK v = |~v(t)| =

q
v2x + v2y + v2z �VHH DOVR

ILJXUH �����
:H FDQ SURFHHG DQG ORRN DW WKH FKDQJH RI WKH YHORFLW\ SHU WLPH� 7KLV PHDQV ZH WDNH WKH
GHULYDWLYH RI WKH YHORFLW\� 7KLV TXDQWLW\ LV WKH DFFHOHUDWLRQ� GHQRWHG E\ ~a� )RUPDOO\ ZH
JHW

~a(t) =
G~v(t)
Gt

=
G2~r(t)
Gt2

=

0

B@

Gvx(t)
Gt

Gvy(t)
Gt

Gvz(t)
Gt

1

CA =

0

@
ax(t)
ay(t)
az(t)

1

A .

2I FRXUVH� RQH FDQ DOVR ORRN DW KLJKHU GHULYDWLYHV EXW WKH\ XVXDOO\ KDYH QR SK\VLFDO LP�
SRUWDQFH�

����� /LQHDU 8QLIRUP $FFHOHUDWLRQ

2QH RI WKH PRVW LPSRUWDQW QRQ�WULYLDO FDVHV� LV WKH OLQHDU XQLIRUP DFFHOHUDWLRQ� 7KLV
PHDQV ~a LV FRQVWDQW� :H DVVXPH WKDW WKH DFFHOHUDWLRQ SRLQWV LQ WKH GLUHFWLRQ RI WKH x�D[LV
DQG WKDW WKH y DQG z FRRUGLQDWH GR QRW FKDQJH��
2EYLRXVO\� ZH GRQ·W QHHG WR GHVFULEH WKLV PRWLRQ LQ WKUHH GLPHQVLRQV DQG ZH FDQ GR WKH
ZKROH FDOFXODWLRQ VFDODU RQO\ FRQVLGHULQJ WKH x�D[LV� )RU WKLV ZH DVVXPH� WKDW DW WLPH t0�

�7ULYLDO FDVHV ZRXOG EH QR DFFHOHUDWLRQ DQG WKHUHIRUH FRQVWDQW YHORFLW\� EHFDXVH WKHQ ZH FRXOG PDNH D
FKDQJH RI UHIHUHQFH V\VWHP DQG RXU REMHFW ZRXOG EH DW UHVW� 7KLV LV UHODWHG WR WKH GHILQLWLRQ RI LQHUWLDO IUDPHV�
VHH VHFWLRQ ������

�2WKHUZLVH ZH FRXOG FKRRVH RXU FRRUGLQDWH V\VWHP VXFK WKDW WKH x�D[LV SRLQWV LQ WKH GLUHFWLRQ RI WKH
DFFHOHUDWLRQ� )XUWKHUPRUH ZH FRXOG FKRRVH WKH UHIHUHQFH SRLQW PRYLQJ ZLWK WKH VDPH YHORFLW\ LQ y DQG z
GLUHFWLRQ DV WKH SDUWLFOH� 7KHQ WKH y DQG z FRRUGLQDWH ZLWK UHVSHFW WR WKLV PRYLQJ UHIHUHQFH SRLQW ZRXOG
QRW FKDQJH� 7KH UHDVRQ ZK\ ZH FDQ FKRRVH D UHIHUHQFH SRLQW WKDW PRYHV ZLWK FRQVWDQW YHORFLW\ LV JLYHQ LQ
VHFWLRQ ������

�:H FRXOG DOVR FKRRVH D UHIHUHQFH IUDPH ZKHUH DW WKH WLPH t0 WKH SDUWLFOH LV DW UHVW DQG DW WKH RULJLQ� %XW
WR VKRZ KRZ WKH FDOFXODWLRQV KDV WR EH GRQH� OHW XV FRQVLGHU WKH PRUH JHQHUDO FDVH�

��
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WKH SDUWLFOH LV DW SRVLWLRQ x0 DQG PRYHV ZLWK YHORFLW\ v0� :H VHDUFK IRU WKH YHORFLW\ DW D
�ODWHU� WLPH t� 6LQFH WKH DFFHOHUDWLRQ LV WKH GHULYDWLYH RI WKH YHORFLW\� ZH REWDLQ WKH YHORFLW\
E\ LQWHJUDWLQJ WKH DFFHOHUDWLRQ DQG FKRRVLQJ WKH LQWHJUDWLRQ FRQVWDQW VXFK WKDW DW t = t0
WKH YHORFLW\ LV v0� 6LQFH WKH LQWHJUDO IURP t0 WR t = t0 LV ]HUR� WKH LQWHJUDWLRQ FRQVWDQW� LV
H[DFWO\ v0� WKXV

v(t) = v0 +

tˆ
t0

a(t0) Gt0

= v0 + a

tˆ
t0

Gt0 = v0 + a(t� t0).

1RWH WKDW WKH SULPH RI t0 KDV QRWKLQJ WR GR ZLWK GHULYDWLYHV� :H VLPSO\ QHHG D YDULDEOH
WR SDUDPHWULVH WKH LQWHJUDO� :H FRXOG DOVR UHSODFH WKH t0 E\ DQ\ RWKHU VLJQ �H�J� x� ↵ RU @�
DV LW GRHV QRW DSSHDU RXWVLGH WKH LQWHJUDO� 7KH SRVLWLRQ RI WKH SDUWLFOH LV REWDLQHG E\ RQH
PRUH LQWHJUDWLRQ� :LWK WKH VDPH DUJXPHQWDWLRQ WKH LQWHJUDWLRQ FRQVWDQW LV x0�

x(t) = x0 +

tˆ
t0

v(t0) Gt0

= x0 +

tˆ
t0

�
v0 + a(t0 � t0)

�
Gt0

= x0 + v0(t� t0) +
1

2
a(t� t0)

2.

7KH UHVXOW LV JUDSKLFDOO\ GUDZQ LQ ILJXUH ����
,W LV LPSRUWDQW WR UHPHPEHU WKDW WKH GLVSODFHPHQW �ZLWK a FRQVWDQW� LV SURSRUWLRQDO WR
WKH VTXDUH RI WLPH �IRU t0 = 0�� 2QH LQWXLWLYH H[SODQDWLRQ IRU WKLV VTXDUH GHSHQGHQFH
LV WKDW WKH PHDQ YHORFLW\ v LV SURSRUWLRQDO WR WKH WLPH t DQG WKDW WKH WLPH RI PRWLRQ LV
SURSRUWLRQDO WR t� 7KHUHIRUH WKH GLVWDQFH LV SURSRUWLRQDO WR vt ⇠ t2� VHH DJDLQ ILJXUH ����

�,W·V QRW DOZD\V WKDW VLPSOH WR ILQG WKH LQWHJUDWLRQ FRQVWDQW� )RU H[DPSOH LI WKH YHORFLW\ v0 LV QRW JLYHQ
DW t0 EXW DW t0 � 1V�

��
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t0 t t0 t t0 t
WLPH WLPH WLPH

a v x

v xv0
x0

D FRQVW

)LJXUH ���� &RQQHFWLRQ EHWZHHQ WKH DFFHOHUDWLRQ a� WKH YHORFLW\ v DQG WKH GLVWDQFH x �KHUH
IRU WKH OLQHDU XQLIRUP DFFHOHUDWLRQ�� /HIW� JUDSK RI WKH DFFHOHUDWLRQ� ZKLFK LV FRQVWDQW
�VLQFH XQLIRUP DFFHOHUDWLRQ�� 7KH DUHD XQGHU WKH JUDSK �VKDGHG� IURP t0 WR t FRUUHVSRQGV
WR WKH YHORFLW\ v � v0 DW WLPH t ZKLFK JURZV OLQHDUO\� 0LGGOH� *UDSK RI WKH YHORFLW\�
7KH DUHD FRUUHVSRQGV WR WKH GLVWDQFH x� x0� 5LJKW� *UDSK RI WKH GLVWDQFH ZKLFK JURZV
TXDGUDWLFDOO\�

,I WKH DFFHOHUDWLRQ LV OLQHDU �WKH YHFWRU ~a(t) SRLQWV DOZD\V LQ WKH VDPH GLUHFWLRQ� EXW QRW
XQLIRUP �~a(t) QRW FRQVWDQW�� ZH FDQ WUHDW WKH SUREOHP DOVR LQ RQH GLPHQVLRQ EXW ZH KDYH
WR FDOFXODWH WKH LQWHJUDO IRU WKH IXQFWLRQ ~a(t)�

([DPSOH�
x

1

2

3

x0 = 4

)LJXUH ���� 6FKHPDWLF GUDZLQJ RI WKH H[DPSOH�
/HW·V FDOFXODWH D FRQFUHWH FDVH QDPHO\ WKH PRWLRQ RI D EDOO ZKHQ GURSSLQJ LW IURP
WKH VHFRQG IORRU RI D KRXVH� 6LQFH LQ WKH JUDYLWDWLRQDO ILHOG RQ HDUWK� DOO ERGLHV DUH

��
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DFFHOHUDWHG ZLWK WKH VDPH�YHUWLFDO DFFHOHUDWLRQ�g = �9.81P·V�2 ZH HQFRXQWHU WKH
FDVH RI OLQHDU XQLIRUP DFFHOHUDWLRQ� 7DNH WKH FRRUGLQDWH D[LV WR SRLQW XSZDUGV�DQG
WKH RULJLQ RQ JURXQG OHYHO� VHH DOVR SLFWXUH ���� $VVXPH WKH ZLQGRZ LQ WKH VHFRQG
IORRU RI WKH KRXVH KDV D KHLJKW RI 4P DQG ZH OHW WKH EDOO GURS DW t = 0� 7KHQ LWV
YHORFLW\ XQWLO LW KLWV WKH JURXQG LV v = gt = �9.81P·V�2t� 7KH YHORFLW\ LV QHJDWLYH
DV H[SHFWHG DV WKH x FRRUGLQDWH RI WKH EDOO JHWV VPDOOHU DQG VPDOOHU �IURP LQLWLDOO\ 4P
WRZDUGV 0�� 7KH SRVLWLRQ LV WKHQ

x(t) = x0 +

tˆ
t0

v(t0) Gt0

= x0 +

tˆ
t0

�
v0 + at0

�
Gt0, v0 = 0

= 4P�
1

2
9.81P·V�2

· t2.

7R JHW WKH WLPH WKH EDOO QHHGV WR UHDFK WKH JURXQG ZH KDYH WR VHW x(t) = 0 DQG VROYH
IRU t OHDGLQJ WR

t =

r
2 · 4P

9.81P·V�2
⇡ 0.28V

�1HJOHFWLQJ DLU UHVLVWDQFH DQG DVVXPLQJ VPDOO GURSSLQJ KHLJKWV� VXFK WKDW WKH HDUWK VHHPV WR EH IODW�
�6HH DOVR VHFWLRQ ������
�7KLV FKRLFH RI UHIHUHQFH IUDPH DOVR LQIOXHQFHV WKH VLJQ RI WKH DFFHOHUDWLRQ� L�H� LI LW ZRXOG SRLQW GRZQ�

ZDUGV� LW ZRXOG EH g = 9.81P·V�2�

��
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����� &LUFXODU 0RWLRQ

$IWHU ZH GLVFXVVHG WKH NLQHPDWLF SUREOHPVZKLFK FDQ EH VROYHG LQ RQH GLPHQVLRQ OHWV QRZ
ORRN DW WKH VLPSOHVW SUREOHP ZKLFK QHHGV WZR GLPHQVLRQV� 7KLV LV WKH FLUFXODU PRWLRQ�
,Q WKLV FDVH WKH SDUWLFOH IOLHV DORQJ D FLUFXODU FLUFXPIHUHQFH LQ D SODQH� VHH ���� 6LQFH WKH
SDUWLFOH DOZD\V PRYHV ORQJ WKH FLUFOH ZH FDQ SDUDPHWUL]H LWV SRVLWLRQ E\ DQ DQJOH '(t)�

~r(t)

R FRV(')

R VLQ(')
'(t)

x

y

'0

!t

v(t)

O

)LJXUH ���� 6LWXDWLRQ IRU WKH FLUFXODU PRWLRQ� $ SDUWLFOH PRYHV RQ D FLUFOH ZLWK UDGLXV R�
,WV SRVLWLRQ LV GHVFULEHG E\ WKH DQJOH '�

x = R FRV(')
y = R VLQ(').

,I WKH DQJOH FKDQJHV E\ D FRQVWDQW UDWH ZH FDOO WKLV PRWLRQ XQLIRUP FLUFXODU PRWLRQ� 7KH
UDWH RI FKDQJH LV GHVFULEHG E\ WKH DQJXODU YHORFLW\ ! = G'

Gt �EHLQJ FRQVWDQW�� 7KLV OHDGV
WKHQ WR DQ DQJOH '(t) = !t+ '0� 7KH YHORFLW\ LV JLYHQ E\

��
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vx =
Gx(t)
Gt

=
GR FRV(!t+ '0)

Gt
= �R! VLQ(!t+ '0)

vy =
Gy(t)
Gt

=
GR VLQ(!t+ '0)

Gt
= R! FRV(!t+ '0).

7KH YHORFLW\ LV REYLRXVO\ SHUSHQGLFXODU WR WKH SRVLWLRQ YHFWRU ~r� 7KLV LV UHODWHG WR WKH
FRQVWULFWLRQ RI WKH PRWLRQ RQ WKH FLUFOH ZKHUH |~r| LV FRQVWDQW� 7R VHH WKLV UHODWLRQ� DVVXPH
WKH YHORFLW\ ZRXOG QRW EH SHUSHQGLFXODU WR WKH SRVLWLRQ� 7KHQ WKHUH LV D FRPSRQHQW
RI WKH YHORFLW\ SRLQWLQJ LQ WKH GLUHFWLRQ RI WKH SRVLWLRQ ZKLFK PHDQV WKDW WKH SRVLWLRQ
YHFWRU ZRXOG JHW ORQJHU RU VPDOOHU� 7KH SRVLWLRQ YHFWRU ZRXOG WKHQ OHDYH WKH FLUFOH ZKLFK
FRQWUDGLFWV WR |~r| EHLQJ FRQVWDQW� 7KH JHQHUDO PRWLRQ LQ WZR GLPHQVLRQV ZLOO EH GLVFXVVHG
LQ WKH QH[W VHFWLRQ ������ /HW·V FRPH EDFN WR WKH FLUFXODU PRWLRQ DQG FDOFXODWH WKH DEVROXWH
YDOXH RI ~v�

|~v| =
q
v2x + v2y = R!

p
FRV(!t+ '0)2 + VLQ(!t+ '0)2 = R!.

6LPLODU WR WKH SRVLWLRQ YHFWRU WKH YHORFLW\ YHFWRU RQO\ FKDQJHV LWV GLUHFWLRQ DQG QRW LWV
DEVROXWH YDOXH� :H WKHUHIRUH FDQ UHSHDW DOO WKH VWHSV DERYH WR FDOFXODWH WKH DFFHOHUDWLRQ
ZKLFK LV WKHQ JLYHQ E\

ax =
Gvx(t)
Gt

=
�GR VLQ(!t+ ')

Gt
= �R!2 FRV(!t+ ')

ay =
Gvy(t)
Gt

=
GR FRV(!t+ ')

Gt
= �R!2 VLQ(!t+ ').

)URP WKH GLVFXVVLRQ DERYH WKH DFFHOHUDWLRQ ZDV H[SHFWHG WR EH SHUSHQGLFXODU WR WKH YH�
ORFLW\ DQG VLQFH ZH DUH LQ WZR GLPHQVLRQV LW PXVW EH SDUDOOHO WR WKH SRVLWLRQ� %XW SRVLWLRQ
DQG DFFHOHUDWLRQ SRLQW LQ WKH RSSRVLWH GLUHFWLRQ RU LQ PDWKHPDWLFDO ODQJXDJH ~r · ~a < 0�

7KLV PHDQV~a SRLQWV WRZDUGV WKH RULJLQO RI WKH FLUFXODU PRWLRQ� 7KH DEVROXWH
YDOXH RI WKH DFFHOHUDWLRQ LV JLYHQ E\

a = !2R

=
v2

R

ZKHUH ZH XVHG v = !R�

��
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����� *HQHUDO � 'LPHQVLRQDO 0RWLRQ

:H QRZ ORRN DW WKH JHQHUDO PRWLRQ LQ WZR GLPHQVLRQ� DV WKLV RFFXUV LQ PDQ\ VLWXDWLRQV�
([DPSOHV IRU PRWLRQ LQ WZR GLPHQVLRQV DUH EDOOV UROOLQJ RQ SODQH� D FDU GULYLQJ RQ D VWUHHW
RU WKH WUDMHFWRU\ RI D IO\LQJ REMHFW ZLWK JUDYLWDWLRQDO IRUFH�
&RQVLGHU WKH IROORZLQJ VLWXDWLRQ� $ SRLQW�OLNH SDUWLFOH PRYHV RQ D SODQH� $W WKH WLPH t
WKH SDUWLFOH VKDOO EH DW WKH SRVLWLRQ�� ~r(t) DQG PRYLQJ ZLWK D YHORFLW\ ~v(t) DQG DFFHOHUDWHG
ZLWK DQ DFFHOHUDWLRQ ~a(t)� 7KH TXHVWLRQ LV� ZKDW WKH UHODWLRQ EHWZHHQ WKHVH TXDQWLWLHV LV�
)RUPDOO\� WKH UHODWLRQ LV WKH RQH GHVFULEHG LQ VHFWLRQ ����� EXW WKHUH LV D PRUH LQWXLWLYH
DSSURDFK� )RU WKLV OHW·V ILUVW ORRN DW WKH UHODWLRQ EHWZHHQ DFFHOHUDWLRQ ~a(t) DQG YHORFLW\
~v(t)� 7KH DFFHOHUDWLRQ GHVFULEHV WKH FKDQJH RI WKH YHORFLW\� :H VSOLW WKH DFFHOHUDWLRQ
LQWR WKH SDUW SDUDOOHO WR WKH YHORFLW\� GHQRWHG E\ ~ak(t)� DQG WKH SDUW SHUSHQGLFXODU WR WKH
YHORFLW\� GHQRWHG E\ ~a?(t)� VHH DOVR ILJXUH ���� )URP WKH GLVFXVVLRQ LQ WKH VHFWLRQ DERXW
FLUFXODU PRWLRQ �VHH ������� LW LV REYLRXV WKDW ~a?(t) RQO\ FKDQJHV WKH GLUHFWLRQ RI ~v(t)
EXW QRW LWV OHQJWK� 2Q WKH RWKHU KDQG ~ak(t) RQO\ FKDQJHV WKH OHQJWK RI ~v(t) EXW QRW LWV
GLUHFWLRQ� 6LPLODUO\ ZH FDQ DUJXH FRQFHUQLQJ WKH UHODWLRQ EHWZHHQ WKH SRVLWLRQ ~r(t) DQG
WKH YHORFLW\ ~v(t)�

~v(t)

~ak(t)
~a?(t)

~a(t)

)LJXUH ���� 7KH DFFHOHUDWLRQ SRLQWLQJ LQ DQ DUELWUDU\ GLUHFWLRQ LV VSOLW LQWR LWV FRPSRQHQWV
SDUDOOHO DQG SHUSHQGLFXODU WR WKH YHORFLW\�

,W PLJKW VHHP WKDW WKLV LQWXLWLYH DSSURDFK GRHV QRW OHDG WR D ORW RI LQVLJKW� %XW IRU H[DPSOH
FRQVLGHULQJ WKH PRWLRQ RI SODQHWV DURXQG WKH VXQ� WKHLU QRQ FLUFXODU EXW HOOLSWLF PRWLRQ
FDQ LQWXLWLYHO\ EH H[SODLQHG ZLWK WKLV DUJXPHQW�

��$OO YHFWRUV LQ WKLV VHFWLRQ VKDOO EH WZR GLPHQVLRQDO YHFWRUV RQ WKH SODQH�

��
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��� '\QDPLFV RI 3RLQW�OLNH 3DUWLFOHV

,Q WKH ODVW FKDSWHU ZH GLVFXVVHG KRZ RQH FDQ GHVFULEH WKH PRWLRQ RI D SDUWLFOH� %XW ZH GLG
QRW DVN ZKDW PDNHV WKH SDUWLFOH PRYH RQ WKDW WUDMHFWRU\� 7R GR WKLV ZH QRZ SURFHHG WR
WKH GHVFULSWLRQ RI WKH LQWHUDFWLRQ EHWZHHQ ERGLHV DQG KRZ WKH LQWHUDFWLRQ LV FRQQHFWHG
WR WKH PRWLRQ� L�H� ZKDW IRUFHV WKH SDUWLFOH WR PRYH WKH ZD\ LW GRHV� :H ZLOO GHVFULEH
WKH LQWHUDFWLRQ E\ IRUFHV��� 7KH UHODWLRQ WR WKH PRWLRQ LV WKHQ GHVFULEHG E\ 1HZWRQ·V
ODZV� $IWHU WKLV UDWKHU JHQHUDO SDUW ZH ORRN DW WKH PRVW LPSRUWDQW IRUFHV DQG KRZ RQH
FDQ FDWHJRUL]H IRUFHV�

����� )RUFH

$OWKRXJK WKH FRQFHSW RI D IRUFH LV YHU\ LPSRUWDQW LQ WKLV FKDSWHU DQG RQH PLJKW KDYH DQ
LQWXLWLRQ IURP HYHU\GD\ OLIH LW·V QRW WKDW HDV\ WR SUHFLVHO\ GHILQH ZKDW LV PHDQW E\ D IRUFH
LQ SK\VLFV� ,W LV UDWKHU WKH UHODWLRQ WR RWKHU �PD\EH PRUH LQWXLWLYH� TXDQWLWLHV WKDW GHILQHV
D IRUFH� )RU WKH PRPHQW OHW XV GHILQH WKH IRUFH DV VRPH NLQG RI �PHFKDQLFDO� UHVLVWDQFH
D ERG\ RSSRVHV DJDLQVW VRPH DFWLRQ� )RU H[DPSOH LI VRPHRQH ZDQWV WR GHIRUP D ERG\
RQH QHHGV WR DSSO\ D IRUFH� 2U LI RQH ZDQWV WR FKDQJH WKH YHORFLW\ RQH QHHGV WR DSSO\ D
IRUFH ZKLFK OHDGV WKHQ WR WKH DFFHOHUDWLRQ �VHH 1HZWRQV VHFRQG ODZ�� 2Q WKH RWKHU KDQG
WKHVH WZR H[DPSOHV DOORZ XV WR PHDVXUH D IRUFH� )RU H[DPSOH LI D ERG\ JHWV GHIRUPHG�
ZH NQRZ WKDW D IRUFH LV DFWLQJ RQ LW� 2U LI DQ REMHFW DFFHOHUDWHV ZH NQRZ D IRUFH LV FDXVLQJ
WKLV DFFHOHUDWLRQ��� 6LQFH WKH UHVLVWDQFH DV GHVFULEHG DERYH PLJKW EH GLIIHUHQW LQ GLIIHUHQW
GLUHFWLRQV RI VSDFH LW LV REYLRXV WKDW WKH IRUFH LQ JHQHUDO LV D YHFWRU�

����� &KRLFH RI )UDPH RI 5HIHUHQFH

8QWLO QRZ ZH VLPSO\ WRRN D IUDPH RI UHIHUHQFH �XVXDOO\ D VXLWDEOH� ZLWKRXW WKLQNLQJ DERXW
LWV FRQVHTXHQFHV WR WKH ODZV RI SK\VLFV� 7R EH PRUH SUHFLVH XQWLO QRZ �PHDQLQJ WKH
NLQHPDWLF SDUW� ZH DFWXDOO\ ZHUH QRW GRLQJ SK\VLFV EHFDXVH ZH RQO\ GHILQHG GLIIHUHQW
TXDQWLWLHV� 7KLV GHILQLWLRQV DUH LQ SULQFLSOH PDWK DQG SK\VLFV FRPHV LQ ZKHQ ZH FRQQHFW
GLIIHUHQW GHILQLWLRQ VXFK DV IRUFH DQG DFFHOHUDWLRQ��� 'HSHQGLQJ RQ WKH FKRLFH RI WKH
IUDPH RI UHIHUHQFH WKH ODZV RI SK\VLFV PLJKW ORRN GLIIHUHQW�

��2QH FRXOG DOVR GHVFULEH WKH LQWHUDFWLRQ E\ WKH LQWHUDFWLRQ HQHUJ\ ZKLFK LV GRQH LQ /DJUDQJLDQ DQG
+DPLOWRQLDQ PHFKDQLFV�

��7KLV VWDWHPHQW LV QRW DV HDV\ DV LW VRXQGV EHFDXVH LW GHSHQGV RQ WKH FKRLFH RI UHIHUHQFH IUDPH �VHH �������
,W ZLOO OHDG WR ILFWLWLRXV IRUFHV LI RQH GRHV QRW FKRRVH DQ LQHUWLDO UHIHUHQFH IUDPH�

��7KH UHODWLRQV EHWZHHQ SRVLWLRQ� YHORFLW\ DQG DFFHOHUDWLRQ LV DOVR PDWK EHFDXVH ZH JDYH WKH GLIIHUHQW
GHULYDWLYHV RI WKH SRVLWLRQ QHZ QDPHV� 7KH IRUFH LV D FRPSOHWHO\ LQGHSHQGHQW FRQFHSW DQG QHHGV WR EH
UHODWHG WR WKH NLQHPDWLF SURSHUWLHV�

��
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$Q H[DPSOH LV GULYLQJ D FXUYH ZLWK D FDU� ,Q WKH IUDPH RI WKH GULYHU WKH FDU DQG KH�VKH GRHV
QRW PRYH�WKHUHIRUH KLV�KHU YHORFLW\ LV DOZD\V ]HUR DQG KHQFH DOVR KLV�KHU DFFHOHUDWLRQ�
1HYHUWKHOHVV KH�VKH IHHOV D SVHXGR IRUFH �VR FDOOHG ILFWLWLRXV IRUFH� LQ D FXUYH ZLWKRXW
DFFHOHUDWLRQ� )RU D SHUVRQ VWDQGLQJ RQ WKH URDG� D IRUFH LV QHHGHG LQ RUGHU WR DFFHOHUDWH
WKH FDU VXFK WKDW LW FDQ WDNH WKH FXUYH �GHWDLOV VHH ������� 6R LQ ERWK IUDPHV ZH KDYH D
IRUFH EXW RQO\ LQ RQH WKHUH LV DQ DFFHOHUDWLRQ�
7KHUH LV D YHU\ VSHFLDO FODVV RI UHIHUHQFH IUDPHV LQ ZKLFK 3K\VLFV WDNHV WKH VLPSOHVW IRUP�
7KHVH UHIHUHQFH IUDPHV DUH FDOOHG LQHUWLDO IUDPHV RI UHIHUHQFH� 7KH\ DUH FKDUDFWHUL]HG E\
1HZWRQ·V ILUVW ODZ� 0RVW RI WKH ODZV RI SK\VLFV DUH RQO\ YDOLG LQ LQHUWLDO IUDPHV� :H
ZLOO KDYH D ORRN DW QRQ�LQHUWLDO IUDPHV LQ VHFWLRQ ������ /HW·V QRZ SURFHHG DQG ORRN DW
1HZWRQ·V ODZV�

����� 1HZWRQ·V /DZV

7KH WUHH ODZV WKDW FRQQHFW WKH GHVFULSWLRQ RI PRWLRQ �SRVLWLRQ� YHORFLW\� DFFHOHUDWLRQ� DQG
WKH RQH RI LQWHUDFWLRQ �IRUFH� LQWHUDFWLRQ HQHUJ\� DUH 1HZWRQ·V ODZV �VHH DOVR SLFWXUH ����

�� $ ERG\ ZKHUH QR IRUFH DFWV RQ� UHPDLQV LQ FRQVWDQW YHORFLW\���
�� 7KH UHVXOWLQJ IRUFH DFWLQJ RQ D ERG\ FDXVHV DQ DFFHOHUDWLRQ SURSRUWLRQDO
WR LWV PDVVm� ~a =

~F
m �

�� ,I ERG\ $ DFWV ZLWK D IRUFH ~F RQ ERG\ %� ERG\ % DFWV ZLWK D IRUFH �~F
RQ $�

+HUH ZH LQWURGXFHG WKH ILUVW WLPH WKH PDVVm� 7KLV LV D SURSHUW\ RI WKH ERG\ ZKLFK WHOOV
\RX KRZ LQHUW LW LV RU XVLQJ WKH WHUPLQRORJ\ RI WKH GHILQLWLRQ RI WKH IRUFH� 7KH PDVV WHOOV
\RX KRZ ELJ WKH UHVLVWDQFH RI D ERG\ LV� LI D IRUFH DFWV RQ LW���
7KH ODZV VWDWHG DERYH FRQWDLQ D ORW RI LQIRUPDWLRQ WKDW QHHGV WR EH GLVFXVVHG�
$V DOUHDG\ PHQWLRQHG LQ VHFWLRQ ������ WKH ILUVW ODZ JLYHV D GHILQLWLRQ IRU DQ LQHUWLDO UHI�
HUHQFH IUDPH� 7R EH PRUH SUHFLVH� $ UHIHUHQFH IUDPH LV DQ LQHUWLDO IUDPH LI DQG RQO\ LI
DQ\ ERG\ RQ ZKLFK QR �WRWDO� IRUFH DFWV� GRHV QRW PRYH RU PRYHV ZLWK FRQVWDQW YHORFLW\�
5HWXUQLQJ WR WKH H[DPSOH RI WKH FDU GULYLQJ D FXUYH� ZH REVHUYH WKDW WKH FDU LV QRW DQ

��,QFOXGLQJ WKH FDVH ZKHUH LW UHPDLQV LQ UHVW�
��%H DZDUH WKDW GHILQLQJ WKH PDVV WKLV ZD\� WKH JUDYLWDWLRQDO SURSHUW\ RI D PDVV LV QRW LQFOXGHG� ,Q IDFW WKH

WZR SURSHUWLHV µUHVLVWDQFH µ DQG µWZR PDVVHV DWWUDFW HDFK RWKHUµ DUH j SULRUL WZR LQGHSHQGHQW SURSHUWLHV� $
ERG\ FRXOG KDYH WKHVH WZR SURSHUWLHV LQGHSHQGHQWO\ VR D µUHVLVWLYH PDVVµ DQG DQ µDWWUDFWLYH PDVVµ� 7KHVH
WZR SURSHUWLHV JHW XQLILHG LQ WHUPV RI JHQHUDO UHODWLYLW\�

��
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~F = 0 , ~a = 0

~F

~a

~FAB
~FBA

~FAB = �~FBA

~v = FRQVW

~v

)LJXUH ���� 1HZWRQ·V ODZV DV SLFWXUHV� /HIW� 1HZWRQ·V ILUVW ODZ� ,I QR IRUFH DFWV� D SDUWLFOH
PRYHV ZLWK FRQVWDQW YHORFLW\� 0LGGOH� 1HZWRQ·V VHFRQG ODZ� )RUFH LV HTXDO WR PDVV WLPHV
DFFHOHUDWLRQ� 5LJKW� 1HZWRQ·V WKLUG ODZ� 7KH IRUFH DFWLQJ IURP D SDUWLFOH WR WKH RWKHU LV
HTXDO WR PLQXV WKH IRUFH DFWLQJ IURP WKH RWKHU WR WKH RQH�

LQHUWLDO UHIHUHQFH IUDPH� )RU WKLV ZH RQO\ ORRN DW WKH PRWLRQ RQ WKH SODQH ZKHUH WKH FDU
LV GULYLQJ DQG GR QRW WDNH LQWR DFFRXQW WKH YHUWLFDO JUDYLWDWLRQDO IRUFH� $ ERG\ WKDW LV QRW
DWWDFKHG DW WKH FDU ZLOO WKHQ EH DFFHOHUDWLRQ LQ WKH IUDPH RI WKH FDU DOWKRXJK WKHUH LV QR
IRUFH DFWLQJ RQ LW��� ,Q WKH IUDPH RI WKH URDG� WKDW ERG\ ZLOO VLPSO\ PRYH VWUDLJKW IRUZDUG
DV ZH ZRXOG H[SHFW LW IURP D ERG\ RQ ZKLFK QR IRUFH DFWV�
7KH VHFRQG ODZ LV WKH PRVW LPSRUWDQW RQH EHFDXVH LW DQVZHUV WKH TXHVWLRQ KRZ D �IUHH�
ERG\ EHKDYHV LI D IRUFH LV DFWLQJ RQ LW� 2QH PLJKW WKLQN WKDW WKH ILUVW ODZ LV FRQWDLQHG
LQ WKH VHFRQG RQH� 7KLV LV RQO\ SDUWLDOO\ WUXH� EHFDXVH WKH VHFRQG ODZ LV RQO\ YDOLG LQ
LQHUWLDO IUDPHV� 7KHUHIRUH LI ZH ZDQW WR OLQN WKH PRWLRQ DQG WKH IRUFHV �DV JLYHQ LQ WKH
VHFRQG ODZ� ZH ILUVW KDYH WR HQVXUH ZH KDYH DQ LQHUWLDO IUDPH DQG IRU WKLV ZH QHHG WKH
ILUVW ODZ� ,I PXOWLSOH IRUFHV DFW RQ D ERG\ RQH KDV WR VXP WKHP XS �DV YHFWRU� WR JHW WKH
WRWDO IRUFH� $FFRUGLQJ WR WKH VHFRQG ODZ� WKH WRWDO IRUFH LV WKHQ HTXDO WR ~Ftot = m~a�
2U WR EH PRUH FOHDU� ,I PXOWLSOH IRUFHV DFW RQ D ERG\ VXFK WKDW WKH\ FDQFHO HDFK RWKHU�
WKDW ERG\ ZLOO QRW EH DFFHOHUDWHG� ,Q SULQFLSOH \RX FDQ VROYH DOO WKH SUREOHPV VLPSO\ E\
VXPPLQJ XS DOO IRUFHV� FDOFXODWH WKH DFFHOHUDWLRQ DQG WKHQ WKH SDWK� %XW LQ JHQHUDO WKH
IRUFH GHSHQGV RQ WKH SRVLWLRQ RU WKH YHORFLW\ RI WKH ERG\ DQG \RX HQG XS LQ FRPSOLFDWHG
GLIIHUHQWLDO HTXDWLRQV� 2QH FDQ RIWHQ DYRLG WKLV GLIILFXOW ZD\ DQG JHW WKH UHVXOW HDVLHU
XVLQJ FRQVHUYDWLRQ ODZV DQG VRPH WULFNV�
7KH WKLUG ODZ LV LQ RQH WR RQH FRUUHVSRQGHQFH WR WKH FRQVHUYDWLRQ RI PRPHQWXP� :H
ZLOO ORRN DW WKLV FORVHU LQ VHFWLRQ ������ 7KH WKLUG ODZ PLJKW VRXQG FRQWUDGLFWRU\ WR WKH
VHFRQG ODZ� %HFDXVH LI D ERG\ $ DFWV ZLWK D IRUFH ~F RQ % DQG % ZLWK D IRUFH �~F RQ

��7KLV PLJKW VRXQG FRQWUDGLFWRU\ WR WKH VWDWHPHQW LQ VHFWLRQ ����� ZHUH ZH VWDWHG WKDW LQ ERWK IUDPHV D
IRUFH LV DFWLQJ� %XW WKHUH ZH ORRNHG DW WKH GULYHU DQG WKH GULYHU LV DWWDFKHG WR WKH FDU DQG WKHUHIRUH D IRUFH
LV QHHGHG LQ RUGHU WR PDNH WKH FXUYH �RWKHUZLVH WKH GULYHU ZRXOG OHDYH WKH FDU��

��
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$� WKH WRWDO IRUFH LV ]HUR� $QG LQGHHG� WKH WRWDO V\VWHP FRPSRVHG RI $ DQG % ZLOO QRW
DFFHOHUDWH �PHDQLQJ WKH FHQWHU RI PDVV ZLOO QRW DFFHOHUDWH� VHH DOVR ������� %XW DV ORQJ DV
WKHUH LV QRWKLQJ WKDW LQKLELWV WKH WZR ERGLHV WR DFFHOHUDWH �IRU H[DPSOH D URG EHWZHHQ WKH
WZR ERGLHV� WKH WRWDO IRUFH RQ HDFK ERG\ LV QRQ ]HUR DQG ERWK ZLOO DFFHOHUDWH��� ,I WKHUH LV
IRU H[DPSOH D URG VHSDUDWLQJ WKH WZR ERGLHV� RQH KDV DOVR WR WDNH LQWR DFFRXQW WKH IRUFHV
RI WKH URG DFWLQJ RQ HDFK SDUWLFOH� ,Q WKLV FDVH WKH WRWDO IRUFH RQ HDFK ERG\ LV LQ IDFW ]HUR�

7KH VHFRQG ODZ RI 1HZWRQ FDQ EH IRUPXODWHG LQ D PRUH JHQHUDO ZD\�� DV

G(m~v)

Gt
= ~F �����

ZKHUH WKH ILUVW WHUPm~v LV WKH PRPHQWXP �VHH VHFWLRQ ������� ,I WKH PDVVm LV FRQVWDQW�
ZH FDQ VHSDUDWH LW IURP WKH GHULYDWLYH DQG ZH JHW WKH IRUPXOD DERYH� ,Q PRVW FDVHV RQH
FDQ XVH WKH VLPSOHU YHUVLRQ RI 1HZWRQ·V VHFRQG ODZ�

����� &HQWHU RI 0DVV

&RQVLGHU D ERG\ FRQVLVWLQJ RIN SRLQW�OLNH SDUWLFOHV� VHH ILJXUH ���� $VVXPH WKHVH SDUWLFOHV
LQWHUDFW ZLWK HDFK RWKHU VXFK WKDW WKHUH LV D IRUFH EHWZHHQ HDFK SDLU RI SDUWLFOH �LQ FDVH WZR
SDUWLFOH GR QRW LQWHUDFW� WKHLU IRUFH LV ]HUR�� ,Q DGGLWLRQ DVVXPH WKHUH LV DQ DGGLWLRQDO IRUFH
DFWLQJ RQ DOO SDUWLFOHV� /HW XV HQXPHUDWH DOO WKH SDUWLFOHV DQG IRFXV RQ RQH SDUWLFXODU ZLWK
WKH QXPEHU i� :H FDQ VSOLW WKH WRWDO IRUFH DFWLQJ RQ WKLV SDUWLFOH LQWR WKH FRQWULEXWLRQV RI
DOO RWKHU SDUWLFOHV DQG WKH H[WHUQDO IRUFH ~Fi,H[W
)RUPDOO\ ZH JHW

~Fi =
X

j 6=i

~Fji + ~Fi,H[W

ZKHUH ~Fji LV WKH IRUFH�� DFWLQJ IRUP D SDUWLFOH j 6= i RQ i� 7KH WRWDO IRUFH DFWLQJ RQ WKH
HQWLUH ERG\ LV JLYHQ E\ WKH VXP RI DOO IRUFHV DFWLQJ RQ DOO SDUWLFOHV

~FWRW =
X

i

~Fi =
X

i

0

@
X

j 6=i

~Fji + ~Fi,H[W

1

A .

��7KH\ DFFHOHUDWH VXFK WKDW WKH WRWDO PRPHQWXP LV FRQVHUYHG� 2U HTXLYDOHQWO\ WKH FHQWHU RI PDVV LV QRW
DFFHOHUDWLQJ� 7KLV LV HQVXUHG E\ WKH WKLUG ODZ�

��1HZWRQ DOUHDG\ VWDWHG LW LQ WKDW ZD\�
��,Q VRPH OLWHUDWXUH WKH LQGLFHV i DQG j DUH VZDSSHG� 6R ~Fji LV WKH IRUFH IURP i RQ j

��
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1 2

3

~F23

~F32

~F12
~F21

~F31

~F13

~F3,H[W

~F2,H[W
~F1,H[W

)LJXUH ���� %RG\ FRQVLVWLQJ RI WKUHH SDUWLFOHV� 7KH IRUFHV DFWLQJ RQ HDFK SDUWLFOH DUH
GUDZQ�

7KH ILUVW WHUP �WKH VXP RYHU DOO IRUFHV ~Fji� LV FDOOHG LQWHUQDO IRUFH DQG WKH VHFRQG WHUP
�VXP RYHU DOO H[WHUQDO IRUFHV� LV FDOOHG H[WHUQDO IRUFH� $FFRUGLQJ WR 1HZWRQ·V WKLUG ODZ�
WKH IRUFH DFWLQJ IURP SDUWLFOH i RQ SDUWLFOH j LV RSSRVLWH WKH RQH IURP j RQ i� $V D
FRQVHTXHQFH WKH VXP RYHU DOO ~Fji YDQLVKHV DQG WKH WRWDO IRUFH DFWLQJ RQ WKH ERG\ LV RQO\

~FWRW =
X

i

~Fi,H[W.

$FFRUGLQJ WR 1HZWRQV VHFRQG ODZ� WKH WRWDO IRUFH DFWLQJ RQ D SDUWLFOH i LV HTXDO WR WKH
DFFHOHUDWLRQ G2~ri

Gt2 WLPH LWV PDVVmi ZKLFK OHDGV WR

~FWRW =
X

i

~Fi,H[W =
X

i

mi
G2~ri
Gt2

= M
G2

Gt2

P
imi~ri
M

�����

ZKHUH M =
P

imi LV WKH WRWDO PDVV� 7KLV LV D YHU\ XVHIXO VWDWHPHQW EHFDXVH LW PHDQV
WKDW WKH PRWLRQ RI WKH HQWLUH ERG\ FDQ EH GHVFULEHG DV LI LW ZDV D SRLQW�OLNH SDUWLFOH DW WKH
SRVLWLRQ

~RC =

P
imi~ri
M

.

7KH SRVLWLRQ ~RC LV FDOOHG FHQWHU RI PDVV� (TXDWLRQ ����� FDQ WKHQ EH ZULWWHQ DV

��
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~FWRW = M
G2 ~RC

Gt2

ZKLFK LV H[DFWO\ WKH HTXDWLRQ RI PRWLRQ RI D SRLQW�OLNH SDUWLFOH DW SRVLWLRQ ~RC � 7KLV LV
HVSHFLDOO\ UHPDUFDEOH VLQFH ZH GR QRW KDYH WR NQRZ DQ\WKLQJ DERXW WKH LQWHUQDO IRUFHV�
ZH FDQ FRPSOHWHO\ QHJOHFW WKHP� %H DZDUH WKDW WKH FHQWHU RI PDVV ~RC RQO\ GHVFULEHV
WKH PRWLRQ RI WKH HQWLUH ERG\ DQG QRW LQWHUQDO PRWLRQ DV URWDWLRQV RU RVFLOODWLRQV RI LWV
FRQVWLWXHQWV� ,Q FDVH RI D ULJLG ERG\ KDYH DOVR D ORRN DW ���

����� (TXLOLEULXP

,Q GLIIHUHQW WRSLFV RI SK\VLFV ZH ZLOO HQFRXQWHU HTXLOLEULXPV� ,Q JHQHUDO DQ HTXLOLEULXP LV
D VWDWH ZKLFK GRHV QRW FKDQJH ZLWK WLPH� 8VXDOO\ WKH\ DUH HDVLHU WR FDOFXODWH WKDQ D JHQHUDO
VWDWH ZKHUH DQ H[SOLFLW WLPH GHSHQGHQFH QHHGV WR EH FDOFXODWHG�

$ ERG\ LV LQ D PHFKDQLFDO HTXLOLEULXP LI LW UHPDLQV LQ UHVW RU PRYHV ZLWK FRQVWDQW VSHHG�
:H IRFXV RQ UHVWLQJ ERGLHV� ,I D ERG\ UHPDLQV LQ UHVW� LWV YHORFLW\ DQG DFFHOHUDWLRQ LV ]HUR�
'XH WR 1HZWRQ� WKH WRWDO IRUFH DFWLQJ RQ D ERG\ PXVW WKHUHIRUH DOVR EH ]HUR� 7KHUH DUH
WKUHH SRVVLELOLWLHV KRZ WKLV FDQ KDSSHQ� VHH DOVR ILJXUH ����

)LJXUH ���� ([DPSOHV RI VWDEOH� XQVWDEOH DQG LQGLIIHUHQW HTXLOLEULXPV� 2Q WRS� WKH FDVH
IRU D EDOO UROOLQJ RQ D VXUIDFH LV GUDZQ� 2Q WKH ERWWRP� D URG LV VXVSHQGHG DW WKH ZKLWH
SRLQW�

��
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6WDEOH

7KH ERG\ LV LQ D �ORFDO� PLQLPXP RI HQHUJ\� ,I LW LV GLVSODFHG VOLJKWO\� D IRUFH SXVKHV LW EDFN
WRZDUGV WKH PLQLPXP� LW UHWXUQV WR LWV SRVLWLRQ RI HTXLOLEULXP� 6HH DOVR WKH WZR H[DPSOHV
LQ ILJXUH ���� )RU VPDOO GLVSODFHPHQWV� WKH UHVWRULQJ IRUFH LV LQ PRVW FDVHV SURSRUWLRQDO
WR WKH GLVSODFHPHQW� ,I VOLJKWO\ GLVSODFHG� WKH ERG\ WKHQ SHUIRUPV D KDUPRQLF RVFLOODWLRQ�
VHH DOVR ����

8QVWDEOH

,Q WKLV FDVH WKH ERG\ LV HQHUJHWLFDOO\ LQ D �ORFDO� PD[LPXP� $ VPDOO GLVSODFHPHQW FDXVHV
WKH ERG\ WR EH SXVKHG DZD\ IURP WKH LQLWLDO SRVLWLRQ� ([DPSOHV DUH VKRZQ LQ WKH PLGGOH
RI ILJXUH ���� ,I WKH ERG\ LV SODFHG H[DFWO\ DW WKH PD[LPXP RI WKH HQHUJ\ WKHQ WKH WRWDO
IRUFH YDQLVKHV DOVR�

,QGLIIHUHQW

$ WKLUG LQWHUHVWLQJ FDVH LV WKH LQGLIIHUHQW HTXLOLEULXP� ,I WKH ERG\ LV VOLJKWO\ GLVSODFHV�
WKHUH LV QR IRUFH DFWLQJ DW DOO� 6HH DOVR WKH ULJKW SDUW RI ILJXUH ����

����� *UDYLWDWLRQDO )RUFH

2QH RI WKH PRVW LPSRUWDQW IRUFHV LV JUDYLW\� $FFRUGLQJ WR 1HZWRQ·V ODZV� D PDVV KDV WKH
SURSHUW\ WKDW LW RSSRVHV WKH FKDQJH RI YHORFLW\� 2U LQ RWKHU ZRUGV� D PDVV LV LQHUW� %XW
PDVVHV KDYH DOVR DQ RWKHU SURSHUW\� WKH\ DWWUDFW HDFK RWKHU�
&RQVLGHU WZR PDVVHV m1 DQG m2 VHSDUDWHG E\ D GLVWDQFH r� 7KHQ WKH DWWUDFWLYH IRUFH��

EHWZHHQ WKH WZR PDVVHV LV JLYHQ E\

F =
Gm1m2

r2

ZKHUH G = 6.67 · 10�11P3
·NJ�1

·V�2 LV WKH JUDYLWDWLRQDO FRQVWDQW� 2EYLRXVO\ WKH IRUFH
LV SURSRUWLRQDO WR HDFK RI WKH WZR PDVVHV� 7KLV KDV D YHU\ LPSRUWDQW LPSOLFDWLRQ� ,I WKH
RQO\ IRUFH DFWLQJ RQ D ERG\ LV JUDYLW\� WKHQ LWV DFFHOHUDWLRQ �DQG WKHUHIRUH LWV PRWLRQ� LV
LQGHSHQGHQW RI LWV PDVV� 7R VHH WKLV DVVXPH ZH GRXEOH WKH PDVV RI D ERG\� 7KHQ LWV IRUFH

��6LQFH WKH IRUP RI WKLV IRUPXOD LV KLJKO\ UHODWHG WR WKH HOHFWULF IRUFH RI WZR SRLQW FKDUJHV� IXUWKHU SURS�
HUWLHV ZKLFK DOVR KROG IRU JUDYLW\ EXW LQ FDVH RI WKH HOHFWULF ILHOG FDQ EH IRXQG LQ FKDSWHU ����

��
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LV DOVR GRXEOHG� 7R JHW WKH DFFHOHUDWLRQ RI WKDW ERG\ ZH KDYH WR GLYLGH WKH IRUFH E\ LWV
PDVV� $QG WKHUH WKH IDFWRU � FDQFHOV RXW���
/LNH LQ HOHFWURPDJQHWLVP� ZH FDQ GHILQH D ILHOG VWUHQJWK RI D JUDYLWDWLRQDO ILHOG� 7KLV ILHOG
VWUHQJWK LV FDOOHG JUDYLWDWLRQDO DFFHOHUDWLRQ��� 7KH ILHOG VWUHQJWK LV WKH TXRWLHQW RI WKH
IRUFH GLYLGHG E\ WKH PDVV RI RQH ERG\� )RU H[DPSOH LI ZH ORRN DW WKH HDUWK ZLWK PDVV
M � WKH JUDYLWDWLRQDO DFFHOHUDWLRQ DW WKH VXUIDFH RI WKH HDUWK LV JLYHQ E\

g =
GM

r2
⇡ 9.81P·V�2 = 9.811·NJ�1

ZKHUH IRU WKH QXPHULFDO YDOXH ZH WRRN WKH UDGLXV RI WKH HDUWK��� 7KLV PHDQV WKDW D ERG\
ZLWK PDVVm LV DWWUDFWHG E\ WKH PDVVM ZLWK D IRUFH F = mg�
/RRNLQJ KRZ JUDYLW\ ORRNV YHFWRULDO� ZH KDYH WR WDNH LQWR DFFRXQW WKDW WZR PDVVHV DWWUDFW
HDFK RWKHU� 'HQRWLQJ ~r DV WKH YHFWRU SRLQWLQJ IURP PDVVM WR PDVVm �VHH ILJXUH �����
WKH IRUFH DFWLQJ RQ PDVVm LV JLYHQ E\

M m

~r

M m~F

)LJXUH ���� 7ZR PDVVHV DWWUDFW HDFK RWKHU� /HIW VLGH� 7KH YHFWRU SRLQWLQJ IURPM WRm�
ULJKW VLGH� &RUUHVSRQGLQJ IRUFH SRLQWLQJ LQ WKH RSSRVLWH GLUHFWLRQ�

~FJUDY = �
GMm

|~r|2
~e~r = �

GMm

|~r|3
~r

ZKHUH ~e~r = ~r
|~r| LV WKH XQLW YHFWRU DORQJ ~r� 7KH PLQXV VLJQ LV LPSRUWDQW DV LW UHSUHVHQWV

WKH IDFW WKDW WZR PDVVHV DWWUDFW HDFK RWKHU�
��$OWKRXJK LQ HOHFWURPDJQHWLVP� WKH IRUFH IRU SRLQW�OLNH FKDUJHV ORRNV EDVLFDOO\ WKH VDPH� %XW VLQFH WKH

IRUFH LV SURSRUWLRQDO WR WKH FKDUJH q� RQO\ ERGLHV ZLWK VDPH TXRWLHQW e

m
KDYH HTXDO PRWLRQ�

��7KLV WHUPLQRORJ\ LV D ELW XQIRUWXQDWH� %HFDXVH RQH VKRXOG WKLQN RI D ILHOG VWUHQJWK DQG QRW DQ DFFHOHUD�
WLRQ� 7KH JUDYLWDWLRQDO DFFHOHUDWLRQ FRPSDUHV WR WKH HOHFWULF ILHOG �VWUHQJWK� LQ HOHFWURPDJQHWLVP�

��7KH HDUWK LV REYLRXVO\ QRW D SRLQW�OLNH SDUWLFOH DQG WKH XVH RI WKH IRUPXOD IRU SRLQW�OLNH SDUWLFOHV QHHG
WR EH MXVWLILHG� 7KH SURRI WKDW WKLV LV YDOLG LV WKH VDPH DV LQ FDVH RI WKH VWDWLF HOHFWULF ILHOG� ZH UHIHU WKH UHDGHU
WR ����

��
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����� ,QGHSHQGHQFH RI 0RWLRQ

,Q PDQ\ FDVHV LW LV XVHIXO WR VSOLW WKH WKUHH GLPHQVLRQDO PRYHPHQW LQ LWV x� y DQG z
FRRUGLQDWH DQG FDOFXODWH WKH PRWLRQ DORQJ HDFK FRRUGLQDWH VHSDUDWHO\�
([DPSOH /HW·V ORRN DW WKH FDVH RI D SURMHFWLOH PRWLRQ ZKHUH DIWHU ZH VKRRW D ERG\ �ZLWK
PDVVm�� WKH RQO\ IRUFH DFWLQJ LV WKH JUDYLWDWLRQDO IRUFH� 6KRRWLQJ LW DW WLPH t = 0 ZLWK DQ
LQLWLDO YHORFLW\ v DW DQ DQJOH RI ↵ �VHH ILJXUH ������ WKH KRUL]RQWDO ~v[ DQG YHUWLFDO YHORFLW\
~v\ DUH

~v[ = FRV(↵)v~ex
~v\ = VLQ(↵)v~ey

6HWWLQJ WKH RULJLQ DV WKH SRVLWLRQ IURP ZKHUH ZH VKRRW WKH ERG\� OHDGV WR ~r(t = 0) = ~0�
:H QRZ FDQ FDOFXODWH WKH PRWLRQ DORQJ WKH GLIIHUHQW D[HV LQGHSHQGHQWO\ �IRU t > 0��

x

y

~v0

↵

vy = v0 VLQ(↵)

vx = v0 FRV(↵)

)LJXUH ����� 3URMHFWLOH PRWLRQ�

� $V WKHUH LV QR LQLWLDO YHORFLW\ LQ WKH z GLUHFWLRQ DQG QR IRUFH DFWV LQ WKH z GLUHFWLRQ�
WKH z FRPSRQHQW ZLOO QRW FKDQJH� 6R ZH KDYH z(t) = 0�

� $ORQJ WKH x D[LV� WKHUH LV QR IRUFH DFWLQJ� VR QR DFFHOHUDWLRQ� %XW ZH KDYH DQ LQLWLDO
YHORFLW\ VR ZH JHW D OLQHDUO\ JURZLQJ x FRPSRQHQW� x(t) = v[t ZKHUH v[ = |~v[|�

� ,Q y GLUHFWLRQ ZH KDYH WKH JUDYLWDWLRQDO IRUFH DFWLQJ DV ZHOO DV DQ LQLWLDO YHORFLW\�
7KHUHIRUH ZH FDQ XVH WKH OLQHDU XQLIRUP DFFHOHUDWLRQ IURP VHFWLRQ ����� ZLWK t0 =
0� x0 = 0 � v0 = v\ = |~v\| DQG a = �g < 0 ZKHUH WKH g > 0 LV GXH WR WKH

��
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JUDYLW\ SRLQWLQJ LQ RSSRVLWH GLUHFWLRQ WKDQ WKH y D[LV� :H WKHQ KDYH WKH PRWLRQ
y(t) = v\t+

g
2 t

2

'XH WR WKLV VSOLWWLQJ ZH ZHUH DEOH WR VLPSOLI\ WKLV 3 GLPHQVLRQDO PRWLRQ LQWR WKH NQRZQ
PRWLRQ LQ RQH GLPHQVLRQ� :H FDQ HYHQ JR D VWHS IXUWKHU DQG FDOFXODWH WKH y FRPSRQHQW
DV D IXQFWLRQ RI WKH x FRPSRQHQW PHDQLQJ WKDW IRU HDFK SRLQW DORQJ WKH x D[LV ZH NQRZ
WKH KHLJKW RI WKH ERG\� )RU WKLV ZH VROYH t IRU x DQG JHW t = x

v[
DQG VXEVWLWXWH LW LQWR WKH

IXQFWLRQ IRU WKH y FRPSRQHQW�

y(x) = v\t(x)�
g

2
t(x)2 = v\

x

v[
�

g

2

✓
x

v[

◆2

=
v\
v[
x�

g

2v2[
x2

����� 9ROXPH� 6XUIDFH� 1RUPDO DQG 6KHDU )RUFHV

7KHUH DUH WZR FRQFHSWXDOO\ GLIIHUHQW ZD\V D IRUFH FDQ DFW RQ D ERG\� 2Q RQH KDQG D IRUFH
FDQ DFW RQ WKH HQWLUH ERG\ RU RQO\ RQ LWV VXUIDFH� &RUUHVSRQGLQJO\� RQH FDOOV WKHVH IRUFHV
YROXPH DQG VXUIDFH IRUFH� 2EYLRXVO\� WKHVH FRQFHSWV GR QRW KROG IRU SRLQW�OLNH SDUWLFOHV
VLQFH WKH\ KDYH QR YROXPH DQG QR VXUIDFH���
,Q FDVH RI WKH YROXPH IRUFH� WKH IRUFH DFWV RQ WKH HQWLUH ERG\� ,W LV QRW QHFHVVDU\ WKDW LW
DFWV RQ WKH HQWLUH ERG\ WKH VDPH� ([DPSOHV RI YROXPH IRUFHV DUH JUDYLW\� PDJQHWLF ILHOG
RU HOHFWULF ILHOG LQ FDVH RI LQVXODWRUV���
7KLV LV GLIIHUHQW WR VXUIDFH IRUFHV ZKHUH WKH IRUFH RQO\ DFWV RQ WKH VXUIDFH RI WKH ERG\�
7KHUH DUH WZR SRVVLELOLWLHV KRZ D IRUFH FDQ DFW RQ D VXUIDFH�

� (LWKHU WKH IRUFH DFWV SHUSHQGLFXODU WR WKH VXUIDFH L�H� DORQJ WKH VXUIDFH QRUPDO YHF�
WRU� FRUUHVSRQGLQJO\ LW LV FDOOHG D QRUPDO IRUFH� )RU H[DPSOH LI \RX SXW D VWRQH RQ
D �KRUL]RQWDO� WDEOH� WKH JUDYLWDWLRQDO IRUFH ~FG RI WKH VWRQH KDV WR EH FRPSHQVDWHG
E\ WKH WDEOH� RWKHUZLVH WKH VWRQH ZRXOG DFFHOHUDWH DQG IDOO µWKRXJK WKH WDEOHµ� 7KLV
RSSRVLQJ IRUFH LV WKH QRUPDO IRUFH ~FN DFWLQJ IURP WKH WDEOH RQ WKH VWRQH�

� 7KH RWKHU SRVVLELOLW\ RI WKH VXUIDFH IRUFH LV WKH VKHDU IRUFH� ,Q WKLV FDVH WKH IRUFH
DFWV SDUDOOHO WR WKH VXUIDFH �L�H� SHUSHQGLFXODU WR WKH VXUIDFH QRUPDO YHFWRU�� ,Q WKH
H[DPSOH RI WKH VWRQH DQG WKH WDEOH� D VKHDU IRUFH DSSHDU LV IRU H[DPSOH VRPHRQH
VWDUWV SXVKLQJ WKH VWRQH RQ WKH WDEOH� 7KHQ WKH WKH IULFWLRQ EHWZHHQ WKH VWRQH DQG
WKH WDEOH LV D VKHDU IRUFH ~FS � L�H� LW SRLQWV SDUDOOHO WR WKH WDEOH SODQH�

��,Q IDFW WKHVH FRQFHSWV PDNH RQO\ VHQVH LQ WHUPV RI ERGLHV ZKLFK FRQVLVW RI D ORW RI SDUWLFOHV DQG ZH FDQ
GHVFULEH WKHP DV FRQWLQXXP�

��,Q FDVH RI FRQGXFWRUV LQ DQ HOHFWULF ILHOG� WKH FKDUJH LV GLVWULEXWHG RQ WKH VXUIDFH RI WKH ERG\� 6HH DOVR
�������

��
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7KH GLVWLQFWLRQ EHWZHHQ QRUPDO IRUFH DQG VKHDU IRUFH LV QRW RQO\ LPSRUWDQW LQ FDVH RI
IULFWLRQ EXW DOVR LQ D JHQHUDO G\QDPLFDO VHWXS� 7R XQGHUVWDQG WKLV� OHW·V FRQVLGHU D UROOHU
FRDVWHU� VHH ����� $W D JLYHQ LQVWDQFH� ZH DUH RQO\ LQWHUHVWHG LQ WKH WDQJHQW SODQH RI WKH
WUDFN DV WKLV WDQJHQW SODQH GHILQHV XV WKH QRUPDO DQG VKHDU IRUFHV� $OO WKH IRUFHV WKDW SRLQW
SHUSHQGLFXODU WR WKH WDQJHQW SODQH �L�H� DORQJ WKH VXUIDFH QRUPDO� ZLOO EH FRPSHQVDWHG
E\ WKH WUDFN� L�H� WKH WUDFN SUHYHQWV WKH WUDLQ WR IDOO GRZQ� 7KH WRWDO IRUFH DORQJ WKH WUDFN
ZLOO FRQWULEXWH WR LWV DFFHOHUDWLRQ DQG KHQFH GHWHUPLQH WKH PRWLRQ DORQJ WKH WUDFN� 7KLV
WRWDO IRUFH LV EDVLFDOO\ WKH VKHDU IRUFH DQG LW FDQ FRQVLVW RII GLIIHUHQW FRQWULEXWLRQV� IRU
H[DPSOH WKH FRPSRQHQW RI WKH JUDYLWDWLRQDO IRUFH DORQJ WKH WUDFN� D IRUFH IURP D PRWRU��

RU IULFWLRQ �VHH QH[W VHFWLRQ �������

~FG

~Fk

~F?

~FN

~FM

)LJXUH ����� 6FKHPDWLF VLWXDWLRQ DW D UROOHU FRDVWHU� $ WUDLQ �JUD\ ER[� JOLGHV RQ D WUDFN�
$W WKH JLYHQ PRPHQW� WKH WDQJHQW SODQH LV GUDZQ DV D GDVKHG OLQH� 7KH JUDYLWDWLRQDO IRUFH
~FG LV VSOLW LQ D IRUFH SDUDOOHO~Fk DQG SHUSHQGLFXODU~F? WR WKH WDQJHQW SODQH� )XUWKHUPRUH
D IRUFH RI D PRWRU ~Fm LV GUDZQ DV ZHOO DV WKH QRUPDO IRUFH ~FN �

��$VVXPLQJ WKH PRWRU SXVKHV WKH WUDLQ DORQJ WKH WUDFN� ,I WKH PRWRU ZRXOG �IRU ZKDWHYHU UHDVRQ� SXVK
RU SXOO WKH WUDLQ WRZDUGV RU DZD\ IURP WKH WUDFN� RQO\ WKH FRQWULEXWLRQ DORQJ WKH WUDFN LV UHOHYDQW� 7KH
FRPSRQHQW SHUSHQGLFXODU WR WKH VXUIDFH ZRXOG EH FRPSHQVDWHG E\ WKH QRUPDO IRUFH�

��
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����� )ULFWLRQ

$ H[DFW GHVFULSWLRQ RI IULFWLRQ �LQFOXGLQJ IOXLG UHVLVWDQFH� LV SUHWW\ GLIILFXOW� 1HYHUWKHOHVV
WKHUH DUH GLIIHUHQW PRGHOV ZKHUH ZH ZLOO ORFN DW WKH VLPSOHVW RQH�
7KLV PRGHO VWDWHV WKDW WKH IULFWLRQ RI D �PRYLQJ� ERG\ LV SURSRUWLRQDO WR WKH QRUPDO IRUFH
WKDW WKH JURXQG DSSOLHV WR WKH ERG\� VHH DOVR ILJXUH ����� 7KH SURSRUWLRQDOLW\ FRQVWDQW
LV FDOOHG FRHIILFLHQW RI IULFWLRQ µ� 2QH FDQ GLVWLQJXLVK WKUHH GLIIHUHQW W\SHV RI IULFWLRQ�
VWDWLF IULFWLRQ� G\QDPLF IULFWLRQ DQG UROOLQJ UHVLVWDQFH� (DFK RI WKHVH WKUHH W\SHV KDV LWV
RZQ FRHIILFLHQW�

~FG

~F

~Ff

~FN

)LJXUH ����� %RG\ RQ D SODQH VXUIDFH �H�J� WDEOH� LV SXOOHG ZLWK D IRUFH ~F � 7KH IULFWLRQ ~Ff

LV SURSRUWLRQDO WR WKH QRUPDO IRUFH ~FN = ~FG �HTXDOLW\ DV WKH SODQH LV KRUL]RQWDO�� 7KH
GDVKHG HOOLSVH GHQRWHV WKH UHJLRQ ZKHUH WKH IULFWLRQ KDSSHQV� L�H� EHWZHHQ WKH WDEOH DQG
WKH ERG\�

6WDWLF IULFWLRQ KDSSHQV LI WZR ERGLHV DUH SODFHG RQH RQWR WKH RWKHU EXW GR QRW PRYH�
)RU H[DPSOH D VWRQH RQ D WDEOH� $V ORQJ DV D KRUL]RQWDO IRUFH LV VPDOOHU WKDQ WKH VWDWLF
IULFWLRQ� WKH VWRQH GRHV QRW PRYH� 7KLV PD[LPDO VWDWLF IULFWLRQ LV JLYHQ E\ Fs = µsFN

ZKHUH µs LV WKH VWDWLF IULFWLRQ FRHIILFLHQW DQG FN LV WKH QRUPDO IRUFH RI WKH VWRQH� H�J� LWV
JUDYLWDWLRQDO IRUFH FN = mg FRV(↵) ZKHUH ↵ LV WKH DQJOH RI WH VORSH RI WKH WDEOH �LQ FDVH
LW LV QRW KRUL]RQWDO��
%H DZDUH WKDW WKLV LV RQO\ WKH PD[LPDO KRUL]RQWDO IRUFH RQH FDQ DSSO\ EHIRUH WKH VWRQH
VWDUWV VOLGLQJ� ,I RQH DSSOLHV D IRUFH F < Fs� WKH IULFWLRQ LV HTXDO WR F DQG QRW Fs

���
��2WKHUZLVH WKH WRWDO KRUL]RQWDO IRUFH ZRXOG QRW YDQLVK DQG WKH VWRQH VKRXOG DFFHOHUDWH KRUL]RQWDOO\ DORQJ

��
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,I WKH IRUFH LV ELJJHU WKDQ WKH VWDWLF IULFWLRQ RU LI WKH ERG\ LV DOUHDG\ VOLGLQJ� G\QDPLF
IULFWLRQ KDSSHQV� 7KLV PHDQV WKH IULFWLRQ LV Fd = µdFN ZKHUH µd  µs LV WKH G\QDPLF
IULFWLRQ FRHIILFLHQW� ,Q RXU H[DPSOH� WKH VWRQH VOLGHV ZLWK D FRQVWDQW VSHHG LI WKH DSSOLHG
IRUFH LV HTXDO WR WKH G\QDPLFDO IULFWLRQ F = Fd� ,I WKH DSSOLHG IRUFH LV ELJJHU� WKH VWRQH
DFFHOHUDWHV ZLWK DQ DFFHOHUDWLRQ a = 1

m(F � Fd)�
,QVWHDG RI VOLGLQJ� D ERG\ FRXOG DOVR UROO� ,Q WKLV FDVH RQH FDOOV WKH µIULFWLRQµ UROOLQJ
UHVLVWDQFH� 2QH FDQ DOVR DVVLJQ D FRHIILFLHQW µr WR WKLV UHVLVWDQFH� )RU ZHOO�IRUPHG ERGLHV
�DV F\OLQGHUV RU VSKHUHV�� WKH UROOLQJ UHVLVWDQFH LV PXFK VPDOOHU WKDQ G\QDPLF IULFWLRQ� 7KH
UROOLQJ UHVLVWDQFH LV FRQFHSWLRQDOO\ GLIIHUHQW IURP WKH RWKHU WZR IULFWLRQV DV WKH ERG\ GRHV
QRW VOLGH EXW UROO� L�H� WKH SRLQW RI FRQWDFW DOZD\V FKDQJHV� 7KH UROOLQJ UHVLVWDQFH GHVFULEHV
KRZ PXFK IRUFH LV QHHGHG WR UROO WKH ERG\� L�H� LW LV UDWKHU UHODWHG WR KRZ PXFK WKH ERG\
GHYLDWHV IURP D SHUIHFW FLUFOH �RU F\OLQGHU�� L�H� KDYLQJ D IODW WLUH DW WKH ELNH PDNHV WKH ELNH
PXFK PRUH H[KDXVWLQJ WR GULYH� $W WKH SRLQW RI FRQWDFW� WKH JURXQG DQG WKH ERG\ GR QRW
PRYH ZLWK UHVSHFW WR HDFK RWKHU DQG VWDWLF IULFWLRQ KDSSHQV� 6R WKH VWDWLF IULFWLRQ EHWZHHQ
WKH ERG\ DQG JURXQG GHWHUPLQHV ZKHQ WKH ERG\ GRHV QRW UROO DQ\PRUH EXW VWDUWV VOLGLQJ�
)RU EHWWHU XQGHUVWDQGLQJ LPDJLQH GULYLQJ D ELNH� ,I \RX EUDNH LW LV QRW WKH UROOLQJ UHVLVWDQFH
WKDW DOORZV \RX WR EUDNH� $V ORQJ DV WKH ZKHHO LV VWLOO WXUQLQJ� \RXU EUDNLQJ IRUFH LV OLPLWHG
E\ WKH VWDWLF IRUFH EHWZHHQ WKH JURXQG DQG WKH ZKHHO� ,I \RX EUDNH KDUGHU� \RX RYHUFRPH
WKH VWDWLF IRUFH DQG \RX VWDUW VOLGLQJ� 7KLV LV ZRUVH EHFDXVH WKH G\QDPLF IULFWLRQ LV VPDOOHU
WKDQ WKH VWDWLF RQH DQG \RX EUDNH VORZHU �VPDOOHU DFFHOHUDWLRQ�� 7KDW LV WKH UHDVRQ PRVW
FDUV KDYH $%6� $W DQ HPHUJHQF\ EUDNLQJ� WKH ERDUG FRPSXWHU UHJXODWHV WKH EUDNLQJ VXFK
WKDW LW QHYHU EORFNV WKH ZKHHOV� WKH\ DOZD\V EUDNH ZLWK VWDWLF IULFWLRQ DQG QRW G\QDPLF
IULFWLRQ�

��� 0RPHQWXP� :RUN� (QHUJ\ DQG 3RZHU

,Q SULQFLSOH RQH FDQ DOZD\V SURFHHG DV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQV� +RZHYHU�
WKHVH HTXDWLRQV RI PRWLRQ DUH YHU\ RIWHQ WRR GLIILFXOW WR FDOFXODWH� 7KLV GRHV QRW PHDQ
ZH FDQQRW VD\ DQ\WKLQJ DERXW WKH EHKDYLRXU RI FRPSOLFDWHG V\VWHP� %XW ZH FDQ XVH
FRQVHUYHG TXDQWLWLHV� DV 0RPHQWXP DQG (QHUJ\� ZKLFK ZH WUHDW LQ WKLV FKDSWHU�

����� 0RPHQWXP

7KH PRPHQWXP DOUHDG\ DSSHDUHG LQ WKH PRVW JHQHUDO IRUPXODWLRQ RI 1HZWRQ·V VHFRQG
ODZ �VHH HTXDWLRQ ������� ,W LV GHILQHG DV ~p = m~v� $V ORQJ DV QR IRUFH LV DFWLQJ� WKH WLPH
GHULYDWLYH RI WKH PRPHQWXP LV ]HUR� PHDQLQJ PRPHQWXP LV FRQVHUYHG�FRQVWDQW� 2U LQ

WKH IULFWLRQ ZKLFK LV XQUHDVRQDEOH�

��
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RWKHU ZRUGV� PRPHQWXP LV RQO\ FKDQJLQJ LI D IRUFH DFWV� 7KH FKDQJH RI PRPHQWXP�~p
LV WKHQ JLYHQ E\

�~p = ~p(t2)� ~p(t1) =

ˆ t2

t1

F (t)Gt.

����� :RUN

7KH FRQFHSW RI ZRUN LV SUHWW\ LPSRUWDQW LQ SK\VLFV DV LW FRQQHFWV HQHUJ\ DQG IRUFH�
5RXJKO\ VSHDNLQJ� ZRUN LV GRQH ZKHQ FRQYHUWLQJ RQH IRUP RI HQHUJ\ LQWR DQRWKHU� )RU
H[DPSOH LI VRPHRQH GURSV VRPHWKLQJ� H�J� D VWRQH� LW JHWV DFFHOHUDWHG DQG WKH SRWHQ�
WLDO HQHUJ\ FRQYHUWV LQWR NLQHWLF HQHUJ\ �VHH DOVR VHFWLRQV EHORZ�� 7KLV WUDQVIRUPDWLRQ RI
HQHUJ\ KDSSHQV GXH WR WKH JUDYLWDWLRQDO IRUFH DFWLQJ DORQJ WKH SDWK RI WKH VWRQH�
)RU D FRQVWDQW IRUFH F SRLQWLQJ LQ WKH GLUHFWLRQ RI PRYHPHQW� WKH ZRUNW LV GHILQHG DV

�W = F�s

ZKHUH s LV WKH OHQJWK RI WKH FRQVLGHUHG SDWK� 7KH XQLW RI ZRUN LV QHZWRQ PHWHU �1·P� RU
-RXOH �-� RU ZDWW VHFRQGV �:·V�� )RU H[DPSOH GURSSLQJ D VWRQH RI 1NJ IURP D KHLJKW RI
2P�� WKH ZRUN GRQH E\ JUDYLW\ LVW = Fs = 1NJ · 9.81P·V�2

· 2P = 19.62-�
,Q FDVH WKH IRUFH SRLQWV SHUSHQGLFXODU WR WKH GLUHFWLRQ RI PRWLRQ� QR ZRUN LV GRQH� ,QWX�
LWLYHO\ WKLV FDQ EH VHHQ LQ FDVH RI FLUFXODU PRWLRQ� ZKHUH QR ZRUN LV GRQH �L�H� RQH GRHV QRW
KDYH WR LQVHUW HQHUJ\� EXW D IRUFH DFWV UDGLDOO\ DQG WKHUHIRUH SHUSHQGLFXODU WR WKH PRYH�
PHQW� 2U LQ FDVH RI JUDYLW\� 0RYLQJ RXU VWRQH KRUL]RQWDOO\ GRHV QRW FKDQJH LWV SRWHQWLDO
HQHUJ\� VR WKHUH LV QR ZRUN GRQH E\ JUDYLW\��� ,Q JHQHUDO ZH FDQ VSOLW XS WKH IRUFH LQ WKH
FRPSRQHQW SDUDOOHO DQG SHUSHQGLFXODU WR WKH PRWLRQ� VHH DOVR ILJXUH ����� 7KHQ RQO\ WKH
FRPSRQHQW SDUDOOHO GRHV FRQWULEXWH WR WKH ZRUN� 7KLV LV DFKLHYHG E\ WDNLQJ WKH VFDODU
SURGXFW RI IRUFH DQG SDWK

�W = ~F ·�~s

,Q JHQHUDO WKH IRUFH PLJKW QRW EH FRQVWDQW DORQJ WKH SDWK DQG WKH SDWK QRW D VWUDLJKW
OLQH� 7KHQ WKH FDOFXODWLRQ FDQ JHW SUHWW\ WHGLRXV��� ,Q WKLV JHQHUDO FDVH ZH VSOLW XS WKH

��$OWKRXJK RQH PLJKW QHHG WR DSSO\ ZRUN LQ RUGHU WR PRYH WKH VWRQH IRU H[DPSOH LQ FDVH SXVKLQJ LW RYHU
D WDEOH ZKHUH IULFWLRQ RFFXUV� 7KHQ WKH ZRUN LV RQO\ WKH IULFWLRQ WLPHV WKH SDWK OHQJWK�

��,Q PRVW FDVHV WKH JHQHUDO FDOFXODWLRQ LV QRW QHHGHG EXW LW LV LPSRUWDQW WR XQGHUVWDQG ZKDW WKLV JHQHUDO
IRUPXOD �LQWXLWLYHO\� PHDQV�

��
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~F

~Fs?

~Fk �~s

)LJXUH ����� $ ERG\ LV HOHYDWHG DORQJ �~s �RQO\ YHUWLFDO PRYHPHQW� E\ D IRUFH ~F � 2QO\
WKH FRPSRQHQW ~F k DORQJ ~s FRQWULEXWHV WR WKH ZRUN �W = ~Fk�~s = ~F ·�~s�

SDWK LQ VPDOO SLHFHV�~s ZKHUH ZH FDQ DVVXPH WKH IRUFH ~F WR EH FRQVWDQW DQG WKH SLHFH D
VWUDLJKW OLQH� 7KHQ ZH FDOFXODWH WKH ZRUN GRQH RQ WKLV VPDOO SLHFH DQG VXP DOO WKLV ZRUN
XS� 7KH OLPLW IRU WKH VSOLWWLQJ LQWR SLHFHV RI YHU\ VPDOO SLHFHV �OHQJWK JRLQJ WRZDUG ]HUR�
LV PDWKHPDWLFDOO\ DQ LQWHJUDO� ,Q WKLV LQWHJUDO ZH LQWHJUDWH � VXP� WKH VPDOO ZRUN SLHFHV
GW = ~F · G~s ZKLFK OHDGV WKHQ WR WKH IRUPXOD

�W =

~s+�~sˆ

~s

~F · G~s.

����� (QHUJ\

7KH GHILQLWLRQ RI HQHUJ\ LV WKH DELOLW\ WR SHUIRUP ZRUN� 7KLV PHDQV LI ZH ZDQW WR SHU�
IRUP ZRUN� ZH PXVW VSHQG VRPH W\SH RI HQHUJ\ ZKLFK LV WKHQ WUDQVIHUUHG �E\ WKH ZRUN�
WR DQRWKHU W\SH RI HQHUJ\� ,Q FORVHG V\VWHPV� HQHUJ\ LV DOVR D FRQVHUYHG TXDQWLW\��� 1HY�
HUWKHOHVV� WKHUH H[LVW D ORW RI GLIIHUHQW IRUPV RI HQHUJ\� 7KH FRQVHUYDWLRQ RI HQHUJ\ LV
VWDWHG DV ILUVW ODZ RI WKHUPRG\QDPLFV��� ,Q RUGHU WR DSSO\ WKH FRQVHUYDWLRQ RQH QHHGV WR

��6\VWHPV DUH FDOOHG FORVHG LI QR HQHUJ\ RU SDUWLFOHV FDQ HVFDSH� ,Q DQ RSHQ V\VWHP� RQH FDQ H[WHQGHG WKH
V\VWHP E\ LQFOXGLQJ WKH HQYLURQPHQW ZKHUH WKH HQHUJ\ FDQ IORZ WR� WR JHW DJDLQ D FORVHG V\VWHP� ,Q WKDW
H[WHQGHG� FORVHG V\VWHP� HQHUJ\ LV FRQVHUYHG DJDLQ�

��,Q 1HZWRQLDQ PHFKDQLFV WKLV FDQQRW EH SURYHQ� %XW LQ /DJUDQJLDQ PHFKDQLFV WKHUH LV WKH 1RHWKHU
WKHRUHP WKDW �LQ D QXWVKHOO� VWDWHV WKH IROORZLQJ� ,I D V\VWHP LV LQGHSHQGHQW RI WLPH �L�H� GRHV QRW H[SOLFLWO\
GHSHQG RQ WLPH�� (QHUJ\ LV FRQVHUYHG� )RU H[DPSOH LI WKH WUDMHFWRU\ RI D IDOOLQJ VWRQH LV LQGHSHQGHQW RI WLPH�
L�H� WKH WHPSRUDO HYROXWLRQ x(t) GRHV QRW GHSHQG RQ ZKHWKHU WKH H[SHULPHQW LV GRQH \HVWHUGD\� WRGD\ RU

��
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FRQVLGHU DOO NLQGV RI HQHUJ\ ZKLFK PDNHV LW LQ VRPH FDVHV OHVV DSSOLFDEOH WKDQ PRPHQWXP�

����� 3RWHQWLDO (QHUJ\

,I D IRUFH DFWV EHWZHHQ WZR ERGLHV� LQ VRPH FDVHV LW LV SRVVLEOH WR DWWULEXWH D SRWHQWLDO
HQHUJ\� 6LQFH WKLV LV LQ JHQHUDO D ELW WULFN\� ZH ZLOO ILUVW KDYH D ORRN DW DQ HDV\ FDVH DQG
WKHQ JHQHUDOL]H�

~FJUDY

~Fe

~FJUDY

~Fe
s

z

xy SODQH

~r

)LJXUH ����� $ ERG\ LQ WKH JUDYLWDWLRQDO ILHOG LV OLIWHG IURP JURXQG WR D FRRUGLQDWH z� 7KH
ZRUN LVW (z) = |~FJUDY|z� 7KLV PHDQV WKH ZRUN GRQH LV VWRUHG DV SRWHQWLDO HQHUJ\� :LWK
WKH UHIHUHQFH SRLQW ESRW(z = 0) ZH JHW ESRW(z) = W (z) = |~FJUDY|z

7KH HDVLHVW FDVH LV WKH RQH RI D KRPRJHQHRXV ILHOG� H�J� WKH JUDYLWDWLRQDO ILHOG RQ HDUWK���
:H FKRRVH WKH FRRUGLQDWH V\VWHP VXFK WKDW WKH z�D[LV SRLQWV YHUWLFDOO\ XSZDUGV �VHH DOVR

WRPRUURZ� +RZHYHU� LPDJLQH WKH JUDYLWDWLRQ IRUFH LV WLPH GHSHQGHQW �L�H� ZDV VPDOOHU \HVWHUGD\ DQG ZLOO EH
VWURQJHU WRPRUURZ�� WKH WUDMHFWRU\ RI WKH VWRQH ZLOO GHSHQG RQ WKH GD\ WKH H[SHULPHQW LV GRQH� ,Q WKDW FDVH
HQHUJ\ LV QRW �QHFHVVDULO\� FRQVHUYHG

��+HUH ZH VWD\ FORVH WR WKH VXUIDFH RI WKH HDUWK VXFK WKDW HDUWK ORRNV OLNH D SODQH�

��



���� 020(1780� :25.� (1(5*< $1' 32:(5

ILJXUH ������ 7KH IRUFH RQ D ERG\ ZLWK PDVVm LV WKHQ ~FJUDY = �gm~ez � ,I ZH OLIW D ERG\
YHUWLFDOO\ ZH KDYH WR DSSO\ D IRUFH ~Fe = �~FJUDY� /LIWLQJ LW XS E\ YHUWLFDO GLVWDQFH s� ZH
KDYH WR DSSO\ WKH ZRUNW = |~Fe|s = ~Fe · s~ez = �~FJUDY · s~ez > 0� ,I ZH WDNH WKH xy
SODQH DV UHIHUHQFH� ZH FDQ GHQRWH IRU HDFK KHLJKW z DQ HQHUJ\ FRUUHVSRQGLQJ WR WKH ZRUN
WR EH GRQH� 7KLV HQHUJ\ LV FDOOHG SRWHQWLDO HQHUJ\ ESRW DQG LV JLYHQ E\

ESRW = �~FJUDY · ~r = |~FJUDY|z

ZKHUH ~r LV WKH YHFWRU SRLQWLQJ DW D FHUWDLQ SRVLWLRQ �VHH DOVR ILJXUH ������ :H WKHUHIRUH
PDQDJHG WR DWWULEXWH D JUDYLWDWLRQDO HQHUJ\ IRU HYHU\ SRLQW LQ VSDFH� .QRZLQJ WKH SRWHQ�
WLDO HQHUJ\� ZH FDQ DOVR JR EDFN WR WKH IRUFH E\ WDNLQJ WKH GHULYDWLYH

~FJUDY = �
GESRW

Gz
~ez.

+HUH ZH DVVXPHG� WKDW ZH DOUHDG\ NQRZ WKH GLUHFWLRQ RI WKH IRUFH� $ JHQHUDO H[SUHVVLRQ
LV JLYHQ LQ WKH QH[W SDUDJUDSK� ZKHUH ZH ORRN DW JHQHUDO SRWHQWLDOV�

)RU WKH JHQHUDO FDVH ZH FRQVLGHU WZR ERGLHV GHQRWHG E\ WKHLU PDVVHV M DQG m ZKLFK
LQWHUDFW ZKLFK HDFK RWKHU� 7KLV LQWHUDFWLRQ OHDGV WR D IRUFH ~F~r EHWZHHQ WKHP ZKHUH
~r GHQRWHV WKH GLVWDQFH IURP M WR m� VHH DOVR SLFWXUH ����� ,Q VRPH FDVHV��� ZH FDQ
DWWULEXWH D SRWHQWLDO HQHUJ\ WR WKLV FRQILJXUDWLRQ� ,I WKLV LV SRVVLEOH� ZH FDQ SURFHHG DV
IROORZV� :H FKRVH D UHIHUHQFH SRLQW ~r0 ZKHUH ZH DWWULEXWH WKH HQHUJ\ ESRW = 0� 7KH
FKRLFH RI WKLV UHIHUHQFH SRLQW LV DUELWUDU\� GXH WR HTXDWLRQ ������ 7KHQ ZH FDOFXODWH WKH
ZRUNW WKDW QHHGV WR EH GRQH WR PRYH�� m IURP ~r0 WR ~r� 7KH SRWHQWLDO HQHUJ\ LV WKHQ

ESRW(~r) = W (~r0 ! ~r) = �

~rˆ

~r0

~F · G~s �����

ZKHUH WKHPLQXV VLJQ WDNHV LQWR DFFRXQW WKDW ZH KDYH WR DSSO\ WKH H[WHUQDO IRUFH ~Fe = �F
LQ RUGHU WR PRYH WKH ERG\m�
7KLV GHILQLWLRQ RI WKH SRWHQWLDO HQHUJ\ LV RQO\ UHDVRQDEOH IXOO LI LW GRHV QRW GHSHQG RQ
WKH SDWK IURP ~r0 WR ~r� ,Q SDUWLFXODU WKLV PHDQV ZH FDQ JR IURP SRLQW ~r0 WR ~r DQG EDFN

��7KH FRQGLWLRQ WR VXFFHHG LV JLYHQ LQ HTXDWLRQ ������
��:H FRXOG DOVR PRYH M ZKLFK \LHOGV WKH VDPH UHVXOW� %XW VLQFH ~r SRLQWV WR m LW LV PRUH LQWXLWLYH WR

PRYHm�

��
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M

m

~r

~r0

ESRW(~r0) = 0

ESRW(~r)

)LJXUH ����� 7ZR ERGLHV ZLWK PDVV M DQG m LQWHUDFW ZLWK HDFK RWKHU� 7KH SRWHQWLDO
HQHUJ\ DW ~r LV HTXDO WR WKH ZRUN WKDW QHHGV WR EH DSSOLHG WR m ZKHQ PRYLQJ LW IURP WKH
UHIHUHQFH SRLQW ~r0 WR ~r�

�E\ D GLIIHUHQW SDWK� DQG JDLQ QR HQHUJ\� 7KLV OHDGV WR WKH FRQVWUDLQW WKDW WKH LQWHUDFWLRQ
EHWZHHQ WKH WZR ERGLHV KDYH WR IXOILO� LQ RUGHU WR GHVFULEH LW E\ D SRWHQWLDO HQHUJ\� 7KH
ZRUN ZH KDYH WR DSSO\ IRU D FORVHG SDWK PXVW EH ]HUR� RU DV IRUPXOD

W =

˛
~Fe · G~s = 0 �����

ZKHUH WKH FLUFOH LQ WKH LQWHJUDO V\PEROL]HV WKDW ZH WDNH D FORVHG SDWK� 6XFK DQ LQWHUDFWLRQ LV
DVVRFLDWHG WR D �VR FDOOHG� FRQVHUYDWLYH ILHOG� IXUWKHU LQIRUPDWLRQ VHH LQ WKH VHFWLRQ DERXW
HOHFWURPDJQHWLVP� FKDSWHU ����� 1RW DOO LQWHUDFWLRQV IXOILO WKLV FRQVWUDLQW� IRU H[DPSOH
IULFWLRQ RU PDQ\ WLPH�YDU\LQJ ILHOGV DV IRU H[DPSOH D WLPH GHSHQGHQW PDJQHWLF ILHOG���
,I ZH FDQ GHVFULEH DQ LQWHUDFWLRQ ZLWK D SRWHQWLDO HQHUJ\� PDQ\ FDOFXODWLRQV VLPSOLI\� )RU
H[DPSOH ZH FDQ HDVLO\ FDOFXODWH WKH HQHUJ\ EHWZHHQ WZR SRLQWV�� ~r1 DQG ~r2 ZH FDQ VLPSO\
WDNH WKH SRWHQWLDO HQHUJ\ DW ~r2 DQG VXEWUDFW WKH RQH IURP ~r1

�ESRW = �

~r2ˆ

~r1

~F · G~s = �

~r2ˆ

~r0

~F · G~s�

0

B@�

~r1ˆ

~r0

~F · G~s

1

CA = ESRW(~r2)� ESRW(~r1).

�����

2Q WKH RWKHU KDQG LI WKH SRWHQWLDO HQHUJ\ RI DQ LQWHUDFWLRQ LV JLYHQ� ZH FDQ DOVR JR EDFN
WR WKH IRUFH��� 6LPLODU WR WKH H[DPSOH DERYH ZLWK WKH KRPRJHQHRXV JUDYLWDWLRQDO ILHOG�

��7KLV LV XVHG LQ D WUDQVIRUPHU� ZKHUH WKH HOHFWURQV µIO\LQJµ DURXQG D YDU\LQJ PDJQHWLF ILHOG JDLQ HQHUJ\�
PHDQLQJ D YROWDJH EXLOGV XS�

��7KH GLIIHUHQFH WR WKH FDOFXODWLRQ EHIRUH LV WKDW QR RQH RI WKHVH SRLQWV PXVW EH WKH UHIHUHQFH SRLQW ~r0�
��6LQFH WKLV LQFOXGHV PRUH DGYDQFHG PDWK� \RX GR QRW QHHG WR NQRZ WKLV IRU WKH H[DPV�

���



���� 020(1780� :25.� (1(5*< $1' 32:(5

ZH FDQ DSSO\ VRPH GHULYDWLYH RQ WKH SRWHQWLDO HQHUJ\� 7KLV LV DOVR FOHDU IURP DQ DQDO\WLF
SRLQW RI YLHZ� 7KH SRWHQWLDO HQHUJ\ LV WKH LQWHJUDO IURP WKH IRUFH� DQG WKH µLQYHUVHµ RI WKH
LQWHJUDO LV WKH GHULYDWLYH� 6R DSSO\LQJ DQ DSSURSULDWH GHULYDWLYH RQ WKH SRWHQWLDO HQHUJ\
VKRXOG JLYH EDFN WKH IRUFH� ,QGHHG ZH FDQ JHW WKH IRUFH E\

~F (~r) = �

0

@
@
@x
@
@y
@
@z

1

AESRW(~r)

ZKHUH WKHVH FXUOHG GHULYDWLYH VLJQV @ DUH WKH XVXDO GHULYDWLYHV EXW LQGLFDWH WKDW WKH SR�
WHQWLDO HQHUJ\ QRW RQO\ GHSHQGV RQ RQH SDUDPHWHU EXW RQ x� y� DQG z� 7KH PLQXV VLJQ LV
WKHUH EHFDXVH RI WKH VDPH UHDVRQ DV LQ WKH GHILQLWLRQ RI WKH SRWHQWLDO HQHUJ\� VHH HTXDWLRQ
������

����� .LQHWLF (QHUJ\

7DNLQJ D ERXQF\ EDOO DQG OHW LW IDOO� LW ERXQFHV XS DJDLQ� :KHQ IO\LQJ XS� LW JDLQV SR�
WHQWLDO HQHUJ\ DQG LQ SDUWLFXODU ZRUN LV GRQH LQ RUGHU WR EULQJ LW XS DJDLQ� +HQFH WKHUH
PXVW EH DQRWKHU NLQG RI HQHUJ\ ZKLFK DOORZV WKH EDOO WR JHW SRWHQWLDO HQHUJ\ DJDLQ� 7KLV
RWKHU HQHUJ\ LV WKH NLQHWLF HQHUJ\ �QHJOHFWLQJ HODVWLF HQHUJ\ ZKHQ LW ERXQFHV�� ,Q RUGHU WR
FDOFXODWH WKH NLQHWLF HQHUJ\� ZH PDNH XVH RI WKH FRQVHUYDWLRQ RI HQHUJ\� 7KLV PHDQV WKH
SRWHQWLDO HQHUJ\ ORVW PXVW EH FRQYHUWHG LQWR NLQHWLF HQHUJ\� :KHQ WKH EDOO IDOOV IRU D WLPH
t �VWDUWLQJ IURP UHVW�� LW SDVVHV D GLVWDQFH h = 1

2gt
2 DQG ORVHV WKH SRWHQWLDO HQHUJ\ mgh

7KH VDPH HQHUJ\ PXVW WKHQ EH JDLQHG DV NLQHWLF HQHUJ\� 7KHUHIRUH WKH NLQHWLF HQHUJ\ LV

Ekin = mgh

=
1

2
mg2t2, gt = v

=
1

2
mv2 =

1

2
pv =

p2

2m

ZKHUH v LV WKH ILQDO YHORFLW\ RI WKH EDOO�
$ 2 WLPHV ELJJHU YHORFLW\ OHDGV WR IRXU WLPHV PRUH NLQHWLF HQHUJ\ 7KLV LV FOHDU EHFDXVH
WR GRXEOH WKH YHORFLW\ RQH QHHG GRXEOH DV PDQ\ WLPH DQG WKHUHIRUH D IRXU WLPH ORQJHU
GLVWDQFH� $V D FRQVHTXHQFH RQH FRQYHUWV IRXU WLPH PRUH SRWHQWLDO HQHUJ\ LQWR NLQHWLF
HQHUJ\�

���
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����� 3RZHU

$Q RWKHU LQWHUHVWLQJ TXDQWLW\ LV WKH DPRXQW RI ZRUN GRQH SHU WLPH� ZKLFK LV FDOOHG SRZHU
P � ,I GXULQJ D SHULRG RI WLPH T WKH ZRUN LV FRQVWDQWW � WKH SRZHU LV VLPSO\ P = �W

�T �
7KHUHIRUH LI RQH QHHGV ORQJHU IRU WKH VDPH ZRUN KLV SRZHU LV VPDOOHU DQG YLFH YHUVD�
6LPLODU WR WKH GLVFXVVLRQ DERXW PHDQ YHORFLW\ DQG LQVWDQWDQHRXV YHORFLW\ LQ VHFWLRQ ������
ZH FDQ ORRN DW PHDQ DQG LQVWDQWDQHRXV SRZHU� 7KH LQVWDQWDQHRXV SRZHU LV GHILQHG DV

P (t) =
GW
Gt

.

7KLV LQVWDQWDQHRXV SRZHU GHVFULEHV KRZ PXFK ZRUN SHU VHFRQG LV GRQH DW D FHUWDLQ WLPH�
7R JHW WKH PHDQ SRZHU ZH FKRRVH D VOLJKWO\ GLIIHUHQW DSSURDFK� ZKLFK LV PRUH FRPPRQ
LQ WHUPV RI SRZHU DQG ZRUN� /HWV FDOFXODWH WKH PHDQ SRZHU EHWZHHQ t1 DQG t2� )RU WKLV
ZH DYHUDJH WKH LQVWDQWDQHRXV SRZHU� ,QWXLWLYHO\ VSHDNLQJ ZH VSOLW WKH WLPH T = t2 � t1
LQWR N VPDOO SLHFHV DQG FRQVLGHU WKH SRZHU EHLQJ FRQVWDQW GXULQJ HDFK SLHFH� 7KHQ ZH
VXP DOO WKHVH SLHFHV XS DQG GLYLGH E\ WKH WRWDO QXPEHU RI SLHFHV� /HWWLQJN JRLQJ WRZDUGV
LQILQLW\ ZH HQG XS E\ DQ LQWHJUDO

P ⇡
P1 + P2 + P3...+ PN

N
=

1

N

NX

j=1

P (t1 +
Tj

N
)

=
NX

j=1

P (t1 +
Tj
N )

N
T

1

T

!
1

T

t2ˆ
t1

P (t) Gt = P

ZKHUH ZH XVHG T
N ! Gt IRU N JRLQJ WRZDUGV LQILQLW\� 7KH XQLW RI 3RZHU LV :DWW ZKLFK

LV RQH MRXOH SHU VHFRQG� 8VLQJ WKLV� WKH XQLW RI HQHUJ\ LV VRPHWLPHV ZULWWHQ DV N:·K�
1N:·K = 3.60- ZKLFK LV WKH ZRUN GRQH E\ WKH SRZHU RI RQH NLORZDWW GXULQJ RQH KRXU�
,I \RX·UH QRW XVHG WKLQNLQJ LQ WHUPV RI ZRUN DQG SRZHU� \RX PLJKW PL[ WKHP �DV PDQ\
SROLWLFLDQV DQG MRXUQDOLVWV GR�� )RU H[DPSOH D OLJKW EXOE KDV D SRZHU RI 40:� WKLV PHDQV
HDFK VHFRQG LW FRQYHUWV 40- HOHFWULF HQHUJ\ LQ OLJKW DQG KHDW� ,I WKH EXOE VKLQHV RQH KRXU
LW KDV µZRUNHGµ �QRW PHFKDQLFDO ZRUN� 40: · 3600V = 144000- ZKLFK LV RI FRXUVH DQ
HQHUJ\�
2WKHU H[DPSOH� $ KRXVH QHHG �OHW·V VD\� 7500N:·K SHU <HDU� 7KLV FRUUHSVRQGV WR D
SRZHU� EHFDXVH \RX KDYH HQHUJ\ SHU \HDU ZKLFK LV HTXLYDOHQW WR ZRUN SHU WLPH�

���
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����� 5RWDWLRQ (QHUJ\

2QH RWKHU IRUP RI PHFKDQLFDO HQHUJ\ LV WKH URWDWLRQ HQHUJ\� &RQVLGHU D URWDWLQJ ERG\
FRQVLVWLQJ RI �PXOWLSOH� PDVV SRLQW�V�mi� 7KHQ WKH URWDWLRQ HQHUJ\ LV JLYHQ E\ WKH NLQHWLF
HQHUJ\ RI DOO WKH PDVV SRLQWV

Erot =
X

i

Ekin,i =
X

i

1

2
v2imi = !2

X

i

1

2
r2imi =

1

2
!2I

ZKHUH ! LV WKH DQJXODU IUHTXHQF\ DQG ZH XVHG WKDW WKH YHORFLW\�� vi = !ri DQG I =P
i r

2
imi LV WKH PRPHQW RI LQHUWLD� :H ZLOO KDYH D FORVHU ORRN WR URWDWLQJ ERGLHV LQ WKH

QH[W FKDSWHU ��

([DPSOH�
6RPHRQH LV GULYLQJ ZLWK D ELNH ZLWK WRWDO PDVVM = 80NJ ZLWK D YHORFLW\ v = 10P·
V�1 WKHQ WKH NLQHWLF HQHUJ\ LV ENLQ = 1

2Mv2 = 4000-� $GGLWLRQDOO\ WKH ZKHHOV DUH
URWDWLQJ� PHDQLQJ WKH\ KDYH DGGLWLRQDOO\ URWDWLRQ HQHUJ\� $VVXPLQJ �WZR� F\OLQGULFDO
ZKHHOV ZLWK PDVV m = 0.6NJ DQG UDGLXV R = 0.5P� WKH PRPHQWXP RI LQHUWLD
LV I = mR2 = 0.15NJ·P2� 8VLQJ ! = v

R = 20V�1 ZH JHW D URWDWLRQDO HQHUJ\
EURW = 2 · 12!

2I = 60-� 7KH WRWDO HQHUJ\ LV WKHUHIRUH EWRW = Ekin +Epot = 4060-�

����� $QJXODU 0RPHQWXP

,Q WHUPV RI FRQVHUYDWLRQ ODZV RQH VKRXOG FOHDUO\ PHQWLRQ WKH DQJXODU PRPHQWXP ZKLFK
ZH ZLOO DOVR LQYHVWLJDWH PRUH SUHFLVHO\ LQ WKH QH[W FKDSWHU� 1HYHUWKHOHVV WKH PRVW LPSRU�
WDQW IRUPXODV VKDOO EH JLYHQ DOUHDG\ QRZ� )RU D SRLQW�OLNH SDUWLFOH DW SRVLWLRQ ~r DQG PDVV
m WKH DQJXODU PRPHQWXP L LV GHILQHG DV��

L = rmv?

ZKHUH v? LV WKH YHORFLW\ FRPSRQHQW SHUSHQGLFXODU WR ~r DQG r = |~r| LV WKH DEVROXWH YDOXH
RI WKH SRVLWLRQ YHFWRU� )RU V\PPHWULF ERGLHV FRQVLVWLQJ RI PDQ\ SDUWLFOHV� ZH FDQ XVH WKH
PRPHQWXP RI LQHUWLD LQWURGXFHG LQ VHFWLRQ ����� DQG ZH JHW

L = I!.

��,Q VFDODU IRUP� )RU WKH YHFWRU IRUP ZH ZRXOG QHHG WKH YHFWRU SURGXFW� VHH DOVR ������
��,Q IDFW WKH DQJXODU PRPHQWXP LV D YHFWRU TXDQWLW\� )RU VLPSOLFLW\ ZH RQO\ JLYH WKH VFDODU IRUP�
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&KDSWHU �

0(&+$1,&6 �

, ZDV WKH ILUVW FDPHUD WHDP WR YLVLW WKH
PRRQV RI -XSLWHU�

*DOLOHR

��� 5RWDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� $QJOH DQG $QJXODU 9HORFLW\ DV 9HFWRUV � � � � � � � � � � � ���
����� $QJXODU $FFHOHUDWLRQ DQG *HQHUDO 0RWLRQ � � � � � � � � � ���
����� $FFHOHUDWHG )UDPHV DQG )LFWLWLRXV )RUFHV � � � � � � � � � ���
����� &HQWULIXJDO IRUFH � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 5LJLG %RGLHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HILQLWLRQ DQG %DVLF 3URSHUWLHV � � � � � � � � � � � � � � � � ���
����� &HQWHU RI 0DVV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 0RPHQWXP RI ,QHUWLD � � � � � � � � � � � � � � � � � � � � � � ���
����� 3DUDOOHO $[LV 7KHRUHP �6WHLQHU·V 7KHRUHP� � � � � � � � � ���

��� '\QDPLFV RI 5RWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 7RUTXH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� $QJXODU 0RPHQWXP � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5RWDWLRQDO (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � ���
����� *HQHUDO 0RWLRQ RI D 5LJLG %RG\ � � � � � � � � � � � � � � � � ���
����� $QDORJ\ 7UDQVODWLRQ DQG 5RWDWLRQ � � � � � � � � � � � � � � ���

��� *UDYLW\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 1HZWRQ·V /DZ RI *UDYLW\ � � � � � � � � � � � � � � � � � � � ���
����� *UDYLWDWLRQDO )LHOGV � � � � � � � � � � � � � � � � � � � � � � � ���
����� (QHUJ\ DQG $QJXODU 0RPHQWXP LQ *UDYLWDWLRQDO )LHOGV � ���
����� 7ZR 2EMHFWV 6XEMHFW WR 0XWXDO $WWUDFWLRQ � � � � � � � � � ���
����� .HSOHU·V /DZV RI 3ODQHWDU\ 0RWLRQ � � � � � � � � � � � � � ���
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$IWHU ZH JRW IDPLOLDU ZLWK WKH EDVLF FRQFHSWV RI PHFKDQLFV �VHH FKDSWHU �� ZH QRZ ZDQW WR
DSSO\ WKHVH FRQFHSWV IRU PRUH DGYDQFHG WRSLFV DQG H[DPSOHV� 1DPHO\ ZH ZLOO LQWURGXFH
D PRUH JHQHUDO QRWDWLRQ DQG GHVFULSWLRQ IRU URWDWLRQV DQG GLVFXVV UHODWHG WRSLFV VXFK DV
ILFWLWLRXV IRUFHV DQG ULJLG ERGLHV� )LQDOO\ ZH ZLOO PDNH D OLWWOH H[FXUVLRQ WR WKH PRWLRQ RI
SODQHWV DQG LQ SDUWLFXODU WR .HSOHU·V ODZV�

��� 5RWDWLRQV

6LQFH PRVW RI WKLV FKDSWHU LV DERXW URWDWLRQDO PRWLRQ LW LV LPSRUWDQW WR KDYH D UHOLDEOH
PDWKHPDWLFDO GHVFULSWLRQ� 7KLV ZLOO EH LPSRUWDQW WR SUHFLVHO\ GHVFULEH DQG FDOFXODWH HI�
IHFWV DSSHDULQJ IURP URWDWLRQV�� ,Q SDUWLFXODU ZH ZLOO LQWURGXFH WKH DQJXODU�YHORFLW\ DQG
UHGHILQH DOO WKH URWDWLRQDO TXDQWLWLHV XVLQJ WKLV YHFWRULDO QRWDWLRQ� ,Q WKH HQG ZH ZLOO KDYH
D ORRN DW URWDWLQJ IUDPHV DQG WKH DSSHDUDQFH RI ILFWLWLRXV IRUFHV�

����� $QJOH DQG $QJXODU 9HORFLW\ DV 9HFWRUV

:KHQ ZH VWDUWHG ZLWK NLQHPDWLFV� ZH VWDUWHG ZLWK WKH SRVLWLRQ RI D SRLQW�OLNH SDUWLFOH DQG
FRQWLQXHG ZLWK WKH YHORFLW\ DQG DFFHOHUDWLRQ� 7KH FRUUHVSRQGLQJ TXDQWLWLHV IRU URWDWLRQV
DUH WKH DQJOH �� WKH DQJXODU YHORFLW\ ! DQG WKH DQJXODU DFFHOHUDWLRQ ↵� 6LQFH WKH DQJOH
LV RQO\ GHILQHG XS WR D 360� �RU HTXLYDOHQWO\ 2⇡ LQ UDGLDQV�� LW LV OHVV LPSRUWDQW WKDQ WKH
DQJXODU YHORFLW\� +HQFH LW LV PRUH LQWXLWLYH WR VWDUW ZLWK WKH DQJXODU YHORFLW\ DQG WKHQ
GHILQH WKH DQJOH�
$VVXPH D ERG\ �IRU H[DPSOH D SRLQW�OLNH SDUWLFOH� LV SHUIRUPLQJ D FLUFXODU PRWLRQ DURXQG
D JLYHQ D[LV� VHH DOVR ILJXUH ���� ,Q DGGLWLRQ ZH ZDQW WR DVVXPH WKDW WKH WLPH T IRU RQH
URXQG WULS LV FRQVWDQW� PHDQLQJ ZH KDYH D FRQVWDQW DQJXODU YHORFLW\ ! = 2⇡/T � 7KH
PRWLRQ RI WKH ERG\ KDVW WKUHH LPSRUWDQW SURSHUWLHV

� 7KH ERG\ PRYHV LQ D SODQH SHUSHQGLFXODU WR WKH D[LV� 7KHUHIRUH WKH YHORFLW\ �DV
YHFWRU� OLHV LQ WKLV SODQH�

� $V ZH DVVXPHG WKH IUHTXHQF\ WR EH FRQVWDQW� LWV VSHHG LV SURSRUWLRQDO WR WKH GLV�
WDQFH RI WKH ERG\ WR WKH D[LV r?�

� 7KH VSHHG LV SURSRUWLRQDO WR WKH IUHTXHQF\ !�

�5RWDWLRQDO PRWLRQ FDQ EH TXLWH XQLQWXLWLYH WKDW·V ZK\ ZH QHHG D UHOLDEOH PDWKHPDWLFDO IRUPDOLVP

���
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SHUSHQGLFXODU SODQH

~!

r?

~v

)LJXUH ���� $ ERG\ �EODFN GRW� LV URWDWLQJ DURXQG DQ DUELWUDU\ D[LV !� ,WV PRWLRQ KDSSHQV
LQ D SODQH SHUSHQGLFXODU WR WKDW D[LV�

7KHVH WUHH SURSHUWLHV FDQ EH PHUJHG LQ RQH IRUPXOD IRU ZKLFK ZH QHHG WR GHILQH WKH
DQJXODU YHORFLW\ YHFWRU ~!� ,W SRLQWV LQ WKH GLUHFWLRQ RI WKH D[LV DQG LWV OHQJWK LV HTXDO WR
WKH DEVROXWH YDOXH RI ! = |~!|� 7KH GLUHFWLRQ RI ~! LV VXFK WKDW LI ZH WDNH WKH ULJKW KDQG
DQG LI WKH WKXPE SRLQWV LQ WKH GLUHFWLRQ RI ~!� WKH YHORFLW\ ~v SRLQWV LQ WKH GLUHFWLRQ RI WKH
RWKHU ILQJHU� 8VLQJ WKLV GHILQLWLRQ DQG DVVXPLQJ WKH FHQWHU RI WKH FRRUGLQDWH V\VWHP LV
RQ WKH URWDWLRQ D[LV� WKH YHORFLW\ ~v LV UHODWHG WR WKH DQJXODU YHORFLW\ E\

~v = ~! ⇥ ~r

ZKHUH ~r LV WKH SRVLWLRQ YHFWRU RI WKH ERG\ SRLQWLQJ IURP WKH FHQWHU RI WKH URWDWLRQ WR WKH
ERG\ LWVHOI� 7KH YHFWRU SURGXFW HQVXUHV DOO WKH WKUHH SURSHUWLHV PHQWLRQHG DERYH� ,W LV D
JRRG H[HUFLVH WR SURYH WKH WKUHH SURSHUWLHV IURP WKHVH IRUPXOD�
6LQFH WKH DQJXODU YHORFLW\ ~! UHSUHVHQWV WKH FKDQJH UDWH RI DQ DQJOH ~'� ZH FDQ GHILQH DQ
DQJOH E\ LQWHJUDWLQJ ~!�

~' =

ˆ
~! Gt+ C

���
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ZKHUHC LV MXVW D FRQVWDQW DQJOH �LQWHJUDWLRQ FRQVWDQW�� 7KH SURSHUWLHV RI WKLV DQJOH YHFWRU
~' DUH LQKHULWHG IURP WKRVH RI ~!� 7KH GLUHFWLRQ RI ~' LV DORQJ WKH URWDWLRQ D[LV DQG WKH
OHQJWK FRUUHVSRQGV WR WKH URWDWHG DQJOH �XVXDOO\ LQ UDGLDQWV�� 7KH OHQJWK RI WKH SDWK l RI
DQ REMHFW URWDWHG E\ ~' LV

l = |~! ⇥ ~r|.

%HIRUH FORVLQJ WKLV VHFWLRQ� ZH LQYHVWLJDWH WKH YHFWRULDO SURSHUW\ RI ~! PRUH SUHFLVHO\� )RU
WKLV FRQVLGHU D ERG\ ZKLFK SHUIRUPV VLPXOWDQHRXVO\ D URWDWLRQ DORQJ WKH x� y� DQG z D[LV�
VHH ILJXUH ����

!x

!y

!z

!

)LJXUH ���� $ ERG\ �JUD\ VKDGHG� LV VLPXOWDQHRXVO\ URWDWLQJ DURXQG DOO WKUHH D[LV� 7KLV
URWDWLRQ LV HTXLYDOHQW WR D URWDWLRQ DURXQG WKH DQJXODU YHORFLW\ YHFWRU JLYHQ DV YHFWRULDO
VXP RI WKH URWDWLRQ DURXQG HDFK D[LV�

7KLV URWDWLRQ FRUUHVSRQGV WR D VLQJOH URWDWLRQ JLYHQ E\

~! =

0

@
!x

!y

!z

1

A .

���
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����� $QJXODU $FFHOHUDWLRQ DQG *HQHUDO 0RWLRQ

)RU D OLQHDU PRWLRQ ZH IRXQG WKDW WKH FKDQJH UDWH RI WKH YHORFLW\ LV WKH DFFHOHUDWLRQ
~a = G~v

Gt � 6LPLODUO\ ZH FDQ GHILQH DQ DQJXODU DFFHOHUDWLRQ

~↵ =
G~!
Gt

=
G2~'
Gt2

.

7KH DFFHOHUDWLRQ RI D ERG\ LV WKHQ JLYHQ E\

~a = ~↵⇥ ~r

ZKHUH ~r SRLQWV IURP WKH URWDWLRQ D[LV WR WKH ERG\�
,I WKH DQJXODU DFFHOHUDWLRQ LV FRQVWDQW ~↵ = FRQVW� ZH FDQ GHULYH WKH DQJOH DQG WKH DQJXODU
YHORFLW\ ZLWK WKH VDPH DUJXPHQW DV IRU WKH OLQHDU PRWLRQ DQG ZH JHW

~!(t) = ↵t+ ~!0

~'(t) =
1

2
~↵t2 + ~!0t+ ~'0

ZLWK ~!0 DQG ~'0 WKH FRUUHVSRQGLQJ YDOXHV DW t = 0�

����� $FFHOHUDWHG )UDPHV DQG )LFWLWLRXV )RUFHV

,PDJLQH� IRU H[DPSOH� WR EH VLWWLQJ RQ D EXV DW QLJKW� DV WKH FXWHVW NLWWHQ VXGGHQO\ DSSHDUV
RQ WKH VWUHHW D FRXSOH RI PHWHUV DKHDG RI WKH EXV� 7KH GULYHU� DOPRVW LPPHGLDWHO\ SXVKHV
GRZQ WKH EUDNH SHGDO� <RX IHHO KRZ \RXU ERG\ LV VRPHKRZ GUDJJHG IRUZDUG DQG \RX
DOPRVW IDOO RII \RXU VHDW� ,W IHHOV DV LI VRPH PDJLF IRUFH DFWLQJ RQ \RXU ERG\ KDG DSSHDUHG
DW WKH LQVWDQW RI EUDNLQJ� ,Q WKLV FKDSWHU ZH ZDQW WR LQYHVWLJDWH WKLV PDJLF IRUFH DQG
ZH ZLOO VHH WKDW LW LV DQ HIIHFW RI EHLQJ LQ DQ DFFHOHUDWHG IUDPH� %HFDXVH WKH PRWKHU RI
WKH NLWWHQ PLJKW KDYH VHHQ LW IURP WKH URDGVLGH� )RU KHU� DV PXFK DV VKH PLJKW KDYH
EHHQ VFDUHG� WKH ZKROH VLWXDWLRQ ZDV QRWKLQJ EXW D PDQLIHVWDWLRQ RI 1HZWRQ·V ILUVW ODZ RI
PRWLRQ� 7KH EXV ZRXOG GHFHOHUDWH� DQG \RX ZRXOG MXVW NHHS PRYLQJ DW \RXU LQLWLDO VSHHG
DORQJ WKH GLUHFWLRQ RI WUDYHO� QR PDJLF IRUFH LQYROYHG� 6WLOO� IURP \RXU SRLQW RI YLHZ� WKH
PDJLF IRUFH PXVW KDYH H[LVWHG� DV RWKHUZLVH 1HZWRQ·V ILUVW ODZ ZRXOG KDYH EHHQ YLRODWHG
LQ \RXU UHIHUHQFH IUDPH�
$V ZH DOUHDG\ GLVFXVVHG LQ FKDSWHU ����� WKH VLPSOHVW IUDPHV RI UHIHUHQFH DUH WKH LQHUWLDO
RQHV ZKHUH 1HZWRQ·V ODZV DUH YDOLG� ,I ZH KDYH DQ LQHUWLDO IUDPH WKDQ DOO IUDPHV WKDW
PRYH ZLWK FRQVWDQW VSHHG ZLWK UHVSHFW WR WKH LQHUWLDO RQH DUH DOVR LQHUWLDO V\VWHPV �GHWDLOV
VHH VHFWLRQ �������� ,Q WKLV VHFWLRQ ZH DVVXPH WKDW ZH DUH LQ DQ LQHUWLDO IUDPH DQG ORRN
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DW DQ DFFHOHUDWHG V\VWHP DQG WU\ WR GHVFULEH WKH G\QDPLFV LQ WKDW DFFHOHUDWHG RQH� )RU
WKLV ZH GHQRWH DOO TXDQWLWLHV ZH PHDVXUH LQ RXU V\VWHP ZLWKRXW SULPH �~x,~v,~a, ~F � DQG
WKRVH PHDVXUHG LQ WKH DFFHOHUDWHG V\VWHP ZLWK SULPH �~x0,~v0,~a0, ~F 0�� $V WKH JHQHUDO FDVH
LV UDWKHU GLIILFXOW� ZH ZLOO ILUVW KDYH D ORRN DW VSHFLDO FDVHV DQG LQ WKH HQG GHULYH WKH JHQHUDO
UHVXOW DQG LQWHUSUHW LWV FRQVWLWXHQWV XVLQJ WKH VSHFLDO FDVHV�

����� &HQWULIXJDO IRUFH

7KH PRVW FRPPRQ ILFWLWLRXV IRUFH LV WKH FHQWULIXJDO IRUFH� ZKLFK LV UHODWHG WR WKH FHQ�
WULSHWDO IRUFH� $VVXPH WKH DFFHOHUDWHG V\VWHP PRYHV RQ D FLUFOH ZLWK FRQVWDQW DQJXODU
YHORFLW\ ! DQG LW FRQWDLQV D PDVV m ZKLFK LV DW UHVW LQ WKLV �DFFHOHUDWHG� V\VWHP� 7KHQ
IURP RXU LQHUWLDO IUDPH LW LV REYLRXV WKDW D IRUFH QHHGV WR EH DSSOLHG WR WKH PDVV� $F�
FRUGLQJ WR 1HZWRQ·V VHFRQG ODZ� ZLWKRXW IRUFH WKH PDVV ZRXOG SHUIRUP D XQLIRUP DQG
OLQHDU PRWLRQ �~v = FRQVW��� :H KDYH WR IRUFH WR SHUIRUP WKH FLUFXODU PRWLRQ DQG WKH
FRUUHVSRQGLQJ IRUFH SRLQWV WRZDUGV WKH FHQWHU RI WKH PRWLRQ DQG LV JLYHQ E\

~F = m~a = �m!2~r

ZKHUH~a LV WKH FHQWULSHWDO DFFHOHUDWLRQ DV FRPSXWHG LQ VHFWLRQ ������ 7KHPLQXV VLJQ FRPHV
IURP WKH IDFW WKDW WKH DFFHOHUDWLRQ DQG KHQFH DOVR WKH IRUFH SRLQWV WRZDUG WKH FHQWHU RI
WKH FLUFOH ZKHUHDV ~r SRLQWV IURP WKH FHQWHU WR WKH PDVV m� )URP WKLV SHUVSHFWLYH �WKH
LQHUWLDO IUDPH� HYHU\WKLQJ LV FOHDU� %XW LQ WKH V\VWHP DWWDFKHG WR WKH PDVV� WKLV LV GLIIHUHQW�
,Q WKDW �DFFHOHUDWHG� V\VWHP� WKH PDVV GRHV QRW PRYH� 1HYHUWKHOHVV D IRUFH DFWV RQ WKDW
PDVV ZKLFK FRXOG DOVR EH PHDVXUHG�� 7KHUHIRUH ZH KDYH D IRUFH ZLWKRXW DFFHOHUDWLRQ
ZKLFK REYLRXVO\ FRQWUDGLFWV 1HZWRQ·V VHFRQG ODZ� 7KLV VHHPV RQO\ SDUDGR[ VLQFH WKH
IUDPH LV DFFHOHUDWHG� DQG LQ VXFK D IUDPH 1HZWRQ·V ODZV DUH QRW YDOLG DQ\PRUH� ,Q WKDW
DFFHOHUDWHG IUDPH WKH PDVV SXVKHV WRZDUGV RXWVLGH ZLWK WKH IRUFH

~F 0 = m!2~r

ZKLFK LV WKH VDPH DV WKH FHQWULIXJDO IRUFH XS WR WKH PLQXV VLJQ� 7KH PDVV RSSRVHV WKH
FKDQJLQJ RI WKH GLUHFWLRQ DQG WKDW·V WKH IRUFH ZH VHH LQ WKH IUDPH RI WKH PDVV�

�)RU H[DPSOH DWWDFKLQJ WKH PDVV WR D VSULQJ� WKH VSULQJ ZRXOG FKDQJH LWV OHQJWK LQ ERWK IUDPHV DQG KHQFH
LQGLFDWLQJ D IRUFH
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&RULROLV )RUFH

~v

!

x0

y0

m

t = 0

~v

!
x0y0

m

t = �t

~v

!

x0

y0
m

t = 2�t

s(t)
s(t)

)LJXUH ���� $ ERG\ �EODFN GRW� PRYHV ZLWK FRQVWDQW YHORFLW\� )URP WKH URWDWLQJ IUDPH LWV
WUDMHFWRU\ LV QRW D VWUDLJKW OLQH EXW FXUYHG�

<RX PLJKW KDYH H[SHULHQFHG WKLV IRUFH ZKHQ ZDONLQJ DURXQG RQ D FDURXVHO� 7R DSSURDFK
WKLV IRUFH ZH FRQVLGHU D ERG\ DQG DWWDFKHG WR LW D FRRUGLQDWH V\VWHP WKDW URWDWHV ZLWK D
FRQVWDQW DQJXODU YHORFLW\ !� VHH ILJXUH ���� ,Q RXU LQHUWLDO IUDPH D ERG\ LV PRYLQJ ZLWK
FRQVWDQW YHORFLW\� $FFRUGLQJ WR 1HZWRQ·V VHFRQG ORZ� QR IRUFH LV DFWLQJ RQ WKDW ERG\�
)URP WKH YLHZ RI WKH URWDWLQJ IUDPH VWLOO QR IRUFH LV DFWLQJ RQ WKLV ERG\� %XW WKH ERG\
GRHV QRW PRYH RQ D VWUDLJKW OLQH� LW VHHP DFFHOHUDWHG� $JDLQ WKLV FRQWUDGLFWLRQ LV GXH WR
WKH DFFHOHUDWLRQ RI WKH IUDPH� 7R JHW D IRUPDO H[SUHVVLRQ DVVXPH WKH ERG\ WR EH DW WKH
FHQWHU RI WKH URWDWLRQ IUDPH DQGPRYLQJ ZLWK VSHHG v� $IWHU D WLPH�t LW SDVVHG D GLVWDQFH
�x = v�t� ,Q WKH URWDWLQJ IUDPH WKH PRWLRQ FRQVLVWV RI WZR FRPSRQHQWV� $ UDGLDO RQH
v0r SRLQWLQJ UDGLDOO\ DZD\ IURP WKH FHQWHU DQG D WDQJHQWLDO RQH v0t SRLQWLQJ LQ WKH GLUHFWLRQ
RI WKH URWDWLRQ� 7KH ILUVW RQH VWD\V FRQVWDQW DV LW QRWKLQJ EXW WKH YHORFLW\ ZH VHH IURP
RXWVLGH v0r = v� 7KH WDQJHQWLDO YHORFLW\ FKDQJHV ZLWK WKH GLVWDQFH r(t) RI WKH ERG\ WR WKH
FHQWHU v0t = r(t)! DQG WKH DSSDUHQW WDQJHQWLDO GLVWDQFH LV s(t) = 'r(t) = !tvt� +HQFH
LW GHSHQGV TXDGUDWLFDOO\ RQ WLPH t DQG DV D FRQVHTXHQFH LW FRUUHVSRQGV WR D FRQVWDQW
DFFHOHUDWLRQ� )RU D FRQVWDQW DFFHOHUDWLRQ ZH KDG WKH IRUPXOD x(t) = 1/2at2� (TXDWLQJ
x(t) DQG s(t) ZH FDQ VROYH IRU a DQG JHW WKH &RULROLV DFFHOHUDWLRQ

a0FRU = 2!v.

7KLV LV WKHUHIRUH WKH DFFHOHUDWLRQ VHHQ IURP WKH URWDWLQJ IUDPH� 'RLQJ WKH FRPSXWDWLRQ
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PRUH ULJRURXVO\ �VHH EHORZ� ZH ILQG WKH YHFWRULDO GHSHQGHQFH

~a = �2~! ⇥ ~v

6LPLODUO\ ZH FDQ KDYH D ORRN DW D ERG\ WKDW PRYHV DORQJ D VWUDLJKW OLQH LQ WKH URWDWLQJ
IUDPH� ,Q RXU LQHUWLDO IUDPH LW SHUIRUPV D FXUYHG WUDMHFWRU\ KHQFH WKHUH LV D IRUFH DFWLQJ
ZKLFK LV JLYHQ DV ~FFRU = m~aFRU� 1RWH WKDW WKLV IRUFH LV QRW WKH &RULROLV IRUFH LWVHOI EHFDXVH
WKH &RULROLV IRUFH LV D ILFWLWLRXV IRUFH DQG WKLV IRUFH LV QRW� 7KH UHODWLRQ EHWZHHQ WKLV IRUFH
DQG WKH &RULROLV IRUFH LV WKH VDPH DV WKH UHODWLRQ EHWZHHQ FHQWULSHWDO DQG FHQWULIXJDO IRUFH
GLVFXVVHG LQ VHFWLRQ ������

/LQHDU DFFHOHUDWLRQ

,I WKH DFFHOHUDWHG V\VWHP GRHV QRW PRYH RQ D FLUFOH EXW DORQJ D OLQH DQG DFFHOHUDWHV ZLWK
DQ DFFHOHUDWLRQ a WKHQ DOVR DOO REMHFWV WKDW PRYH ZLWK FRQVWDQW YHORFLW\ LQ RXU IUDPH ZHOO
EH VHHQ DFFHOHUDWHG LQ WKH DFFHOHUDWHG IUDPH� )URP WKH YLHZ RI WKH DFFHOHUDWHG IUDPH WKLV
LV DJDLQ WKH FDVH ZKHUH QR IRUFH DFWV EXW DQ DFFHOHUDWLRQ LV PHDVXUHG� 2Q WKH RWKHU KDG ZH
FDQ ORRN DW WKH FDVH ZKHUH D ERG\ GRHV QRW PRYH ZLWK UHVSHFW WR WKH DFFHOHUDWHG IUDPH�
)URP WKH LQHUWLDO IUDPH WKLV ERG\ DOVR DFFHOHUDWHV ZLWK a DQG WKHUH PXVW DFW D IRUFH F RQ
WKDW REMHFW WR HQIRUFH WKLV DFFHOHUDWLRQ� 2QFH DJDLQ WKH SUREOHP DULVHV LQ WKH DFFHOHUDWHG
IUDPH EHFDXVH WKHUH WKH ERG\ GRHV QRW DFFHOHUDWH �DV LW GRHV QRW PRYH� EXW D IRUFH DFWV
RQ WKDW ERG\ ZKLFK LV RSSRVLWH WKH RQH YLHZHG IURP RXWVLGH F 0 = �F � 7KLV LV EHFDXVH
WKH ERG\ RSSRVHV LWV DFFHOHUDWLRQ� 7KLV RSSRVLWLRQ LV VHHQ DV IRUFH F 0 LQ WKH DFFHOHUDWHG
IUDPH� 1HYHUWKHOHVV WKLV LV QRW D UHDO IRUFH DV LW GRHV QRW OHDG WR DQ DFFHOHUDWLRQ� ,W RQO\
DSSHDUV DV D IRUFH VLQFH WKH IUDPH LV DFFHOHUDWHG�

3URRI�

5LJRURXV &RPSXWDWLRQ

7R GHULYH D IRUPDOO\ FRPSOHWH DQG FRUUHFW IRUPXOD RI WKH ILFWLWLRXV IRUFHV� ZH GHVFULEH KRZ D SR�
VLWLRQ YHFWRU RI D SRLQW PDVVm IURP DQ LQHUWLDO IUDPH⌃ LV WUDQVIRUPHG LQWR DQ DFFHOHUDWHG IUDPH
⌃0� (DFK V\VWHP FRQVLVW RI D FKRLFH RI EDVLV YHFWRUV ~ex� ~ey DQG ~ez LQ ⌃ DQG FRUUHVSRQGLQJO\
ZLWK SULPH LQ ⌃0� 7KH DFFHOHUDWHG V\VWHP PRYHV ZLWK UHVSHFW WR WKH LQHUWLDO RQH� ,WV SRVLWLRQ
ZLWK UHVSHFW WR WKH LQHUWLDO RQH LV JLYHQ E\ D WLPH GHSHQGHQW YHFWRU ~R(t)� VHH ILJXUH ����
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x

y

z

⌃

x0y0

z0

⌃0

~R(t)

~r0~r

m

)LJXUH ���� 7KH LQHUWLDO IUDPH ⌃ DQG WKH DFFHOHUDWHG ⌃0 DUH VHSDUDWHG E\ D
YHFWRU ~R(t)

7KH UHODWLRQ EHWZHHQ WKH SRVLWLRQ YHFWRU LQ HDFK IUDPH LV JLYHQ E\

~r(t) = ~R(t) + ~r0(t).

$V WKH PDVV PLJKW PRYH ZLWK WLPH� ~r(t) DQG ~r0(t) DUH DVVXPHG WR EH WLPH GHSHQGHQW �� 7KH
YHORFLW\ RI WKH PDVVm LQ HDFK V\VWHP IXOILOV WKH UHODWLRQ

~v(t) =
G~r(t)
Gt

= ~̇r(t)

= ~̇R(t) + ~̇r0(t) = ~V (t) + ~̇r0(t)

ZKHUH ~V (t) LV WKH YHORFLW\ RI WKH DFFHOHUDWHG IUDPH ZLWK UHVSHFW WR WKH LQHUWLDO RQH� )RU WKH
VHFRQG WHUP ZKHUH ZH WDNH WKH GHULYDWLYH RI ~r0(t) ZH KDYH WR EH PRUH FDUHIXO� %HFDXVH QRW
RQO\ WKH FRRUGLQDWHV FKDQJH EXW DOVR WKH EDVLV GXH WR D URWDWLRQ ~! RI WKH V\VWHP ⌃0� 8VLQJ WKH
SURGXFW UXOH IRU GHULYDWLYHV ZH JHW �GURSSLQJ WKH WLPH GHSHQGHQFHV�

~̇ 0r(t) = ṙ0x~e
0
x + ṙ0y~e

0
y + ṙ0z~e

0
z + r0x

~̇e0x + r0y
~̇e0y + rz ~̇e

0
z

= ~v0(t) + ~u(t)

ZKHUH ~v0 LV WKH YHORFLW\ RI WKH PDVVm LQ WKH DFFHOHUDWHG IUDPH DQG ~u(t) = !⇥ ~r0 LV WKH YHORFLW\
RI WKH IUDPH LWVHOI� 7KLV YHORFLW\ RULJLQV IURP WKH URWDWLRQ RI WKH IUDPH DURXQG LWV D[LV� 7R JHW
WKH DFFHOHUDWLRQ� ZH KDYH WR WDNH RQH PRUH WLPH GHULYDWLYH DQG JHW

~a = ~̇v = ~̇V +~̇v0 + ~! ⇥
~̇r0
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ZKHUH ZH DVVXPHG WKDW WKH DQJXODU YHORFLW\ ! LV FRQVWDQW� :LWK WKH VDPH DUJXPHQW DV DERYH ZH
ILQG WKDW ~̇ 0v = ~a0 + ~!⇥ ~v0� ,Q DGGLWLRQ ZH XVH ~̇ 0v = ~!⇥ ~v0 + ~!⇥ (~!⇥ ~r0) DQG ZH HQG XS ZLWK

~a = ~a0 + ~A+ 2~! ⇥ ~v0 + ~! ⇥ (~! ⇥ ~r0).

,Q WKH LQHUWLDO IUDPH⌃� 1HZWRQ·V ODZ KROGV VXFK WKDWm~a = ~F � 7KLV LV QRW WUXH LQ WKH DFFHOHUDWHG
IUDPH ⌃0� ZKHUH m~a0 = ~F + ~Ff ZLWK ~Ff EHLQJ WKH VXP RI DOO ILFWLWLRXV IRUFHV� 6ROYLQJ IRU ~a0
ZH JHW

~a0 = ~a� ~A� 2~! ⇥ ~v0 � ~! ⇥ (~! ⇥ ~r0).

:LWK WKLV UHVXOW WKH FDOFXODWLRQ LV GRQH DQG ZH FDQ LQWHUSUHW WKH UHVXOW�

� ~a LV WKH DFFHOHUDWLRQ LQ WKH LQHUWLDO IUDPH DQG LV UHODWHG WR WKH WRWDO IRUFH YLD ~F = m~a�

� ~a0 LV WKH DFFHOHUDWLRQ PHDVXUHG LQ WKH DFFHOHUDWHG IUDPH� ,W GLIIHUV IURP ~a E\ WKH GLIIHUHQW
ILFWLWLRXV DFFHOHUDWLRQV�

� � ~A LV WKH OLQHDU DFFHOHUDWLRQ RI WKH IUDPH LWVHOI�

� �2~! ⇥ ~v0 LV WKH &RULROLV DFFHOHUDWLRQ�

� �~! ⇥ (~! ⇥ ~r0) LV WKH FHQWULSHWDO DFFHOHUDWLRQ�

:LWK WKLV ZH KDYH GHULYHG DOO WKH ILFWLWLRXV IRUFHV LQ YHFWRU IRUP� ⇤

��� 5LJLG %RGLHV

$ YHU\ LPSRUWDQW FRQFHSW LQ WKH FRQWH[W RI FLUFXODU PRWLRQ DUH ULJLG ERGLHV� $OWKRXJK
WKH\ FRQVLVW RI PDQ\ SRLQW�OLNH SDUWLFOHV� WKHLU IL[HG VKDSH DQG IL[HG PDVV GLVWULEXWLRQ
VLPSOLILHV WKH FRPSXWDWLRQV D ORW� $IWHU GHILQLQJ ULJLG ERGLHV ZH ZLOO GHILQH DQG FRPSXWH
XVHIXO TXDQWLWLHV VXFK DV WKH FHQWHU RI PDVV RU WKH PRPHQWXP RI LQHUWLD� ,Q WKH HQG ZH
ZLOO H[SODLQ KRZ WR GHVFULEH GLIIHUHQW D[HV RI URWDWLRQ��

����� 'HILQLWLRQ DQG %DVLF 3URSHUWLHV

$V WKH QDPH DOUHDG\ VD\V� D ULJLG ERG\ LV D ERG\ ZKRVH IRUP GRHV QRW FKDQJH� 0RUH
SUHFLVHO\�

$ ULJLG ERG\ FRQVLVWV RI PDQ\ SRLQW�OLNH SDUWLFOHV ZKRVH GLVWDQFH LV FRQVWDQW�
7KH GLVWDQFH LV HYHQ FRQVWDQW LI H[WHUQDO IRUFHV DFW RQ WKH ERG\� ,W WKHUHIRUH
NHHSV LWV VKDSH DQG PDVV GLVWULEXWLRQ�

���



���� 5,*,' %2',(6

2QFH DJDLQ WKLV LV RQO\ D PRGHO� LQ QDWXUH QR ERG\ H[LVWV WKDW GRHV QRW VOLJKWO\ GHIRUP
ZKHQ DSSO\LQJ D IRUFH� 7KLV PRGHO LV WKHUHIRUH RQO\ YDOLG LI WKH GHIRUPDWLRQ LV QHJOLJLEOH
FRPSDUHG WR RWKHU HIIHFWV� )RU H[DPSOH WKH WUDMHFWRU\ RI D IRRWEDOO FDQ EH ZHOO GHVFULEHG
E\ IRRWEDOO EHLQJ D ULJLG ERG\� 1HYHUWKHOHVV ZKHQ WKH IRRWEDOO JHWV NLFNHG RU KLWV WKH
JURXQG� LW LV GHIRUPHG DQG WKHQ WKLV PRGHO LV QRW YDOLG DQ\PRUH�
7KH DGYDQWDJH RI GHDOLQJ ZLWK ULJLG ERGLHV OLHV LQ WKHLU ULJLGLW\ PHDQLQJ LW UHGXFHV WKH
DPRXQW RI YDULDEOHV WKDW QHHG WR EH FRQVLGHUHG ZKHQ GHVFULELQJ LWV PRWLRQ� 7KH SRVLWLRQ
RI WKUHH SRLQW�OLNH SDUWLFOHV �EHLQJ SDUW RI WKDW ERG\� VXIILFHV WR GHVFULEH WKH SRVLWLRQ
RI DOO RWKHU FRQVWLWXHQWV�� ,QVWHDG RI GHVFULELQJ WKH ULJLG ERG\ E\ WKH SRVLWLRQ RI WKUHH
FRQVWLWXHQWV� LW LV XVXDOO\ HDVLHU WR GHVFULEH LWV SRVLWLRQ DQG LWV RULHQWDWLRQ� 6R DW ZKLFK
SRVLWLRQ LW LV DQG LQ ZKDW GLUHFWLRQ LW LV URWDWHG�
,Q PRVW FDVHV WKHUH LV DQRWKHU YHU\ XVHIXO DSSUR[LPDWLRQ GRQH� &RQVLGHULQJ WKH DWRPV
DV SRLQW�OLNH FRQVWLWXHQWV RI D ULJLG ERG\� WKHLU QXPEHU LV XVXDOO\ YHU\ ELJ �LQ WKH RUGHU
RI 1023� DQG WKHLU LQWHU DWRPLF GLVWDQFH PXFK VPDOOHU WKDQ WKH VL]H RI WKH ERG\� ,QVWHDG
RI WUHDWLQJ WKH DWRPV DV SRLQW�OLNH SDUWLFOHV ZLWK PDVV m ZH FRQVLGHU D WKHP WR EH FRQ�
WLQXRXVO\ GLVWULEXWHG LQ WKH ERG\ XVLQJ WKHLU GHQVLW\ ⇢ = mn ZKHUH n LV WKH QXPEHU RI
DWRPV SHU YROXPH LQ WKH ERG\� 7KLV DOORZV WR UHZULWH FXPEHUVRPH VXPV E\ FRPSXWDEOH
LQWHJUDOV�

����� &HQWHU RI 0DVV

$V DOUHDG\ PHQWLRQHG LQ WKH ODVW VHFWLRQ� WKH NLQHPDWLFV RI D ULJLG ERG\ LV FRPSOHWHO\
GHVFULEHG E\ LWV SRVLWLRQ DQG LWV RULHQWDWLRQ� 7KHUH LV RQH SDUWLFXODUO\ LQWHUHVWLQJ SRLQW RI
WKH ERG\� WKH FHQWHU RI PDVV�
:H DOUHDG\ HQFRXQWHUHG WKH FHQWHU RI PDVV LQ VHFWLRQ ������ %HIRUH ZH GHILQH LW IRU WKH
ULJLG ERG\� ZH ZDQW WR YLHZ LW IURP D GLIIHUHQW SHUVSHFWLYH� $VVXPH ZH KDYH D V\VWHPZLWK
N SRLQW�OLNH SDUWLFOHV ZKHUH QR H[WHUQDO IRUFH LV DFWLQJ�� 7KHUHIRUH WKH WRWDO PRPHQWXP

~P =
NX

i=1

~pi =
NX

i=1

mi~vi

LV FRQVHUYHG� ZKHUH mi LV WKH FRQVWDQW PDVV RI WKH iWK SDUWLFOH DQG ~vi LWV YHORFLW\� 6LQFH
WKH YHORFLW\ LV WKH WHPSRUDO GHULYDWLYH RI WKH SRVLWLRQ DQG WKH PDVV RI HDFK SDUWLFOH LV

�.QRZLQJ WKH SRVLWLRQ RI � SDUWLFOHV GRHV QRW VXIILFH DV WKH WKLUG RQH FRXOG VWLOO URWDWH DURXQG WKH D[LV
JLYHQ WURXJK WKH RWKHU � SDUWLFOHV�

�0D\EH WKH SDUWLFOHV LQWHUDFW ZLWK LQWHUQDO IRUFHV EXW WKH\ DQ\ZD\ FDQFHO HDFK RWKHU� VHH VHFWLRQ �����
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DVVXPHG WR EH FRQVWDQW� ZH FDQ WDNH WKH WLPH GHULYDWLYH LQ IURQW RI WKH VXP

~P =
NX

i=1

mi
G~ri
Gt

=
G
Gt

NX

i=1

mi~ri =
G
Gt

~RCM �����

ZKHUH 7M LV WKH WRWDO PDVV� 7KH ODVW VXP LV QRWKLQJ EXW WKH FHQWHU RI PDVV RI WKH V\VWHP
WLPHV WKH WRWDO PDVV�FRPSDUH DOVR ZLWK ������� 6LQFH ~P LV FRQVWDQW� HTXDWLRQ ��� WHOOV XV�
WKDW WKH FHQWHU RI PDVV UHPDLQV FRQVWDQW RU PRYHV ZLWK D FRQVWDQW VSHHG �RWKHUZLVH WKH
GHULYDWLYH FRXOG QRW EH ]HUR�� 7KLV VKRZV DJDLQ WKH HTXLYDOHQFH EHWZHHQ 1HZWRQ·V ILUVW
ODZ� WKH FRQVHUYDWLRQ RI PRPHQWXP DQG WKH FRQVWDQW VSHHG RI WKH FHQWHU RI PDVV� $OO
WKHVH ODZV FDQ EH GHULYHG IURP HDFK RWKHU DQG KHQFH KDYH WKH VDPH SK\VLFDO PHDQLQJ�
:H QRZ IDFH WKH ULJLG ERG\ DV PDQ\ SRLQW�OLNH SDUWLFOH V\VWHP� 7KH IRUPXODV WKDW IROORZ
PLJKW ORRN GLIILFXOW RU XJO\ EXW WKHUH LV QR QHHG IRU \RX WR EH DEOH WR SHUIRUP DEVWUDFW
FRPSXWDWLRQV ZLWK WKLV IRUPXODV� <RX VKRXOG UDWKHU JHW WKH FRQFHSW DQG EH DEOH WR DSSO\
LW WR VLPSOH FDVHV VXFK DV WKH RQHV LQ WKH H[HUFLVHV� :H VWDUW ZLWK WKH IRUPXOD XVHG
DERYH DQG HQXPHUDWH WKH SDUWLFOHV �H�J� DWRPV� RI WKH ULJLG ERG\ DJDLQ E\ WKH LQGH[ i DQG
FRPSXWH WKH FHQWHU RI PDVV

~RC =

P
imi~riP
imi

.

7KLV LV LQ JHQHUDO YHU\ FRPSOLFDWHG WR FRPSXWH DQG ZH SDVV RQ WR WKH FRQWLQXHV GHVFULS�
WLRQ RI D ULJLG ERG\� :H VSOLW WKH ZKROH ERG\ LQWR VPDOO SLHFHV� 7KH SLHFH O\LQJ DW WKH
SRVLWLRQ ~r VKDOO KDYH WKH YROXPH GV (~r)� 7KH PDVV Gm(~r) RI VXFK D SLHFH LV WKHQ JLYHQ
DV

Gm(~r) = ⇢(~r)GV (~r)

ZKHUH ⇢(~r) LV WKH GHQVLW\ �PDVV SHU YROXPH� DW WKDW SRVLWLRQ ~r� 5HSODFLQJ WKH VXP E\ DQ
LQWHJUDO ZH DUULYH DW

~RC =

´
V ~rGm(~r)´
V Gm(~r)

=

´
V ~r⇢(~r)GV (~r)´

V ⇢GV (~r)

ZKHUH WKH VXEVFULSW V GHQRWHV WKH VXPPDWLRQ�LQWHJUDWLRQ RYHU WKH ZKROH YROXPH RI WKH
ERG\�
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)RU V\PPHWULF� KRPRJHQHRXV ERGLHV� WKH FHQWHU RI PDVV OLHV LQ WKH V\PPHWU\ SRLQW RI
WKDW ERG\� ([DPSOHV DUH WKH KRPRJHQHRXV VSKHUH� ZKHUH WKH FHQWHU RI PDVV LQGHHG LV WKH
FHQWHU RI WKH VSKHUH RU VLPLODUO\ D FXEH RU D F\OLQGHU� )RU ERGLHV ZLWK URWDWLRQDO V\PPHWU\�
WKHUH LV D XVHIXO WULFN WR FRPSXWH WKH FHQWHU RI PDVV E\ UHGXFLQJ WKH WKUHH GLPHQVLRQDO
LQWHJUDO WR D RQH GLPHQVLRQDO� :H VSOLW WKH ERG\ LQ VPDOO GLVFV DORQJ WKH D[LV� (DFK GLVN
DW WKH SRVLWLRQ h KDV D WKLFNQHVV Gh� 7KH UDGLXV r(h) RI VXFK D GLVF LV D IXQFWLRQ RI
LWV SRVLWLRQ h� $VVXPLQJ D FRQVWDQW GHQVLW\ ⇢ RI RXU ERG\� WKH PDVV RI VXFK D GLVF LV
Gm = ⇡⇢r(h)2Gh� 6LQFH WKH ERG\ LV URWDWLRQ V\PPHWULF� WKH FHQWHU RI PDVV FHUWDLQO\ OLHV
RQ WKH V\PPHWU\ D[LV� :H REWDLQ WKH GLVWDQFH hC RI WKH FHQWHU RI PDVV IURP WKH RULJLQ
E\ VXPPLQJ�LQWHJUDWLQJ WKH FRQWULEXWLRQ RI DOO WKHVH GLVFV DQG DUULYH DW

hC =
1

M

h2ˆ

h1

hdm =
1

M
⇡⇢

h2ˆ

h1

r(h)2hGh �����

ZKHUH h1 DQG h2 GHQRWH WKH VWDUW DQG HQGSRLQW RI WKH ERG\ DORQJ WKH V\PPHWU\ D[LV�
/HW·V KDYH D ORRN DW DQ H[DPSOH� :H FRPSXWH WKH FHQWHU RI PDVV RI D FRQH� VHH ILJXUH ����
:H VHW WKH RULJLQ RQ WKH V\PPHWU\ D[LV DW WKH WRS RI WKH FRQH� 7KH UDGLXV RI WKH FRQH DW
KHLJKW h LV

r(h) =
R

H
h.

ZKHUHH LV WKH WRWDO KHLJKW RI WKH FRQH�
,QVHUWLQJ WKLV LQ HTXDWLRQ ��� ZH JHW WKH GLVWDQFH RI WKH FHQWHU RI PDVV IURP WKH WRS E\

hC =
1

M
⇡⇢

h2ˆ

h1

r(h)2hGh

=
1

M
⇡⇢

Ĥ

0

✓
R

H
h

◆2

hGh

=
1

M
⇡⇢

R2

H2

Ĥ

0

h3Gh

=
1

M
⇡⇢

R2

H2

1

4
H4

=
1

M

3

4
MH =

3

4
H
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H

R

O

hC

)LJXUH ���� $ FRQH ZLWK KHLJKW H DQG PD[LPDO UDGLXV R�

ZKHUH ZH XVHG WKH WRWDO PDVV EHLQJM = ⇢1
3⇡R

2H � )RU H[DPSOH IRU H = 12 FP� WKH
GLVWDQFH IURP WKH WRS WR WKH FHQWHU RI PDVV LV 9 FP�

����� 0RPHQWXP RI ,QHUWLD

)RU WUDQVODWLRQV� WKH PDVV LV WKH UDWLR EHWZHHQ WKH DFFHOHUDWLRQ DQG WKH IRUFHm = F/a�
6LPLODUO\ ZH FDQ GHILQH D TXDQWLW\ IRU URWDWLRQV GHVFULELQJ WKH UDWLR EHWZHHQ WKH WRUTXH
DQG WKH DQJXODU DFFHOHUDWLRQ� 7KLV UDWLR LV FDOOHG PRPHQWXP RI LQHUWLD DQG ZH KDYH DOUHDG\
HQFRXQWHUHG LW TXLFNO\ LQ FKDSWHU ������ $IWHU KDYLQJ DOUHDG\ ZDUPHG XS E\ FDOFXODWLQJ RI
WKH FHQWHU RI PDVV� ZH FRQWLQXH ZLWK WKH GHILQLWLRQ DQG FRPSXWDWLRQ RI WKH PRPHQWXP
RI LQHUWLD DQG IRFXV RQ WKH SK\VLFDO EDFNJURXQG ODWHU �L�H� WKH WRUTXH LQ FKDSWHU ��� RU
URWDWLRQ HQHUJ\ LQ FKDSWHU ������� 7R JLYH D OLWWOH ELW RI FRQWH[W� UHPHPEHU WKDW WKH YHORFLW\
RI D VPDOO SLHFH RI WKH ULJLG ERG\ LV v = r! ZKHUH r LV WKH GLVWDQFH IURP WKH URWDWLRQ
D[LV� 7R FRPSXWH WKH NLQHWLF HQHUJ\� ZH KDYH WR VTXDUH WKLV YHORFLW\� OHDGLQJ WR D IDFWRU RI
r2� $V WKH DQJXODU YHORFLW\ LV FRQVWDQW IRU WKH HQWLUH ULJLG ERG\� WKH ZKROH FRPSXWDWLRQ
GLIILFXOW\ UHPDLQV LQ WKH r2 IDFWRU�
7KH PRPHQWXP RI LQHUWLD I LV GHILQHG DV WKH LQWHJUDO RI WKH VTXDUH RI WKH GLVWDQFH RU
IRUPDOO\�

I = ⇢

ˆ
V
r2?GV

ZKHUH ZH LQVHUWHG WKH VXEVFULSW LQ r? WR UHPHPEHU WKDW RQO\ WKH GLVWDQFH IURP WKH UR�
WDWLRQ D[LV FRXQWV DQG QRW WKH GLVWDQFH IURP WKH RULJLQ� 2QFH DJDLQ� WKLV IRUPXOD ORRNV
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FRPSOLFDWHG EXW WKHUH LV QR QHHG WR EHLQJ DEOH WR FRPSXWH LW IRU D ERG\ ZLWK D ZLUHG VKDSH�
&RPSDULQJ ZLWK WKH FHQWHU RI PDVV� ZH KDG WR LQWHJUDWH WKH GLVWDQFH ~r IURP D VPDOO YRO�
XPH HOHPHQW GV RYHU WKH ZKROH YROXPH� 1RZ ZH LQWHJUDWH WKH GLVWDQFH VTXDUHG r2?�
1RWH RQH LPSRUWDQW GLIIHUHQFH WR WKH FHQWHU RI PDVV� :H DOZD\V FDQ FKRRVH D FRRUGLQDWH
IUDPH VXFK WKDW WKH FHQWHU RI PDVV LV DW WKH RULJLQ� PHDQLQJ WKH FHQWHU RI PDVV FDQ EH
]HUR� 6LQFH WKHUH LV D VTXDUH LQ WKH PRPHQWXP RI LQHUWLD� LW ZLOO DOZD\V EH ODUJHU WKDQ ]HUR
DQG ]HUR RQO\ LII r? = 0 KHQFH LI WKH ERG\ LV QRW H[WHQGHG SHUSHQGLFXODU WR WKH URWDWLRQ
D[LV� L�H� DQ LQILQLWHO\ WKLQ URG URWDWLQJ DURXQG LWV D[LV� ,Q DGGLWLRQ LW LV LPSRUWDQW WKDW WKH
PRPHQWXP RI LQHUWLD GHSHQGV RQ WKH URWDWLRQ D[LV EHFDXVH r? GHSHQGV RQ WKH FKRLFH RI
WKH URWDWLRQ D[LV��
7KH HDVLHVW QRQ�WULYLDO ERG\ WR FRPSXWH WKH PRPHQWXP RI LQHUWLD LV D WKLQ ULQJ� &RQVLGHU
D ULQJ ZLWK UDGLXV R DQG D QHJOLJLEOH WKLFNQHVV DQG URWDWLRQ D[LV WKURXJK WKH URWDWLRQ
V\PPHWU\ D[LV� $V WKH WKLFNQHVV LV QHJOLJLEOH� HDFK SLHFH RI PDVV KDV WKH VDPH GLVWDQFH
r? = R WR WKH URWDWLRQ D[LV DQG ZH FDQ WDNH LW RXW RI WKH LQWHJUDO DQG XVLQJ Gm = ⇢GV �
ZH REWDLQ

I = ⇢

ˆ
V
r2?GV = R2

ˆ
V
Gm = R2M �����

ZKHUHM LV WKH WRWDO PDVV RI WKH ULQJ�
7R FRPSXWH WKH PRPHQWXP RI LQHUWLD IRU URWDWLRQ V\PPHWULF ERGLHV� ZH ZLOO DJDLQ GLYLGH
WKHP LQ VPDOO GLVNV� 6R ZH ILUVW QHHG WR NQRZ WKH PRPHQWXP RI LQHUWLD RI D GLVF �VDPH
DV F\OLQGHU�� &RQVLGHU D GLVF ZLWK KHLJKW H DQG UDGLXV R ZLWK URWDWLRQ D[LV WKURXJK WKH
URWDWLRQ FHQWHU RI WKH F\OLQGHU� VHH ILJXUH ��� OHIW� )LUVW ZH QRWH WKDW WKH PRPHQWXP RI
LQHUWLD LV SURSRUWLRQDO WR WKH KHLJKW� 'RXEOLQJ WKH OHQJWK RI WKH GLVF FRUUHVSRQGV WR WKH
FDVH ZKHUH ZH VWLFN WZR GLVFV WRJHWKHU DORQJ WKH V\PPHWU\ D[LV� 7KLV OHDGV WR D GRXEOLQJ
RI WKH PRPHQWXP RI LQHUWLD� +HQFH� ZH FDQ VHSHUDWH WKH LQWHJUDO LQWR WKH LQWHJUDO DORQJ
WKH KHLJKW h DQG WKH DUHD SHUSHQGLFXODU WR LW GV = Gh·GA� 7KH DUHD LWVHOI LV VSOLW LQWR WKLQ
ULQJV ZLWK UDGLXV Gr� VHH ILJXUH ��� ULJKW� $V ZH NQRZ KRZ WR FRPSXWH WKH PRPHQWXP
RI LQHUWLD RI D ULQJ� ZH GR D VLPLODU WULFN DV EHIRUH ZLWK WKH GLVFV� (DFK ULQJ ZLWK UDGLXV r
KDV D YROXPH DQG D FRUUHVSRQGLQJ PRPHQWXP RI LQHUWLD DFFRUGLQJ WR ���

GV = H2⇡rGr

GI = r2⇢GV.

�)RU D YHU\ JHQHUDO GHVFULSWLRQ� RQH ZRXOG QHHG WR GHVFULEH WKH PRPHQWXP RI LQHUWLD E\ D WHQVRU� L�H�
D 3x3 PDWUL[� 1HYHUWKHOHVV ORRNLQJ DW D SDUWLFXODU URWDWLRQ D[LV DQG FRQVLGHULQJ D V\PPHWULF ERG\ URWDWLQJ
SDUDOOHO WR RQH RI LWV V\PPHWU\ D[LV� LW LV VXIILFLHQW WR FRPSXWH WKH PRPHQWXP RI LQHUWLD DV QXPEHU�
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R

H

Gr

)LJXUH ���� /HIW� 2YHUYLHZ RYHU WKH F\OLQGHU� 5LJKW� 7RS YLHZ� RQH OLWWOH ULQJ�

7KH WRWDO PRPHQWXP RI LQHUWLD LV WKHUHIRUH

I =

ˆ
GI = ⇢

ˆ
V
r?GV = ⇢H2⇡

R̂

0

r2 · rGr

= 2⇡⇢H
1

4
R4 =

1

2
R2M

ZKHUH ZH XVHG DJDLQM = ⇢H⇡R2 DQG WKDW ZH GHILQHG r SHUSHQGLFXODU WR WKH URWDWLRQ
D[LV� VR r? = r� 7KLV UHVXOW LV ZRUWK NHHSLQJ LQ PLQG DV ZH ZLOO EH RIWHQ XVHG�

([DPSOH�
8VLQJ WKH PRPHQWXP RI LQHUWLD IRU D GLVF� ZH FDQ QRZ FRPSXWH LW IRU D VSKHUH�
&RQVLGHU D VSKHUH ZLWK UDGLXV R DQG DVVXPH WKH URWDWLRQ DQJOH JRLQJ WKURXJK WKH
FHQWHU DQG WKH RULJLQ O\LQJ LQ WKH FHQWHU� :H VOLFH WKH VSKHUH LQWR WKLQ GLVFV DORQJ WKH
URWDWLRQ D[LV� /HW h GHQRWH WKH GLVWDQFH RI VXFK D GLVF IURP WKH RULJLQ� 7KH UDGLXV
RI WKLV GLVF LV JLYHQ E\ r(h) =

p
R2 � h2 DQG KHQFH LWV PRPHQWXP RI LQHUWLD LV

GI = 1/2⇡⇢r(h)4Gh� 6XPPLQJ XS WKH PRPHQWXP RI LQHUWLD RI DOO WKHVH GLVFV� ZH
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DUULYH DW WKH WRWDO PRPHQWXP RI LQHUWLD

I =

ˆ
GI =

R̂

�R

1

2
⇡⇢r(h)4Gh

=
⇡

2
⇢

R̂

�R

(R2
� h2)2Gh

=
⇡

2
⇢

R̂

�R

R4
� 2R2h2 + h4Gh

=
⇡

2
⇢

✓
2R5

�
4

3
R5 +

2

5
R5

◆

=
⇡

2
⇢
16

15
R5 =

2

5
R2

✓
⇡
4

3
⇢R3

◆
=

2

5
R2M

ZKHUHM LV DJDLQ WKH WRWDO PDVV�
6LPLODUO\ WKH PRPHQWXP RI LQHUWLD RI DQRWKHU URWDWLRQ V\PPHWULF ERG\ FDQ EH FRP�
SXWHG�

����� 3DUDOOHO $[LV 7KHRUHP �6WHLQHU·V 7KHRUHP�

:H KDYH VHHQ KRZ ZH FDQ FDOFXODWH WKH FHQWHU RI PDVV DQG WKH PRPHQWXP RI LQHUWLD
DQG KDYH GRQH WKLV DOVR IRU GLIIHUHQW ERGLHV� 7KH TXHVWLRQ DULVHV� KRZ WKHVH TXDQWLWLHV
WUDQVIRUP ZKHQ FKDQJLQJ WKH URWDWLRQ D[LV� ,Q SDUWLFXODU ZH DUH LQWHUHVWHG LQ WKH FDVH
ZKHUH ZH VKLIW WKH URWDWLRQ D[LV�� L�H� WKH D[LV EHIRUH DQG DIWHU WKH VKLIW DUH SDUDOOHO WR HDFK
RWKHU�

)RU WKH FHQWHU RI PDVV� WKH DQVZHU LV SUHWW\ VLPSOH� $VVXPH ZH PRYH WKH FRRUGLQDWH
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V\VWHP E\ D YHFWRU ~T � 7KHQ WKH QHZ FHQWHU RI PDVV LV

~R0
C =

´
V (~r +

~T )Gm(~r)´
V Gm(~r)

=

´
V ~rGm(~r)´
V Gm(~r)

+

´
V (~r +

~T )Gm(~r)´
V Gm(~r)

=

´
V ~rGm(~r)´
V Gm(~r)

+ ~T

´
V Gm(~r)´
V Gm(~r)

= ~RC + ~T

ZKHUH ~RC LV WKH FHQWHU RI PDVV EHIRUH WKH VKLIW� :H ILQG WKDW WKH FHQWHU RI PDVV LV VLPSO\
VKLIWHG E\ ~T �

6KLIWLQJ WKH D[LV LV PRUH FRPSOLFDWHG LQ FDVH RI WKH PRPHQWXP RI LQHUWLD EHFDXVH WKH
UDGLXV LV VTXDUHG LQ WKH LQWHJUDO� 7R HIILFLHQWO\ SURFHHG DQG ILQG D XVHIXO IRUPXOD ZH KDYH
WR DVVXPH WKDW WKH URWDWLRQ D[LV EHIRUH WKH VKLIW JRHV WKURXJK WKH FHQWHU RI PDVV� )RU WKLV
FDVH� ZH GHQRWH WKH PRPHQWXP RI LQHUWLD E\ I � 7KH QHZ D[LV LV VKLIWHG E\ D GLVWDQFH d�
VHH ILJXUH ���� DQG LWV PRPHQWXP RI LQHUWLD LV GHQRWHG E\ I 0� ,QVHUWLQJ WKH GHILQLWLRQ ZH

d

)LJXUH ���� 7ZR D[LV� RQH JRLQJ WKURXJK WKH FHQWHU RI PDVV� WKH RWKHU EHLQJ SDUDOOHO WR
WKH ILUVW RQH�
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JHW

I 0 = ⇢

ˆ
V
(r? + d)2GV

= ⇢

ˆ
V
(r2? + 2r?d+ d2)GV

= I + d2⇢

ˆ
V
GV

= I + d2M

ZKHUH WKH WHUP FRQWDLQLQJ 2r?d GURSV EHFDXVH WKH D[LV SDVVHV WKURXJK WKH FHQWHU RI
PDVV�� 7KH GHULYHG IRUPXOD LV FDOOHG WKH SDUDOOHO D[LV WKHRUHP DQG LW LV YHU\ XVHIXO �VHH
H[DPSOH EHORZ��
7KHUH LV RQH LPSRUWDQW WKLQJ WR PHQWLRQ ZKLFK JHWV RIWHQ IRUJRWWHQ� :H FDQ RQO\ DSSO\
WKLV IRUPXOD LI RQH RI WKH D[LV SDVVHV WKURXJK WKH FHQWHU RI PDVV� ,I WKLV LV QRW WKH FDVH�
ZH KDYH WR DSSO\ WKLV IRUPXOD WR FRPSXWH WKH PRPHQWXP RI LQHUWLD IRU WKH D[LV SDVVLQJ
WKURXJK WKH FHQWHU RI PDVV DQG IURP WKLV ZH FDQ FRQWLQXH WKH FRPSXWDWLRQ�

([DPSOH�
,Q WKH ODVW VHFWLRQ� ZH GHULYHG WKH PRPHQWXP RI LQHUWLD RI D VSKHUH� ,Q FDVH WKH
VSKHUH UROOV RQ D SODQH� WKH URWDWLRQ D[LV LV WKH FRQWDFW SRLQW RI WKH VSKHUH RQ WKH
SODQH DQG QRW WKH PLGGOH SRLQW �QRWH� 1RWH WKDW WKLV D[LV LV QRW FRQVWDQW LQ WLPH� DV
WKH FRQWDFW SRLQW PRYHV ZKHQ WKH VSKHUH LV UROOLQJ��� 7KHUHIRUH WKH PRPHQWXP RI
LQHUWLD RI WKH VSKHUH UROOLQJ RQ WKH SODQH LV

I =
2

5
R2M +R2M =

7

5
R2M.

7KDQNV WR WKH 3DUDOOHO $[LV 7KHRUHP� ZH FRXOG MXVW GR WKLV VLPSOH DGGLWLRQ DQG DYRLG
DQ\ LQWHJUDWLRQ�

�6LQFH r? LV QRW VTXDUHG DQ\PRUH� ZH KDYH WR LQFOXGH µRQ ZKLFK VLGHµ r? OLHV� L�H� WKLV WHUP LV QRWKLQJ
EXW WKH FRPSXWDWLRQ RI WKH GLVWDQFH RI WKH FHQWHU RI PDVV IURP WKH D[LV� 6LQFH WKH D[LV SDVVHV WKURXJK WKH
FHQWHU RI PDVV� WKLV GLVWDQFH LV ]HUR�
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��� '\QDPLFV RI 5RWDWLRQ

,Q D V\VWHP FRQVLVWLQJ RIN SRLQW�OLNH SDUWLFOHV� HDFK SDUWLFOH KDV WKUHH GHJUHHV RI IUHHGRP�
7KH G\QDPLFV RI HDFK SRLQW�OLNH SDUWLFOH FDQ EH GHVFULEHG E\ 1HZWRQ·V ODZV� NQRZLQJ WKH
G\QDPLFV RI HDFK SDUWLFOH GHWHUPLQHV DOVR WKH G\QDPLFV RI WKH ZKROH V\VWHP� 7KH SUREOHP
LV DJDLQ WKH LPSRVVLELOLW\ RI VROYLQJ VXFK D SUREOHP DV WKH QXPEHU RI HTXDWLRQV LV 3N �
$V GHVFULEHG DERYH� WKH GHVFULSWLRQ VLPSOLILHV LQ FDVH RI D ULJLG ERG\� $ ULJLG ERG\ KDV 6
GHJUHHV RI IUHHGRP� WKH WUDQVODWLRQV LQ DOO WKUHH VSDWLDO GLUHFWLRQV DQG URWDWLRQV DURXQG DOO
WKUHH D[LV� $V GLVFXVVHG LQ WKH FKDSWHU DERXW WKH FHQWHU RI PDVV �VHH FKDSWHU ������� WKH
PRWLRQ RI WKH FHQWHU RI PDVV FDQ EH GHVFULEHG E\ 1HZWRQ·V ODZV� 7KHUHIRUH ZH NQRZ
KRZ WR GHVFULEH WKH WUDQVODWLRQDO PRWLRQ� ,Q WKLV VHFWLRQ ZH KDYH D ORRN DW WKH URWDWLRQDO
PRWLRQ� )RU WKLV ZH LQWURGXFH WKH WRUTXH� WKH DQJXODU PRPHQWXP DQG WKH URWDWLRQDO
HQHUJ\� $IWHU LQWURGXFLQJ WKHVH TXDQWLWLHV� ZH GHVFULEH WKH JHQHUDO PRWLRQ RI D ULJLG
ERG\ ZKLFK LV D VXSHUSRVLWLRQ RI WUDQVODWLRQ DQG URWDWLRQ� 8VLQJ WKHVH H[SUHVVLRQV DQG
WKH PRPHQWXP RI LQHUWLD� ZH ILQG D YHU\ VLPLODU VHW RI HTXDWLRQV DV IRU WKH WUDQVODWLRQDO
PRWLRQ ZKLFK ZH ZLOO VXPPDUL]H LQ WKH HQG RI WKLV FKDSWHU�

����� 7RUTXH

7R FKDQJH WKH YHORFLW\ RI DQ\ PDVV� ZH QHHG WR DSSO\ D IRUFH� 7KH VDPH FRQFHSW DOVR
H[LVWV IRU URWDWLRQDO PRWLRQ DQG LW LV FDOOHG WRUTXH� 1DPHO\� WR FKDQJH WKH DQJXODU YHORFLW\
RI D ULJLG ERG\� ZH QHHG WR DSSO\ D WRUTXH� 7R PRWLYDWH WKH IRUPXOD� FRQVLGHU WZR GLVFV
ZLWK GLIIHUHQW GLDPHWHUV� $URXQG HDFK GLVF� D VWULQJ LV ZRXQG DQG DW WKH HQG RI HDFK
VWULQJ D FRQVWDQW IRUFH LV DSSOLHG� VHH ILJXUH ����

r1
r2

F F

)LJXUH ���� 7ZR GLVFV ZLWK GLIIHUHQW GLDPHWHUV r1 DQG r2� $URXQG HDFK GLVF D VWULQJ ZLWK
D PDVV DW RQH HQG LV ZRXQG�
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7KH ZRUN QHHGHG SHU URWDWLRQ RI HDFK GLVN LV JLYHQ E\ WKH IRUFH WLPHV WKH SDWK OHQJWK
W = F2⇡r� $OWKRXJK WKH IRUFH LV FRQVWDQW� WKH ZRUN LV GLIIHUHQW EHFDXVH RI WKH GLIIHUHQW
SDWK OHQJWK�� 7KHUHIRUH WKH ZRUN VFDOHV ZLWK WKH UDGLXV RI WKH GLVF� +HQFH LW ZLOO EH
FRQYHQLHQW WR LQWURGXFH D QHZ TXDQWLW\ UHODWHG WR WKH ZRUN ZKLFK WDNHV LQWR DFFRXQW WKH
UDGLXV�
7KLV TXDQWLW\ LV WKH WRUTXH� ,W LV EDVLFDOO\ GHILQHG DV WKH IRUFH WLPHV WKH GLVWDQFH EHWZHHQ
WKH URWDWLRQ D[LV DQG WKH SRVLWLRQ WKDW IRUFH DFWV� 7KHUH LV RQH WKLQJ ZH KDYH WR WDNH LQWR
DFFRXQW� RQO\ WKH IRUFH DFWLQJ SHUSHQGLFXODU WR WKDW GLVWDQFH ZLOO LQIOXHQFH WKH URWDWLRQ�
$ IRUFH SRLQWLQJ WRZDUGV WKH URWDWLRQ D[LV ZLOO RQO\ SXVK DJDLQVW WKDW D[LV EXW QRW FDXVH
DQ\ URWDWLRQ� 2QFH DJDLQ WKH YHFWRU SURGXFW LV YHU\ FRQYHQLHQW DV LW DOORZV WR UHVSHFW DOO
WKH SURSHUWLHV ZH GLVFXVVHG� 7KH WRUTXH LV GHILQHG DV

~M = ~r ⇥ ~F

| ~M | = rF?

ZKHUH ~r LV WKH YHFWRU SRLQWLQJ IURP WKH URWDWLRQ D[LV WR WKH SRLQW ZKHUH WKH IRUFH ~F DFWV�
r LV LWV DEVROXWH YDOXH DQG F? WKH FRPSRQHQW RI WKH IRUFH DFWLQJ SHUSHQGLFXODU WR ~r� ,Q
FDVH \RX GRQ·W UHPHPEHU ZKHWKHU WKH WRUTXH LV ~r ⇥ ~F RU ~F ⇥ ~r� WKHUH LV D WULFN WR ILQG
WKH SURSHU YHUVLRQ� 7DNH \RXU ULJKW KDQG DQG EHQG \RXU ILQJHUV VOLJKWO\ �DV LI \RX ZRXOG
KROG D FXS RI WHD� DQG KROG WKH WKXPE XS� :KHQ WKH WRUTXH SRLQWV LQ WKH GLUHFWLRQ RI WKH
WKXPE� WKH IRUFH KDV WR DFW LQ WKH GLUHFWLRQ RI DOO WKH RWKHU ILQJHUV�
1RWH WKDW WKH WRUTXH LV QRW RQO\ GHILQHG IRU D ULJLG ERG\� )RU H[DPSOH \RX FRXOG FRQVLGHU
WKH WRUTXH RI D V\VWHP ZLWK PDQ\ SRLQW�OLNH SDUWLFOHV ZKLFK GR QRW IRUP D ULJLG ERG\�
7KHQ ~ri EHLQJ WKH SRVLWLRQ RI WKH iWK SDUWLFOH DQG ~Fi WKH IRUFH DFWLQJ RQ LW� WKH WRUTXH
DFWLQJ RQ WKDW SDUWLFOH LV ~Mi = ~ri ⇥ ~Fi� 1HYHUWKHOHVV DW ULJLG ERGLHV� WKHUH DUH VRPH YHU\
XVHIXO UHODWLRQV WR RWKHU TXDQWLWLHV ZH HQFRXQWHUHG VR IDU� 7KH YHFWRULDO GHILQLWLRQ RI
WKH WRUTXH LV FRPSDWLEOH ZLWK WKH YHFWRULDO GHILQLWLRQ RI WKH DQJXODU YHORFLW\ DQG DQJXODU
DFFHOHUDWLRQ� ,Q FDVH RI D ULJLG ERG\� WKH DSSOLHG WRUTXH LV SURSRUWLRQDO WR WKH DQJXODU
DFFHOHUDWLRQ ~↵ DQG WKH SURSRUWLRQDOLW\ FRQVWDQW LV WKH PRPHQWXP RI LQHUWLD I

~M = I~↵.

3URRI� 7R VHH WKLV� FRQVLGHU D ULJLG ERG\ ZLWK PRPHQWXP RI LQHUWLD I DQG DVVXPH� WKHUH LV
RQH IRUFH ~F DFWLQJ DW RQH SRLQW ~r� $V LW LV D ULJLG ERG\� WKHUH DUH LQWHUQDO IRUFHV EHWZHHQ WKH
GLIIHUHQW SDUWV RI WKH ERG\ FDXVLQJ WKH HQWLUH ERG\ WR FKDQJH LWV DQJXODU YHORFLW\� )RU HDFK OLWWOH
SLHFH Gm(~r 0) ORFDWHG DW ~r 0� ZH FDQ DSSO\ 1HZWRQ·V ODZ G~F (~r 0) = Gm(~r 0)~a = Gm(~r 0)~r 0

⇥ ~↵�

�7KH SDWK OHQJWK SHU URWDWLRQ WKH FLUFXPIHUHQFH� KHQFH� 2⇡r1 6= 2⇡r2�

���
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+HQFH ~↵ LV FRQVWDQW IRU DOO WKHVH SLHFHV ZKHUHDV~a LV QRW� 7KH HTXDWLRQV VWLOO KROG� ZKHQ DSSO\LQJ
WKH YHFWRU SURGXFW ZLWK WKH SRVLWLRQ ~r 0�

GM(~r 0) = ~r 0
⇥ G~F (~r 0) = Gm(~r 0)~r 0

⇥ (~r 0
⇥ ~↵)

= Gm(~r 0)~r 0
⇥ (~r 0

? ⇥ ~↵)

= Gm(~r 0)~r 0
?
2
~↵

XVLQJ LQ WKH VHFRQG OLQH WKDW WKH YHFWRU SURGXFW GRHV QRW FKDQJH ZKHQ RQO\ FRQVLGHULQJ ~r 0
? WKH

SHUSHQGLFXODU FRPSRQHQW ZLWK UHVSHFW WR ~↵ DQG LQ WKH HQG ~a ⇥ (~b ⇥ ~c) = (~a · ~c)~b � (~a ·~b)~c
DQG ~r 0

? · ~r 0 = ~r 0
?
2� 7KH VXP RI DOO WKHVH DQJXODU PRPHQWD DFWLQJ DW WKH GLIIHUHQW SLHFH PXVW

EH HTXDO WR WKH DSSOLHG PRPHQWXP

~M = ~r ⇥ ~F =

ˆ
GM(~r 0) Gm

=

ˆ
~r 0
?
2
~↵Gm(~r 0)

= ~↵

ˆ
~r 0
?
2Gm(~r 0)

= I~↵.

⇤

:KHQ FRQVLGHULQJ WKH VWDEOH HTXLOLEULXP RI D ULJLG ERG\� ZH DOVR KDYH WR FRQVLGHU WKH
WRUTXH

$ ULJLG ERG\ LV LQ D VWDEOH HTXLOLEULXP RQO\ LI WKH WRWDO IRUFH DQG WKH WRWDO WRUTXH
DUH ]HUR� ,I WKH WRUTXH LV QRW ]HUR� WKH ERG\ VWDUWV URWDWLQJ DURXQG LWV FHQWHU RI
PDVV

����� $QJXODU 0RPHQWXP

)RU WUDQVODWLRQV ZH IRXQG WKDW WKH PRPHQWXP LV FRQVHUYHG LI QR IRUFH DFWV� 6LPLODUO\
ZH FDQ ILQG D FRQVHUYHG TXDQWLW\ IRU URWDWLRQV DV ORQJ DV QR WRUTXH LV DFWLQJ� 7KLV TXDQ�
WLW\ LV WKH DQJXODU PRPHQWXP DQG ZH FDQ GHULYH LWV FRQVHUYDWLRQ LQ D VLPLODU ZD\ DV IRU
PRPHQWXP�

���
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7KH DQJXODU PRPHQWXP RI D SRLQW�OLNH SDUWLFOH LV GHILQHG DV
~L = ~r ⇥ ~p

ZKHUH ~r LV WKH SRVLWLRQ DQG ~p WKH PRPHQWXP RI WKDW SDUWLFOH�
7DNLQJ WKH WLPH GHULYDWLYH RQ ERWK VLGHV� DQG XVLQJ ~vk~p DQG WKH SURGXFW UXOH
IRU GHULYDWLYHV DGDSWHG WR WKH YHFWRU SURGXFW� ZH DUULYH DW

G~L
Gt

=
G~r
Gt

⇥ ~p+ ~r ⇥
G~p
Gt

= ~r ⇥ ~F = ~M.

7KLV PHDQV WKH DQJXODU PRPHQWXP LV FKDQJHG ZKHQ D WRUTXH LV DSSOLHG�

)RU D V\VWHP RI N SDUWLFOHV� WKLV UHODWLRQ LV YDOLG ZKHQ FRQVLGHULQJ WKH WRWDO DQJXODU PR�
PHQWXP DQG WKH WRWDO IRUFH� 7KLV IROORZV GLUHFWO\ IURP WKH OLQHDULW\ RI WKH GHULYDWLYH��

G~LWRW
Gt

=

G
NP
i=1

~Li

Gt

=
NX

i=1

G~Li

Gt

=
NX

i=1

✓
G~ri
Gt

⇥ ~pi + ~ri ⇥
G~pi
Gt

◆

=
NX

i=1

~Mi = ~MWRW.

7KH FRPSXWDWLRQ RI WKH DQJXODU PRPHQWXP VLPSOLILHV DJDLQ IRU D ULJLG ERG\� 7KH GHULYD�
WLRQ LV VLPLODU DV LQ FDVH RI WKH WRUTXH �VHH ����

7KH DQJXODU PRPHQWXP ~L RI D ULJLG ERG\ LV
~L = I~!

ZKHUH I LV WKH PRPHQWXP RI LQHUWLD DQG ~! LV WKH DQJXODU YHORFLW\� $Q DSSOLHG
WRUTXH FKDQJHV WKH DQJXODU PRPHQWXP

G~L
Gt

= I
G~!
Gt

= I~↵ = ~M

�0HDQLQJ WKH VXP DQG IDFWRU UXOH�

���



� 0HFKDQLFV �

����� 5RWDWLRQDO (QHUJ\

2SSRVLWH WR WKH SUHYLRXVO\ LQWURGXFHG FRQFHSWV OLNH WRUTXH RU DQJXODU PRPHQWXP� WKH
URWDWLRQDO HQHUJ\ LV QRW D QHZ FRQFHSW� VHH VHFWLRQ ������ ,W LV FRQYHQLHQW WR LQWURGXFH WKH
URWDWLRQDO HQHUJ\ IRU D ULJLG ERG\ DV WKH GLVWLQFWLRQ RI WKH WUDQVODWLRQ RI WKH WKH FHQWHU RI
PDVV DQG WKH URWDWLRQ DURXQG WKH FHQWHU RI PDVV LV YHU\ LQWXLWLYH� ,Q FDVH WKH URWDWLRQ LV
QRW SHUIRUPHG DURXQG WKH FHQWHU RI PDVV� WKH SDUWLWLRQ LQWR �WUDQVODWLRQDO� NLQHWLF HQHUJ\
DQG URWDWLRQDO HQHUJ\ LV VRPHWLPHV D ELW DUELWUDU\� VHH DOVR WKH H[DPSOH DW WKH HQG RI WKLV
VHFWLRQ�
&RQVLGHU D ULJLG ERG\ URWDWLQJ URXQG DQ D[LV ZLWKRXW WUDQVODWLRQ� :H DJDLQ VSOLW WKH ERG\
LQWR VPDOO SLHFHV Gm(~r) ORFDWHG DW WKH SRVLWLRQ ~r� 7KH URWDWLRQ HQHUJ\ GEURW RI VXFK D
SLHFH LV

GEURW =
1

2
Gmv2

=
1

2
Gmr2?!

2

ZKHUH r? LV WKH GLVWDQFH RI G(~r) IURP WKH D[LV� ,QWHJUDWLQJ RYHU DOO WKHVH VPDOO FRQWULEX�
WLRQV WR WKH URWDWLRQDO HQHUJ\� DQG XVLQJ ! EHLQJ FRQVWDQW� ZH DUULYH DW

EURW =

ˆ
V
GEURW

=

ˆ
V

1

2
r2?!

2Gm

=
1

2
!2
ˆ
V
r2?Gm =

1

2
I!2.

,Q FORVH DQDORJ\ WR WKH WUDQVODWLRQDO NLQHWLF HQHUJ\ ZH IRXQG

7KH URWDWLRQDO HQHUJ\ RI D ULJLG ERG\ ZLWK PRPHQWXP RI LQHUWLD I DQG DQJXODU
YHORFLW\ ! LV

EURW =
1

2
I!2

,W LV PLQLPDO ZKHQ WKH URWDWLRQ D[LV SDVVHV WKURXJK WKH FHQWHU RI PDVV DV I LV
PLQLPDO �VHH VHFWLRQ �������

$V GLVFXVVHG LQ WKH VHFWLRQ DERXW WKH PRPHQWXP RI LQHUWLD �VHH VHFWLRQ ������� WKH PR�
PHQWXP RI LQHUWLD GHSHQGV RQ WKH URWDWLRQDO D[LV� ,Q JHQHUDO LW LV SRVVLEOH WR FKDQJH WKH

���
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URWDWLRQ D[LV E\ LQWURGXFLQJ DQ DGGLWLRQDO WUDQVODWLRQDO PRWLRQ� :H LOOXVWUDWH WKLV LQ WKH
IROORZLQJ H[DPSOH

([DPSOH�
&RQVLGHU D F\OLQGHU ZLWK PDVVm UROOLQJ RQ D KRUL]RQWDO SODQH� VHH ILJXUH ���� 7KHUH
DUH WZR GLIIHUHQW URWDWLRQ D[LV WKDW FDQ EH FRQVLGHUHG� (DFK FDVH OHDGV WR D GLIIHUHQW
URWDWLRQ HQHUJ\� RI FRXUVH WKH WRWDO HQHUJ\ UHPDLQV WKH VDPH�

v

)LJXUH ���� /HIW� 7KH URWDWLRQ D[LV LV WKH FHQWHU RI WKH F\OLQGHU� 7KH FHQWHU
RI PDVV PRYHV ZLWK D YHORFLW\ v = r!� 5LJKW� 7KH URWDWLRQ D[LV LV WKH SRLQW
ZKHUH WKH F\OLQGHU WRXFKHV WKH SODQH� (DFK SRLQW RQ WKH F\OLQGHU KDV LWV RZQ
D[LV� WKH D[LV FKDQJHV SHUPDQHQWO\� ,Q WKLV FDVH� WKH ERG\ GRHV QRW SHUIRUP
DQ\ WUDQVODWLRQ�

7KH ILUVW FDVH LV PRUH LQWXLWLYH� 7KH F\OLQGHU SHUIRUPV LWV URWDWLRQ DURXQG LWV FHQWHU
DQG SHUIRUPV D WUDQVODWLRQ ZLWK YHORFLW\ v = r!� ZKHUH r LV WKH UDGLXV RI WKH F\OLQGHU�
:H FDQ FRPSXWH WKH NLQHWLF� WKH URWDWLRQ DQG WKH WRWDO (QHUJ\ DV

ENLQ =
1

2
mv2 =

1

2
mr2!2

EURW =
1

2
I0!

2 =
1

2

1

2
mr2!2

EWRW = ENLQ + EURW =
3

4
mr2!2 =

3

4
mv2.

ZKHUH ZH GHQRWHG WKH PRPHQWXP RI LQHUWLD IRU WKH D[LV SDVVLQJ WKURXJK WKH FHQWHU
RI PDVV E\ I0� 1RWH WKDW LQ WKLV FKRLFH RI WKH D[LV� WKH URWDWLRQ HQHUJ\ LV PLQLPDO�
1RZ ZH FRQVLGHU D GLIIHUHQW URWDWLRQ D[LV� WKH SRLQW ZKHUH WKH F\OLQGHU WRXFKHV WKH
SODQH� ,Q WKLV FDVH WKH F\OLQGHU RQO\ SHUIRUPV D URWDWLRQ DURXQG WKLV D[LV EXW QR
WUDQVODWLRQ� 1RWH LQ WKLV FRQVLGHUDWLRQV WKH URWDWLRQ D[LV LV GLIIHUHQW IRU HDFK SRLQW
RQ WKH F\OLQGHU� 7R FRPSXWH WKH PRPHQWXP RI LQHUWLD IRU WKLV D[LV� ZH KDYH WR DSSO\
WKH SDUDOOHO D[LV WKHRUHP

I = I0 +mr2 =
1

2
mr2 +mr2 =

3

4
mr2.

���



� 0HFKDQLFV �

&RPSXWLQJ WKH GLIIHUHQW HQHUJ\ FRQWULEXWLRQV� ZH DUULYH DW

ENLQ = 0

EURW =
1

2
I!2 =

1

2

3

2
mr2!2

EWRW = ENLQ + EURW =
3

4
mr2!2 =

3

4
mv2.

$V PHQWLRQHG DERYH� WKH WRWDO HQHUJ\ LV WKH VDPH� WKH SDUWLWLRQ EHWZHHQ NLQHWLF DQG
URWDWLRQDO HQHUJ\ LV QRW ZHOO XQLTXH� :H FDQ LQWHUSUHW WKH UHVXOWLQJ WRWDO HQHUJ\ DV
D UHGHILQLWLRQ �UHQRUPDOL]DWLRQ� RI WKH PDVV� 7KH URWDWLRQ HQHUJ\ FRQWULEXWHV WR WKH
WRWDO HQHUJ\ DQG WKH WRWDO HQHUJ\ RI WKH UROOLQJ F\OLQGHU LV WKH VDPH DV WKDW RI D SRLQW�
OLNH SDUWLFOH RI PDVV m̃ = 3

2m DQG YHORFLW\ v = r!� 7KLV LV XVHIXO LI WKH F\OLQGHU GRHV
QRW PRYH RQ D SODQH EXW LQ D PRUH FRPSOLFDWHG ODQGVFDSH� $V ORQJ DV WKH F\OLQGHU
UROOV DQG GRHV QRW JOLGH� LWV PRWLRQ RI WKH FHQWHU RI PDVV LV WKH VDPH DV WKH RQH RI D
SRLQW�OLNH PDVV ZLWK m̃ PRYLQJ DORQJ WKH VDPH WUDMHFWRU\ DV WKH FHQWHU RI PDVV�

����� *HQHUDO 0RWLRQ RI D 5LJLG %RG\

)RU D ULJLG ERG\ WKDW LV IUHH WR PRYDEOH DQG URWDWH� ZH FDQ LQ JHQHUDO GLYLGH WKH PRWLRQ
LQWR WKH PRWLRQ RI WKH FHQWHU RI PDVV DQG D URWDWLRQ DURXQG WKH FHQWHU RI PDVV� 7KH
PRWLRQ RI WKH FHQWHU RI PDVV LV GHWHUPLQHG E\ WKH WRWDO IRUFH DFWLQJ RQ WKH ERG\ �VHH DOVR
VHFWLRQ ������� 7KH FHQWHU RI PDVV PRYHV DV LI LW ZRXOG EH D SRLQW�OLNH SDUWLFOH ZLWK PDVV
m �WKH PDVV RI WKH ULJLG ERG\� DFFRUGLQJ WR 1HZWRQ·V ODZV

m
G2~rC
Gt2

= m~aC = ~FWRW.

7KH URWDWLRQ RI WKH ERG\ DURXQG LWV FHQWHU RI PDVV LV GHWHUPLQHG E\ WKH WRWDO WRUTXH DQG
ZH ILQG

I
G2~'
Gt2

= I~↵ = ~MWRW

ZKHUH I LV WKH PRPHQWXP RI LQHUWLD ZLWK UHVSHFW WR D[LV WKURXJK WKH FHQWHU RI PDVV DQG
WKH GLUHFWLRQ GHWHUPLQHG E\ WKH GLUHFWLRQ RI '� ,Q JHQHUDO WKLV PRWLRQ LV YHU\ FRPSOLFDWHG
DQG ZH ZLOO RQO\ WUHDW HDV\ H[FHSWLRQV�

���
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����� $QDORJ\ 7UDQVODWLRQ DQG 5RWDWLRQ

)RUPDOO\� WKHUH LV D RQH E\ RQH FRUUHVSRQGHQFH EHWZHHQ WKH H[SUHVVLRQV XVHG WR GHVFULEH
WKH WUDQVODWLRQ DQG WKH URWDWLRQ� :H VXPPDUL]H WKLV LQ WKH IROORZLQJ WDEOH�

7UDQVODWLRQV 5RWDWLRQV
4XDQWLW\ 6FDODU 9HFWRULDO 4XDQWLW\ 6FDODU 9HFWRULDO
'LVWDQFH r ~r $QJOH � ~'
9HORFLW\ v ~v $QJ� YHO� ! ~!
$FFHOHUDWLRQ a ~a $QJ� DFF� ↵ ~↵
0DVV m 0RP� RI LQ� I
0RPHQWXP p = mv ~p = m~v $QJ� PRP� L = I! ~L = ~! ⇥ ~F
)RUFH F = ma ~F = m~a 7RUTXH M = I↵ ~M = I~↵
:RUN W = F�r W =

´
~FG~r :RUN W = M�' W =

´
~MG~'

3RZHU P = Fv P =
´
~FG~v 3RZHU P = M! W =

´
~MG~!

(QHUJ\ ENLQ =
1
2mv2 ENLQ =

1
2m~v2 (QHUJ\ EURW =

1
2I!

2 EURW =
1
2I~!

2

��� *UDYLW\

����� 1HZWRQ·V /DZ RI *UDYLW\

, JXHVV WKHUH·V QR QHHG WR H[SODLQ \RX ZKDW JUDYLWDWLRQDO DWWUDFWLRQ LV� \RX·YH VXUHO\ KHDUG
DERXW LW LQ VFKRRO� /HW·V JHW VWUDLJKW WR WKH SRLQW E\ LQWURGXFLQJ D QRWDWLRQ IRU JUDYLWDWLRQDO
IRUFHV WKDW WDNHV WKHLU YHFWRULDO QDWXUH LQWR DFFRXQW�

1HZWRQ·V /DZ RI *UDYLW\
$ SRLQW�OLNH PDVVm1 ORFDWHG DW ~r1 H[HUWV WKH JUDYLWDWLRQDO IRUFH

~F1!2 = G
m1m2

|~r1 � ~r2|
3 (~r1 � ~r2) �����

RQ DQRWKHU SRLQW�OLNH PDVVm2 ORFDWHG DW ~r2� ZKHUH

G = 6.67 · 10�11P3V�2NJ�1 �����

LV WKH XQLYHUVDO JUDYLWDWLRQDO FRQVWDQW�

���
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,Q VFKRRO \RX PLJKW KDYH HQFRXQWHUHG VRPHWKLQJ PRUH OLNH

F = G
m1m2

r2
�����

IRU WKH PDJQLWXGH F RI JUDYLWDWLRQDO DWWUDFWLRQ EHWZHHQ WKH SRLQW�OLNH PDVVHV m1 DQG
m2 DW GLVWDQFH r DSDUW� 7KLV IRUPXOD ORRNV LQGHHG VLPSOHU WKDQ ������ EXW LW FRQWDLQV QR
LQIRUPDWLRQ DERXW WKH GLUHFWLRQ RI WKH IRUFH� )URP ������ \RX VHH WKDW WKH IRUFH DFWLQJ
IURP m1 RQWR m2 LV DQ DWWUDFWLYH IRUFH� DV ~r1 � ~r2 VKRZV IURP m2 WRZDUGV m1� :H
OHDYH LW WR \RX WR VKRZ WKDW IRUPXOD ����� LV HDVLO\ GHULYHG IURP ������
/RRN DW KRZ WKH WKLUG ODZ RI PRWLRQ LV FRQWDLQHG LQ ������ E\ VZDSSLQJ WKH VXEVFULSWV �
DQG �� \RX VHH WKDW

~F2!1 = �~F1!2,

WKDW LV� WKH WZR ERGLHV � DQG � DFW RQ HDFK RWKHU E\ PHDQV RI RSSRVLWH JUDYLWDWLRQDO IRUFHV
RI HTXDO PDJQLWXGH�

����� *UDYLWDWLRQDO )LHOGV

&RQVLGHU D ODUJH PDVV GLVWULEXWLRQ� OLNH D SODQHW RU D VWDU� H[HUWLQJ JUDYLWDWLRQDO IRUFHV RQ
RWKHU VPDOOHU REMHFWV LQ LWV VXUURXQGLQJV� OLNH PHWHRURLGV� FRPHWV� VDWHOOLWHV� RU KXPDQ
EHLQJV� 7KHVH REMHFWV DUH DVVXPHG WR EH VR VPDOO WKDW WKH\ GR QRW DIIHFW PRWLRQ RI WKH
ODUJHU PDVV GLVWULEXWLRQ�
7R FDOFXODWH WKH JUDYLWDWLRQDO IRUFH E\ ZKLFK DQ H[WHQGHG PDVV GLVWULEXWLRQ DFWV RQ D VPDOO
PDVVm� ZH FDQ WKLQN RI WKH ODUJH PDVV GLVWULEXWLRQ DV EHLQJ FRPSRVHG E\ D ODUJH DPRXQW
RI SRLQW PDVVHV mi� HYHU\ RI ZKLFK ZLOO H[HUW LWV ¶RZQ· JUDYLWDWLRQDO DWWUDFWLRQ ~Fi RQ m
DFFRUGLQJ WR

~Fi = G
mim

|~ri � ~r|3
(~ri � ~r) ,

ZKHUH ~ri GHQRWHV WKH SRVLWLRQ RI WKH i�WK SRLQW PDVV mi DQG ~r WKH SRVLWLRQ RI m� 7R
FDOFXODWH WKH WRWDO JUDYLWDWLRQDO DWWUDFWLRQ RQm� ZH PDNH XVH RI WKH H[WUHPHO\ LPSRUWDQW

3ULQFLSOH RI 6XSHUSRVLWLRQ
&RQVLGHU WKUHH SRLQW PDVVHV mA� mB DQG m� ,I mA DQG m ZHUH DORQH� OHW ~FA EH WKH
JUDYLWDWLRQDO IRUFHmA ZRXOG H[HUW RQm� $QDORJRXVO\� OHW ~FB EH WKH JUDYLWDWLRQDO IRUFH

���
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E\ ZKLFK mB ZRXOG DFW RQ m LI mB DQG m ZHUH DORQH� 7KH JUDYLWDWLRQDO IRUFH DFWLQJ
RQm LI ERWKmA DQGmB DUH DURXQG LV WKHQ JLYHQ E\

~FA + ~FB.

,Q RWKHU ZRUGV� 7KH JUDYLWDWLRQDO IRUFH E\ ZKLFK D V\VWHP RI SRLQW PDVVHV DFWV RQ DQRWKHU
SRLQW PDVV LV JLYHQ DV WKH YHFWRU VXP RI DOO JUDYLWDWLRQDO IRUFHV E\ ZKLFK HDFK RI WKH SRLQW
PDVVHV RI WKH V\VWHP DORQH ZRXOG DFW RQ WKLV RWKHU SRLQW PDVV�

$SSOLHG WR RXU VLWXDWLRQ� WKLV VLPSO\ PHDQV WKDW ZH FDQ FDOFXODWH WKH WRWDO JUDYLWDWLRQDO
DWWUDFWLRQ DFWLQJ RQm DV

X

DOO PDVVHVmi

~Fi =
X

i

G
mim

|~ri � ~r|3
(~ri � ~r)

= m ·

 
G
X

i

mi

|~ri � ~r|3
(~ri � ~r)

!
.

7KH YHU\ ODVW WHUP LQ EUDFNHWV LV D TXDQWLW\ GHVFULELQJ KRZ WKH GLVWULEXWLRQ RI WKH PDVVHV
mi LQ VSDFH H[HUWV JUDYLWDWLRQDO IRUFHV RQ D PDVV ORFDWHG DW ~r� :H ZLOO FDOO WKLV WKHUP WKH
JUDYLWDWLRQDO ILHOG ~g (~r) SURGXFHG E\ WKLV GLVWULEXWLRQ RI PDVVHV DW ~r� VXFK WKDW ZH FDQ
ZULWH

~F = m~g (~r) . �����

ZLWK

~g (~r) = G
X

i

mi

|~ri � ~r|3
(~ri � ~r) . �����

6R IDU IRU V\VWHPV FRQVLVWLQJ RI SRLQW PDVVHV� &DOFXODWLRQ RI JUDYLWDWLRQDO ILHOGV SURGXFHG
E\ H[WHQGHG PDVV GLVWULEXWLRQV WXUQV RXW WR EH VRPHZKDW PRUH GLIILFXOW� ([DFWO\ DV ZH
GLG WKHUH� ZH FDQ WUHDW FRQWLQXRXV PDVV GLVWULEXWLRQV DV FRQWLQXRXV E\ LQWURGXFLQJ WKHLU
PDVV GHQVLW\ % (~r) DQG WXUQLQJ WKH VXP LQWR DQ LQWHJUDO�

���
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7KH JUDYLWDWLRQDO ILHOG SURGXFHG LQ SRLQW ~r E\ D FRQWLQXRXV PDVV GLVWULEXWLRQ % FRQILQHG
WR WKH SRUWLRQ RI VSDFH ⌦ LV JLYHQ E\

~g (~r) = G

ˆ
⌦

% (~r0)

|~r0 � ~r|3
�
~r0 � ~r

�
GV 0. �����

$JDLQ� \RXU PDWK FRXUVHV ZLOO VKRZ \RX VXFK LQWHJUDOV FDQ EH FRPSXWHG LQ YDULRXV VLWX�
DWLRQV� <RX PLJKW UHDOL]H WKDW GHDOLQJ ZLWK WKH LQWHJUDQG RI ����� FDQ EH D UDWKHU WHGLRXV
DIIDLU� )RUWXQDWHO\� D YHU\ HOHJDQW ODZ H[LVWV WKDW PDNHV FDOFXODWLRQ RI JUDYLWDWLRQDO ILHOGV
LQ SDUWLFXODUO\ V\PPHWULF VLWXDWLRQV TXLWH VLPSOH�

*DXVV· /DZ IRU *UDYLWDWLRQDO )LHOGV
/HW ⌦ EH D YROXPH LQ VSDFH DQG @⌦ LWV RXWHU VXUIDFH� )RU JUDYLWDWLRQDO ILHOG ~g� WKH IRO�
ORZLQJ LGHQWLW\ LV YDOLG� ˛

@⌦
~g · G ~A = �4⇡Gm⌦, ������

ZKHUHm⌦ GHQRWHV WKH WRWDO PDVV ORFDWHG LQVLGH ⌦�

<RX SUREDEO\ DOUHDG\ NQRZ D YHU\ VLPLODU ODZ E\ *DXVV IRU HOHFWULF ILHOGV DQG FKDUJH
GLVWULEXWLRQV� ,QGHHG� ERWK WKH JUDYLWDWLRQDO DQG WKH HOHFWURVWDWLF YHUVLRQV RI *DXVV· ODZ
DUH QRWKLQJ EXW D GLUHFW FRQVHTXHQFH RI WKH LQYHUVH�VTXDUH�ODZ QDWXUH RI 1HZWRQ·V ODZ
RI JUDYLW\ DQG &RXORPE·V ODZ RI HOHFWURVWDWLF LQWHUDFWLRQ� UHVSHFWLYHO\� $JDLQ� \RXU PDWK
FRXUVHV ZLOO WHOO \RX ZKDW WKH LQWHJUDO LQ WKH OHIW�KDQG VLGH RI ������ PHDQV DQG KRZ WR
FDOFXODWH LW�
:H ZRQ·W GLVFXVV *DXVV· ODZ LQ JUHDW GHWDLO DV \RX FDQ OHDUQ PRUH DERXW LW LQ \RXU HOHF�
WURG\QDPLFV FRXUVHV� +RZHYHU� ZH ZLOO VKRZ \RX RQH YHU\ LPSRUWDQW DSSOLFDWLRQ�
0DQ\ 2O\PSLDG SUREOHPV LQYROYLQJ JUDYLW\ GHDO ZLWK SODQHWV RU VWDUV� ZKLFK DUH LQ PRVW
FDVHV WUHDWHG DV VSKHUHV RI KRPRJHQHRXV PDVV GHQVLW\� :H ZLOO XVH *DXVV· /DZ WR FDO�
FXODWH WKH ILHOG LQGXFHG E\ VXFK D KRPRJHQHRXV VSKHUH RI WRWDO PDVV M DQG UDGLXV R
LQ DQ\ SRLQW RI VSDFH� 7KLV VLWXDWLRQ VKRZV SHUIHFW VSKHULFDO V\PPHWU\ LQ VSDFH� WKDW LV�
RQH FRXOG URWDWH HYHU\WKLQJ DERXW WKH FHQWHU RI WKH VSKHUH E\ DQ\ DQJOH DQG \RX ZRXOGQ·W
EH DEOH WR WHOO WKH GLIIHUHQFH� 7KHUHIRUH� PDJQLWXGH RI WKH JUDYLWDWLRQDO ILHOG PXVW EH
WKH VDPH DW DQ\ SRLQW ORFDWHG DW WKH VDPH GLVWDQFH r IURP WKH FHQWHU RI WKH SODQHW� )XU�
WKHUPRUH� VWLOO GXH WR VSKHULFDO V\PPHWU\� WKH YHFWRU ~g PXVW SRLQW LQ UDGLDO GLUHFWLRQ
DQ\ZKHUH LQ VSDFH� VSKHULFDO V\PPHWU\ ZRXOG EH EURNHQ LI ~g KDG DW VRPH SRLQW LQ VSDFH
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D QRQ�YDQLVKLQJ FRPSRQHQW QRW SRLQWLQJ LQ UDGLDO GLUHFWLRQ� &KRRVH D FRRUGLQDWH V\VWHP
ZLWK RULJLQ DW WKH FHQWHU RI WKH VSKHUH� 7KH JUDYLWDWLRQDO ILHOG DW DQ\ SRLQW LQ VSDFH ~r FDQ
EH GHVFULEHG DV

~g (~r) = g(r) r̂

ZLWK WKH SURMHFWLRQ g (~r) RI WKH JUDYLWDWLRQDO ILHOG RQ r̂� )LUVW� ZH FRQVLGHU D SRLQW ORFDWHG
LQVLGH WKH VSKHUH� WKDW LV� r < R� 1RZ DSSO\ ������ RQ D VSKHUH V (r) RI UDGLXV r FRQFHQ�
WULF WR WKH SODQHW� 7KH VXUIDFH LQWHJUDO RQ WKH OHIW�KDQG VLGH LV REWDLQHG E\ VXEGLYLVLRQ RI
WKH VXUIDFH @V (r) RI WKH VSKHUH LQWR PDQ\ LQILQLWHVLPDO DUHD HOHPHQWV GA ZLWK QRUPDO
YHFWRUV n̂ DQG WDNLQJ WKH VXP RYHU WKH VFDODU SURGXFWV ~g · GA n̂ DW DQ\ VXFK DUHD HOHPHQW�
WKDW LV� VRPHWKLQJ OLNH

ˆ
@V
GA ~g (DW WKLV DUHD HOHPHQW) · n̂ (DW WKLV DUHD HOHPHQW)

=

ˆ
@V
GA (g(r)r̂) · r̂

= g(r)

ˆ
@V
GA

= g(r) · VXUIDFH DUHD RI @V (r)

= g(r) · 4⇡r2,

ZKHUH ZH XVHG n̂ = r̂ IRU DOO VXUIDFH HOHPHQWV RQ WKH VSKHUH� 2XU UHVXOW�
˛
@V (r)

~g · G ~A = 4⇡r2 · g(r),

LV� DFFRUGLQJ WR ������� HTXDO WR �4⇡G WLPHV WKH WRWDO PDVV mV (r) = M · (r/R)3 FRQ�
WDLQHG ZLWKLQ V (r)� WKDW LV�

4⇡r2 · g(r) = �4⇡G ·
M

R3
r3

, g(r) = �
GM

R3
r.

,QVLGH WKH VSKHUH� WKH PDJQLWXGH RI JUDYLWDWLRQDO ILHOG LQFUHDVHV OLQHDUO\ ZLWK WKH GLVWDQFH
IURP LWV FHQWHU�
1RZ DSSO\ WKH VDPH VWUDWHJ\ IRU DQ\ SRLQW RXWVLGH WKH VSKHUH� WKDW LV� r > R� 7KH PDVV
mV (r) FRQWDLQHG LQVLGH D VSKHULFDO VXUIDFH RI UDGLXV r DURXQG WKH FHQWHU LV QRZ MXVW WKH

���
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WRWDO PDVVM RI RXU VSKHULFDO ERG\� *DXVV· ODZ QRZ \LHOGV

4⇡r2g(r) = �4⇡GM

, g(r) = �
GM

r2
,

ZKLFK LV WKH VDPH DV WKH ILHOG SURGXFHG E\ D SRLQW PDVVM ORFDWHG DW WKH RULJLQ� 7KLV LV
D YHU\ LPSRUWDQW UHVXOW�

7KH JUDYLWDWLRQDO ILHOG LQVLGH D KRPRJHQHRXV VSKHUH RI PDVVM DQG UDGLXV R LQFUHDVHV
OLQHDUO\ ZLWK WKH GLVWDQFH IURP WKH FHQWHU RI WKH VSKHUH�

~g (~r) = �G⇢
4⇡

3
r3, ⇢ =

M
4⇡
3 R3

WKH GHQVLW\ ������

= �
GM

R3
r3 r̂, 0 < r < R ������

2XWVLGH WKH VSKHUH� WKH JUDYLWDWLRQDO ILHOG EHKDYHV DV LI WKH VSKHUH ZDV D SRLQW PDVVM
ORFDWHG DW LWV RZQ FHQWHU�

~g (~r) = �
GM

r2
r̂, r > R. ������

����� (QHUJ\ DQG $QJXODU 0RPHQWXP LQ *UDYLWDWLRQDO )LHOGV

,Q VFKRRO� \RX PLJKW DOUHDG\ KDYH HQFRXQWHUHG WKH H[SUHVVLRQ

ESRW = �G
Mm

r
������

IRU SRWHQWLDO HQHUJ\ RI D VPDOO PDVVm VXEMHFW WR JUDYLWDWLRQDO ILHOG RI WKH ODUJHU PDVVM
DW GLVWDQFH r IURP LW� 7KLV H[SUHVVLRQ DULVHV IURP WKH GHILQLWLRQ RI SRWHQWLDO HQHUJ\ RI
WKH SDUWLFOH DV WKH DPRXQW RI ZRUN DQ H[WHUQDO IRUFH ZRXOG KDYH WR SHUIRUP WR PRYH WKH
PDVV LQVLGH WKH ILHOG IURP LQILQLW\ WR D SRLQW DW GLVWDQFH r IURP WKH FHQWHU RI WKH ILHOG�
&RQVLGHU D SRLQW ~r DW GLVWDQFH r IURP WKH FHQWHU RI WKH ILHOG DQG DQRWKHU DUELWUDU\ SRLQW
~r0 DW GLVWDQFH r0 IURP WKH FHQWHU� 7KH DPRXQW RI ZRUN GRQH E\ DQ H[WHUQDO IRUFH ZKHQ
GLVSODFLQJ WKH PDVV IURP ~r0 WR ~r DORQJ D SDWK � FRQQHFWLQJ ~r0 WR ~r LV WKH OLQH LQWHJUDO

W� = �

ˆ
�
m~g · G~s

���
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'HFRPSRVH WKH SDWK � LQWR YHU\ VPDOO VHJPHQWV G~s LQ VXFK D ZD\ WKDW WKHLU GLUHFWLRQ
LV HLWKHU UDGLDO RU SHUSHQGLFXODU WR WKH UDGLDO GLUHFWLRQ� 7KH IRUFH YHFWRU m~g LV DOZD\V
GLUHFWHG UDGLDOO\� WKHUHIRUH RQO\ WHUPV ZLWK UDGLDO G~s ZLOO FRQWULEXWH WR WKH LQWHJUDO� VLQFH
DOO RWKHU WHUPV YDQLVK ZLWK ~g · G~s = 0� 7KHUHIRUH� WKH YDOXH RIW� LV LQGHSHQGHQW RI WKH
H[DFW VKDSH RI � DV ORQJ DV LW FRQQHFWV ~r0 WR ~r� )XUWKHUPRUH� WKH H[DFW SRVLWLRQ RI ERWK
~r0 DQG ~r LV QRW UHOHYDQW IRU WKH YDOXH RIW� � WKH\ FRXOG EH UHSODFHG E\ DQ\ SRLQWV ORFDWHG
DW GLVWDQFH r0 DQG r� UHVSHFWLYHO\� IURP WKH FHQWHU RIM � )RU FDOFXODWLRQ RIW� � ZH FDQ
WKHUHIRUH UHSODFH ~r0 DQG ~r E\ WKH WZR SRLQWV (r0, 0, 0) DQG (r, 0, 0)� UHVSHFWLYHO\�

W� =

ˆ r

x=r0

✓
+
GMm

x2
x̂

◆
· (Gx x̂)

= GMm

ˆ r

x=r0

Gx
x2

= GMm

✓
1

r0
�

1

r

◆
,

WKDW LV�

6XSSRVH D ODUJH PDVVM JHQHUDWHV D JUDYLWDWLRQDO ILHOG DW WKH RULJLQ RI D FRRUGLQDWH V\VWHP�
7KH ZRUN DQ H[WHUQDO IRUFH KDV WR GR WR EULQJ D VPDOO PDVVm IURP D SRLQW DW GLVWDQFH r0

IURP WKH RULJLQ WR DQRWKHU SRLQW GLVWDQW r IURP WKH RULJLQ LV HTXDO WR

GMm

✓
1

r0
�

1

r

◆
. ������

1RZ EDFN WR WKH FRQFHSW RI SRWHQWLDO HQHUJ\� ,Q D KRPRJHQHRXV JUDYLWDWLRQDO ILHOG�
RQH FDQ GHILQH SRWHQWLDO HQHUJ\ RI DQ REMHFW DV WKH DPRXQW RI ZRUN DQ H[WHUQDO IRUFH
KDV WR SHUIRUP WR EULQJ WKH REMHFW IURP D GHWHUPLQHG UHIHUHQFH KHLJKW WR WKH KHLJKW RI
WKH REMHFW·V FXUUHQW SRVLWLRQ� )RU FHQWUDO JUDYLWDWLRQDO ILHOGV� ZH FDQ DSSO\ DQ DQDORJRXV
GHILQLWLRQ� ,W VHHPV UHDVRQDEOH WR FKRRVH LQILQLW\ DV D GLVWDQFH RI UHIHUHQFH� LI ZH OHW
r0 ! 1� WKH FRUUHVSRQGLQJ WHUP RI ������ YDQLVKHV� 7KDW LV� ZH DUH OHIW ZLWK HTXDWLRQ
�������
3UREOHPV LQYROYLQJ JUDYLW\ FDQ RIWHQ EH VROYHG E\ FRQVLGHULQJ FRQVHUYDWLRQ RIPHFKDQLFDO
HQHUJ\ RI DQ REMHFW PRYLQJ LQ D JUDYLWDWLRQDO ILHOG�

���



� 0HFKDQLFV �

7RWDO PHFKDQLFDO HQHUJ\

E =
1

2
mv2 �G

mM

r
������

RI DQ REMHFW RI PDVVmPRYLQJ LQ D JUDYLWDWLRQDO ILHOG SURGXFHG E\ D ODUJH PDVVM DW WKH
RULJLQ LV FRQVWDQW RYHU WLPH�

*UDYLWDWLRQDO ILHOGV DV IURP SRLQW PDVVHV RU KRPRJHQHRXV VSKHUHV DUH UDGLDO� ,Q SDUWLFX�
ODU� DQJXODU PRPHQWXP RI SDUWLFOHV LV SUHVHUYHG DV WKH\ PRYH LQ VXFK ILHOGV�

����� 7ZR 2EMHFWV 6XEMHFW WR 0XWXDO $WWUDFWLRQ

6R IDU� ZH KDYH RQO\ FRQVLGHUHG VPDOO PDVVHV VXEMHFW WR DQ H[WHUQDO JUDYLWDWLRQDO ILHOG
SURGXFHG E\ D PDVV GLVWULEXWLRQ VR ODUJH QRW WR EH DIIHFWHG E\ WKH VPDOO PDVV� :H WXUQ
QRZ WR WKH GLVFXVVLRQ RI V\VWHPV FRQVLVWLQJ RI WZR PDVVHV m1� m2 RI VLPLODU RUGHUV RI
PDJQLWXGHV� VXFK WKDW PRWLRQ RI HDFK LV LQIOXHQFHG E\ JUDYLWDWLRQDO DWWUDFWLRQ IURP WKH
UHVSHFWLYH RWKHU PDVV� ,Q VXFK D V\VWHP� LI QRW VXEMHFW WR DQ\ RWKHU H[WHUQDO IRUFHV� WKH
IROORZLQJ FRQVHUYDWLRQ ODZV KROG�

� 3RVLWLRQ RI WKH FHQWHU RI PDVV (m1~r1 +m2~r2) / (m1 +m2) LV FRQVWDQW RYHU WLPH�

� 7RWDO HQHUJ\

E = ENLQ� � + ENLQ� � + ESRW

=
1

2
m1v

2
1 +

1

2
m2v

2
2 �G

m1m2

r12

LV D FRQVHUYHG TXDQWLW\� ZKHUH r12 GHQRWHV WKH GLVWDQFH EHWZHHQ WKH WZR SDUWLFOHV�

� 7RWDO DQJXODU PRPHQWXP

~L = m1~r1 ⇥ ~v1 +m2~r2 ⇥ ~v2

LV D FRQVHUYHG TXDQWLW\

1RWH KRZ WKH H[SUHVVLRQ IRU WRWDO HQHUJ\ FRQVLVWV RI WKUHH SDUWV� RQH WHUP IRU NLQHWLF
HQHUJ\ RI HDFK SDUWLFOH� ENLQ� � DQG ENLQ� �� DQG RQH IRU SRWHQWLDO HQHUJ\
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ESRW = �G
m1m2

r12
. ������

7KLV H[SUHVVLRQ IRU SRWHQWLDO HQHUJ\ RI D V\VWHP RI WZR SRLQW PDVVHV ORRNV YHU\ VLPLODU
WR WKH H[SUHVVLRQ GHULYHG LQ WKH SUHYLRXV VHFWLRQ IRU D VLQJOH SDUWLFOH PRYLQJ LQ D FHQWUDO
JUDYLWDWLRQDO ILHOG� 7KH WZR VLWXDWLRQV DUH VOLJKWO\ GLIIHUHQW WKRXJK� ,Q WKH ODVW VHFWLRQ�
ZH ZRXOG GHDO ZLWK D JUDYLWDWLRQDO ILHOG DQG SRWHQWLDO HQHUJ\ RI WKH SDUWLFOH ZDV GHILQHG
DV WKH DPRXQW RI ZRUN GRQH DQ H[WHUQDO IRUFH ZKHQ GUDJJLQJ WKH SDUWLFOH IURP LQILQLW\
WR LWV FXUUHQW SRVLWLRQ LQ WKH ILHOG� +HUH ZH DUH GHDOLQJ ZLWK WZR SRLQW PDVVHV DQG XVLQJ
WKH FRQFHSW RI ILHOG DV LQ WKH ODVW VHFWLRQ GRHVQ·W PDNH WRR PXFK VHQVH DV HLWKHU PDVV
LQIOXHQFHV PRWLRQ RI WKH RWKHU RQH ZLWK LWV JUDYLWDWLRQDO DWWUDFWLRQ� :H FDQ� KRZHYHU�
GHILQH WKH SRWHQWLDO HQHUJ\ RI WKH V\VWHP DV WKH DPRXQW RI ZRUN RQH ZRXOG KDYH WR
SHUIRUP WR DVVHPEOH LW LQ LWV FXUUHQW VSDWLDO FRQILJXUDWLRQ� 7KLV DVVHPEOLQJ PLJKW WDNH
SODFH LQ WZR VWHSV DV IROORZV� WDNH m1 IURP LQILQLW\ DQG SXW LW WR ~r1 ILUVW� WKHQ WDNH m2

IURP LQILQLW\ DQG SODFH LW LQWR ~r2� 7KH ILUVW VWHS GRHV QRW UHTXLUH DQ\ ZRUN� DV m1 LV DOO
DORQH LQ LWV ZD\ WR ~r1 DQG QR IRUFH DFWV RQ LW� )RU WKH VHFRQG VWHS� ZH QHHG WR PRYH
m2 DJDLQVW JUDYLWDWLRQDO DWWUDFWLRQ H[HUWHG E\ m1� DQG WKH ZRUN UHTXLUHG LV H[DFWO\ WKH
VDPH DV LI ZH WKRXJKW RI m2 EHLQJ PRYHG LQ D JUDYLWDWLRQDO ILHOG SURGXFHG E\ m1 DQG
WKH DPRXQW RI ZRUN UHTXLUHG LV WKHUHIRUH MXVW WKH WHUP RQ WKH ULJKW�KDQG VLGH RI �������
1RWH WKDW ZKLOH m2 LV SXW LQWR ~r2� VRPH IRUFH PXVW SUHYHQW m1 IURP VOLSSLQJ RII LWV
SRVLWLRQ DW ~r1 GXH WR DWWUDFWLRQ E\ WKH DSSURDFKLQJ m2� 7KLV IRUFH GRHV QRW FRQWULEXWH
DQ\ PHFKDQLFDO ZRUN� VLQFHm1 LV QRW GLVSODFHG XQGHU LWV LQIOXHQFH�

����� .HSOHU·V /DZV RI 3ODQHWDU\ 0RWLRQ

+HUH DV ZHOO� \RX PRVW SUREDEO\ DOUHDG\ NQRZ WKHVH ODZV IURP \RXU KLJK VFKRRO SK\VLFV
FRXUVHV� 7KLV VHFWLRQ ZLOO JLYH \RX VKRUW FODULILFDWLRQV DERXW WKH FRQFHSWV LQYROYHG� DV WKH\
PLJKW SURYLGH D GHHSHU XQGHUVWDQGLQJ RI WKH SULQFLSOHV JRYHUQLQJ JUDYLW\ DQG 1HZWRQ·V
ODZV RI PRWLRQ�

.HSOHU·V /DZV RI 3ODQHWDU\ 0RWLRQ

�� 7KH RUELW RI D SODQHW DURXQG WKH VXQ LV D SODQH HOOLSVH� WKH VXQ OLHV DW RQH RI LWV WZR
IRFL�

�� &RQVLGHU WKH UDGLXV YHFWRU SRLQWLQJ IURP WKH VXQ WR WKH SODQHW DV LW PRYHV DORQJ
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LWV RUELW� 'XULQJ HTXDO DPRXQWV RI WLPH� WKH UDGLXV YHFWRU VZHHSV RXW VHJPHQWV RI
WKH HOOLSVH RI HTXDO DUHD�

�� 7KH WKLUG SRZHU RI WKH VHPL�PDMRU D[LV RI DQ HOOLSWLFDO SODQHW RUELW LV SURSRUWLRQDO
WR WKH VTXDUH RI LWV RUELWDO SHULRG DURXQG WKH VXQ�

7KH )LUVW /DZ

7R XQGHUVWDQG WKH ILUVW ODZ� ZH QHHG WR FODULI\ VRPH JHRPHWU\� $Q HOOLSVH FDQ EH GHILQHG
LQ GLIIHUHQW EXW HTXLYDOHQW ZD\V�

$� $V WKH ILJXUH \RX JHW E\ VWUHWFKLQJ D FLUFOH E\ DQ\ IDFWRU ZLWK UHVSHFW WR D VWUDLJKW
OLQH�

%� $V WKH ORFXV RI DOO SRLQWV LQ WKH SODQH VXFK WKDW WKH VXP RI WKHLU GLVWDQFH WR WZR
JLYHQ� IL[HG SRLQWV� FDOOHG WKH IRFL RI WKH HOOLSVH� LV D FRQVWDQW�

&� $V WKH ORFXV RI DOO SRLQWV LQ WKH SODQH ZKRVH GLVWDQFH IURP D JLYHQ SRLQW� FDOOHG
D IRFXV RI WKH HOOLSVH� LV SURSRUWLRQDO WR WKHLU GLVWDQFH IURP D JLYHQ VWUDLJKW OLQH�
FDOOHG WKH GLUHFWUL[� ZLWK D FRQVWDQW RI SURSRUWLRQDOLW\ < 1�

'� $V WKH ILJXUH \RX JHW E\ LQWHUVHFWLQJ D FRQH ZLWK D SODQH XQGHU VXFK DQ DQJOH WKDW
WKH ILJXUH LV FORVHG�

<RX PLJKW ILQG LW DQ LQWHUHVWLQJ H[HUFLVH LQ JHRPHWU\ WR SURYH WKH HTXLYDOHQFH RI DOO WKHVH
GHILQLWLRQV� $Q\ZD\� IRU 2O\PSLDG SUREOHPV� WKH IROORZLQJ WZR SDUDPHWUL]DWLRQV RI DQ
HOOLSVH LQ WKH xy�SODQH DUH XVHIXO�

⇣x
a

⌘2
+
⇣y
b

⌘2
= 1 ������

LQ &DUWHVLDQ FRRUGLQDWHV DQG

r(#) =
p

1 + " FRV#
������

���
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LQ SRODU FRRUGLQDWHV� <RX PLJKW YHULI\ WKDW ERWK HTXDWLRQV GHVFULEH WKH VDPH FXUYH LQ WKH
SODQH XQGHU FHUWDLQ FRQGLWLRQV IRU a� b� p� "�
(TXDWLRQ ������ LV SUREDEO\ WKHPRVW XVHIXO WR XQGHUVWDQG WKH FRQFHSW RI PDMRU DQGPLQRU
D[LV� 7KHVH DUH GHILQHG DV WKH ODUJHVW DQG VPDOOHVW GLDPHWHU� UHVSHFWLYHO\� RI WKH HOOLSVH�
,W LV HDV\ WR VKRZ WKDW WKHLU YDOXHV DUH JLYHQ E\ 2a DQG 2b� UHVSHFWLYHO\� LI WKH HOOLSVH LV
GHVFULEHG DV LQ ������� )XUWKHUPRUH� WKH\ FRLQFLGH ZLWK WKH x� DQG y�D[LV� 1RWH KRZ DQ
HOOLSVH LV DOVR VXSSRVHG WR KDYH WZR IRFL� VXFK WKDW WKH VXP RI WKH GLVWDQFHV RI DQ\ SRLQW
RQ WKH HOOLSVH WR WKH WZR IRFL LV D FRQVWDQW� <RX PLJKW YHULI\ WKDW WKH IRFL RI WKH HOOLSVH
DV LQWURGXFHG LQ GHILQLWLRQ % DUH VLWXDWHG DW (�s, 0)� (s, 0) ZLWK s =

p
a2 � b2 LI a > b

RU DW (0,�s) DQG (0, s) ZLWK s =
p
b2 � a2 LI b > a� ,Q SDUWLFXODU� WKLV PHDQV WKH IRFL

DUH DOZD\V VLWXDWHG RQ WKH PDMRU D[LV� &RQYHUVHO\� E\ VWDUWLQJ ZLWK GHILQLWLRQ % ZLWK WZR
IRFL O\LQJ RQ HLWKHU WKH x� RU y�D[LV� \RX PLJKW UHWULHYH HTXDWLRQ ������ IRU GHVFULSWLRQ RI
WKH HOOLSVH LQ WKH xy�SODQH�
,Q ������� WKH TXDQWLWLHV p DQG " DUH FDOOHG VHPL�ODWXV UHFWXP DQG HFFHQWULFLW\ RI WKH HOOLSVH�
UHVSHFWLYHO\� <RX FDQ YHULI\ WKDW WKH FXUYH GHVFULEHG E\ WKLV HTXDWLRQ VDWLVILHV WKH FRQGL�
WLRQ RI GHILQLWLRQ %ZLWK RQH IRFXV DW WKH RULJLQ DQG WKH RWKHU ORFDWHG DW

�
�2"p/

�
1� "2

�
, 0
�

RQ WKH x�D[LV� 'HILQLWLRQ & LV VDWLVILHG IRU WKH IRFXV DW WKH RULJLQ ZLWK D GLUHFWUL[ GHVFULEHG
E\ WKH HTXDWLRQ x = p/"� WKH FRQVWDQW RI SURSRUWLRQDOLW\ EHWZHHQ WKH GLVWDQFH IURP WKH
SRLQWV WR WKH RULJLQ �ZKLFK FRUUHVSRQGV WR r� DQG WKH GLVWDQFH IURP WKH SRLQWV WR WKH GLUHF�
WUL[ �ZKLFK FRUUHVSRQGV WR WKH SRLQWV· x�FRRUGLQDWHV� LV HTXDO WR "� 7KH HOOLSVH LQWHUVHFWV
WKH y�D[LV DW WZR SRLQWV GLVWDQW p IURP WKH RULJLQ�
, EHW \RX FDQ·W ZDLW WR VHH KRZ DQ HTXDWLRQ OLNH ������ RU ������ FDQ DULVH IURP WKH HTXD�
WLRQV RI PRWLRQ RI D ERG\ VXEMHFW WR XQLYHUVDO JUDYLWDWLRQ� 7KH FDOFXODWLRQV LQYROYHG
DUH VRPHZKDW HODERUDWH DQG PD\ QRW EH RI JUHDW KHOS IRU VROYLQJ SK\VLFV FRPSHWLWLRQ
SUREOHPV�
$W WKLV SRLQW� LW LV MXVW LPSRUWDQW IRU \RX WR XQGHUVWDQG ZKDW DQ HOOLSVH LV� ZKDW LWV IRFL DUH�
DQG WR NHHS LQ PLQG WKDW FORVHG SODQHWDU\ RUELWV DUH HOOLSVHV ZLWK WKH VXQ DW RQH IRFXV�
,Q DGGLWLRQ� LW VXUH ZRXOGQ·W KXUW WR IHHO FRPIRUWDEOH DURXQG WKH GLIIHUHQW JHRPHWULFDO
GHILQLWLRQV RI DQ HOOLSVH� VR IHHO IUHH WR SUDFWLFH \RXU VNLOOV LQ DQDO\WLF JHRPHWU\ DQG SOD\
DURXQG�

7KH 6HFRQG /DZ

.HSOHU·V VHFRQG ODZ LV D GLUHFW FRQVHTXHQFH RI FRQVHUYDWLRQ RI DQJXODU PRPHQWXP� 3XW
WKH ZKROH RUELW LQWR D SRODU FRRUGLQDWH V\VWHP ZLWK WKH VXQ DW WKH RULJLQ� 7KH SRVLWLRQ RI
WKH SDUWLFOH FDQ EH ZULWWHQ DV

~r = (r FRV') x̂+ (r VLQ') ŷ,
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DW DQ\ WLPH� 7KH YHORFLW\ YHFWRU LV REWDLQHG E\ WDNLQJ WKH WLPH GHULYDWLYH

~v = '̇ ((ṙ FRV'� r VLQ') x̂+ (ṙ VLQ'+ r FRV') ŷ) .

7KH DQJXODU PRPHQWXP YHFWRU LV WKHQ IRXQG WR EH

~L = m~r ⇥ ~v = r2'̇ ẑ

LIm LV WKH PDVV RI WKH SODQHW�
'XULQJ D VPDOO DPRXQW RI WLPH t� OHW WKH SRVLWLRQ YHFWRU RI WKH SODQHW VZHHS RXW D VPDOO
DUHD GA RI WKH HOOLSVH� WKHUHE\ FRYHULQJ DQ DQJOH G' = ! Gt ZLWK ! = '̇� 7KH VPDOO DUHD
FDQ EH DSSUR[LPDWHG DV D WULDQJOH� VXFK WKDW LW DPRXQWV WR 1

2 · r · rG' = !r2Gt/2� 'XH WR
FRQVHUYDWLRQ RI DQJXODU PRPHQWXP� ZH NQRZ WKDW !r2 LV D FRQVHUYHG TXDQWLW\� 7KLV MXVW
PHDQV WKDW WKH DUHD GA VZHSW RXW GXULQJ Gt LV D FRQVWDQW DQG WKDW LW GRHV QRW GHSHQG RQ
WKH SRVLWLRQ RI WKH SODQHW DORQJ LWV RUELW� :H VHH WKDW WKLV LV DOVR WUXH IRU DQ\ ILQLWH WLPH
LQWHUYDO RI D JLYHQ OHQJWK �t EHWZHHQ DQ\ WLPHV t1 DQG t2 = t1 +�t� DV WKH DUHD VZHSW
RXW E\ WKH SRVLWLRQ YHFWRU LV MXVW FDOFXODWHG DV

ˆ
WLPH LQWHUYDO [t1, t2]

GA =

ˆ t2

t1

1

2
!r2(t) Gt =

L

2m

ˆ t2

t1

Gt =
L

2m
·�t,

ZKLFK GRHV QRW GHSHQG RQ WKH H[DFW SRVLWLRQ RI WKH WLPH LQWHUYDO DV ORQJ DV LWV OHQJWK LV
�t ² MXVW WKH VWDWHPHQW RI WKH VHFRQG ODZ�

7KH 7KLUG /DZ

,W LV TXLWH HDV\ WR YHULI\ WKH WKLUG ODZ IRU D FLUFXODU RUELW� 6XSSRVH WKH SODQHW RI PDVV
m PRYHV RQ D FLUFXODU RUELW RI UDGLXV R DURXQG WKH VXQ RI PDVVM ZLWK D WLPH SHULRG
T � 7KHQ JUDYLWDWLRQDO DWWUDFWLRQ RI WKH VXQ RQ WKH SODQHW PXVW DFFRXQW IRU FHQWULSHWDO
DFFHOHUDWLRQ� DQG� E\ WKH VHFRQG ODZ RI PRWLRQ�

m

✓
2⇡

T

◆2

R = G
mM

R2
,

ZKLFK LV HTXLYDOHQW WR
R3

T 2
=

GM

4⇡2,

LQ RWKHU ZRUGV� FLUFXODU RUELWV VDWLVI\ .HSOHU·V WKLUG ODZ� &DOFXODWLRQV IRU JHQHUDO HOOLSWLF
RUELWV DUH VRPHZKDW PRUH FRPSOH[�

���
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$OLFH� ´%UUUU� LWV FROG LQ KHUH� RQO\
17 �&�µ %RE� ´,W·V 4 �& RXWVLGH� MXVW
RSHQ WKH ZLQGRZ DQG OHW WKRVH
UHPDLQLQJ GHJUHHV LQ�µ

1RWH WKDW 0D[ZHOO·V GHPRQ PD\ KHOS
%RE�

��� ,PSRUWDQW GHILQLWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7HPSHUDWXUH VFDOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� =HURWK ODZ RI WKHUPRG\QDPLFV � � � � � � � � � � � � � � � � � � � � ���
��� 7KHUPDO HQHUJ\ DQG KHDW FDSDFLW\ � � � � � � � � � � � � � � � � � � ���

����� 0RODU KHDW FDSDFLWLHV RI LGHDO JDVHV � � � � � � � � � � � � � ���
��� ,GHDO JDV ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� )LUVW ODZ RI WKHUPRG\QDPLFV � � � � � � � � � � � � � � � � � � � � � ���
��� 7KHUPRG\QDPLF V\VWHPV � � � � � � � � � � � � � � � � � � � � � � � � ���
��� (TXLSDUWLWLRQ WKHRUHP � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7KHUPRG\QDPLF SURFHVVHV � � � � � � � � � � � � � � � � � � � � � � � ���
���� 6HFRQG ODZ RI WKHUPRG\QDPLFV � � � � � � � � � � � � � � � � � � � � ���
���� +HDW HQJLQHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� .LQHWLF JDV WKHRU\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� 3KDVH WUDQVLWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� 5HDO JDVHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� 6WHIDQ�%ROW]PDQQ ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���



� 7KHUPRG\QDPLFV

7KHUPRG\QDPLFV LV D SKHQRPHQRORJLFDO WUHDWPHQW RI FODVVLFDO PDFURVFRSLF V\VWHPV DQG
WKHLU SURSHUWLHV� 7KH V\VWHPV ORRNHG DW LQ WKHUPRG\QDPLFV LQYROYH PDQ\ GHJUHHV RI IUHH�
GRP �⇠ 1023�� 7KHUHIRUH LW LV LPSRVVLEOH WR VROYH WKH HTXDWLRQV RI PRWLRQ H[DFWO\�

,Q WKLV FKDSWHU� ZH ZLOO ILUVW ORRN DW VRPH LPSRUWDQW GHILQLWLRQV� EHIRUH ORRNLQJ DW LGHDO
JDVHV DQG KHDW HQJLQHV� ,Q WKH HQG� ZH ZLOO DOVR KDYH D TXLFN ORRN DW UHDO JDVHV DQG WKH
6WHIDQ�%ROW]PDQQ ODZ�

��� ,PSRUWDQW GHILQLWLRQV

0ROH� EDVH XQLW IRU WKH DPRXQW RI VXEVWDQFH� 2QH PROH RI D VXEVWDQFH FRQWDLQV
H[DFWO\ NA SDUWLFOHV� �6HH ILJXUH �����

$YRJDGUR FRQVWDQWNA�
WKH QXPEHU RI PROHFXOHV LQ RQH PROH� NA ⇡ 6.022⇥ 1023PRO�1�

%ROW]PDQQ FRQVWDQW kb�
DQ LPSRUWDQW SURSRUWLRQDOLW\ FRQVWDQW LQ VWDWLVWLFDO SK\VLFV WR UHODWH HQHUJ\
DQG WHPSHUDWXUH� kb ⇡ 1.380⇥ 10�23 -.�1

*DV FRQVWDQWR�
SURSRUWLRQDOLW\ FRQVWDQW WR UHODWH HQHUJ\ WR D PROH RI SDUWLFOHV DW D VWDWHG
WHPSHUDWXUH� 0RODU YHUVLRQ RI kb� R = kb ·NA

9ROXPH V � VSDFH LQ ZKLFK WKH V\VWHP LV FRQILQHG LQ�

7HPSHUDWXUH T �
PHDVXUHG TXDQWLW\ RI D WKHUPRPHWHU �VHH DOVR QH[W VHFWLRQ �����

3UHVVXUH S� IRUFH DSSOLHG SHU XQLW DUHD�

1XPEHU RI PROHFXOHVN �
QXPEHU RI PROHFXOHV FRQILQHG LQ WKH FRQVLGHUHG YROXPH�

$PRXQW RI VXEVWDQFH n�
PRODU YHUVLRQ RI N � �6HH ILJXUH �����

:RUNW � HQHUJ\ WUDQVIHUUHG IURP RU WR WKH V\VWHP E\ H[SDQVLRQ�FRPSUHVVLRQ�

+HDWQ� WUDQVIHUUHG HQHUJ\ EHWZHHQ V\VWHPV GXH WR KHDW IORZ �XVXDOO\ FDXVHG E\
WHPSHUDWXUH GLIIHUHQFH��

���
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,QWHUQDO HQHUJ\ U �
DOVR VRPHWLPHV FDOOHG MXVW HQHUJ\� DOO WKH HQHUJ\ LQVLGH WKH V\VWHP�

,GHDO JDV� D FROOHFWLRQ RI QHXWUDO DWRPV RU PROHFXOHV ZKHUH WKH LQWHUDFWLRQ EHWZHHQ
LQGLYLGXDO SDUWLFOHV FDQ EH QHJOHFWHG�

mass of one particle
number of particles

amount of substance

Avogadro constant

mass

molar mass

molar volume

density

volume

)LJXUH ���� &RQQHFWLRQ EHWZHHQ PDVV� YROXPH� QXPEHU RI SDUWLFOHV DQG DPRXQW RI VXE�
VWDQFH� 7KH YDOXH IRU WKH PRODU YROXPH LV IRU RQH PROH RI DQ LGHDO JDV DW 0 �& DQG
101.325 N3D� $GDSWHG IURP >�@�

��� 7HPSHUDWXUH VFDOH

6LQFH WKHUH LV QR HDV\ ZD\ WR GHILQH WHPSHUDWXUH� ZH MXVW VWDWH WKDW WKH WHPSHUDWXUH LV D
SK\VLFDO TXDQWLW\ WKDW WHOOV XV LQ ZKLFK GLUHFWLRQ WKH KHDW IORZV� +HDW DOZD\V IORZV LQ WKH
GLUHFWLRQ RI WKH ERG\ ZLWK WKH ORZHU WHPSHUDWXUH� $ ZD\ WR PHDVXUH WKLV WHPSHUDWXUH LV
E\ XVLQJ D WKHUPRPHWHU� ZKLFK XVHV WKHUPDO SURSHUWLHV RI PDWHULDOV WR PHDVXUH WKH WHP�
SHUDWXUH� ([DPSOHV DUH WKH WKHUPDO H[SDQVLRQ RI PHUFXU\� DQ HOHFWULFDO UHVLVWDQFH WKDW
FKDQJHV ZLWK WHPSHUDWXUH RU WKH YROXPH RI D JDV DW FRQVWDQW SUHVVXUH�

���



� 7KHUPRG\QDPLFV

7KH WHPSHUDWXUH LV D VFDODU �D QXPEHU� PHDVXUH ZKLFK LV FRQVWDQW LQ DQ LVRODWHG V\VWHP
LQ WKHUPRG\QDPLF HTXLOLEULXP� 7KHUH DUH � PDLQ VFDOHV IRU WHPSHUDWXUH �.HOYLQ� &HOVLXV
DQG )DKUHQKHLW�� EXW LQ SK\VLFV� RQO\ .HOYLQ DQG� LQ UDUH FDVHV� &HOVLXV DUH XVHG� ,Q ILJXUH
���� D FRPSDULVRQ EHWZHHQ WKH VFDOHV FDQ EH VHHQ�

7KH .HOYLQ VFDOH VWDUWV DW DEVROXWH ]HUR� ZKLFK LV HTXDO WR�273.15 �&� $W 0. DOO WKHUPDO
PRWLRQ IUHH]HV� 7KHUH LV QR WHPSHUDWXUH WKDW LV < 0.� 7KH .HOYLQ VFDOH DOVR XVHV WKH
VDPH WHPSHUDWXUH VWHS DV WKH &HOVLXV VFDOH DQG WKHUHIRUH ZH FDQ HDVLO\ VZLWFK EHWZHHQ WKH
WZR�

T [�&] + 273.15 = T [.] �����

1RWH WKDW PRVW HTXDWLRQV LQ SK\VLFV RQO\ ZRUN SURSHUO\ LI \RX FDOFXODWH HYHU\WKLQJ LQ WKH
.HOYLQ WHPSHUDWXUH VFDOH DQG ZLWK QR RWKHU�

)LJXUH ���� &RPSDULVRQ RI GLIIHUHQW WHPSHUDWXUH VFDOHV UHODWHG WR WKH HQHUJ\ VFDOH YLD
WKH %ROW]PDQQ FRQVWDQW kb �H�J� IRU T 300. ) kbT = 4.1 ⇥ 10�21 - � ZLWK WKH
FRUUHVSRQGLQJ HQHUJLHV LQ =HSWRMRXOH �1 ]- = 1⇥ 10�21 -��>��@

���
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��� =HURWK ODZ RI WKHUPRG\QDPLFV

7KH ]HURWK ODZ RI WKHUPRG\QDPLFV VWDWHV WKDW LI ZH EULQJ WZR ERGLHV �A	B� ZLWK GLIIHU�
HQW WHPSHUDWXUHV �TA 	 TB� LQWR FRQWDFW� WKH WZR ERGLHV ZLOO UHDFK D WKHUPDO HTXLOLEULXP
�Teq� DIWHU D FHUWDLQ WLPH� 6LQFH WKH WHPSHUDWXUH LV D PHDVXUH RI WKHUPDO PRYHPHQW RI
DWRPV�PROHFXOHV �VHH FKDSWHU ������ WKH HTXLOLEULXP WHPSHUDWXUH Teq LV EHWZHHQ TA DQG
TB �

TA < Teq < TB RU TA > Teq > TB, �����

GHSHQGLQJ RQ ZKLFK ERG\ KDG WKH KLJKHU WHPSHUDWXUH LQ WKH EHJLQQLQJ�

��� 7KHUPDO HQHUJ\ DQG KHDW FDSDFLW\

:KHQ WZR ERGLHV ZLWK GLIIHUHQW WHPSHUDWXUHV WRXFK HDFK RWKHU� WKH KHDW RI RQH ERG\
IORZV WR WKH RWKHU XQWLO WKH\ KDYH WKH VDPH WHPSHUDWXUH� 7KLV WKHUPDO HQHUJ\ �Q LV
RIWHQ �HVSHFLDOO\ LQ FKHPLVWU\� PHDVXUHG LQ FDORULHV �FDO��

1 FDO = 4.1868 -, �����

ZKHUH RQH FDORULH LV WKH KHDWLQJ HQHUJ\ RQH QHHGV WR KHDW XS 1 J ZDWHU DW QRUPDO SUHVVXUH
�p = 1 EDU� IURP 287.65. WR 288.65.� 7RGD\ WKH 6,�XQLW -RXOH VKRXOG EH XVHG� EXW LQ
PDQ\ WH[WERRNV RQH FDQ VWLOO ILQG FDORULHV�

'LIIHUHQW PDWHULDOV DOVR WDNH GLIIHUHQW DPRXQWV RI HQHUJ\�Q WR LQFUHDVH WKH WHPSHUDWXUH
E\ D FHUWDLQ H[WHQW �T � 7KHUHIRUH ZH GHILQH WKH KHDW FDSDFLW\ C ZKLFK LV D PHDVXUH RI
KRZ PXFK WKHUPDO HQHUJ\ WKH ERG\ QHHGV WR KHDW XS�

C =
�Q

�T
, �Q = C ·�T �����

8VXDOO\ WKH KHDW FDSDFLW\ LV QRUPDOL]HG WR WKH PDVV RI WKH ERG\ �VSHFLILF KHDW FDSDFLW\
Cm� RU WKH DPRXQW RI VXEVWDQFH �PRODU KHDW FDSDFLW\ CM �� L�H�

Cm =
1

m

�Q

�T
�����

DQG

CM =
1

n

�Q

�T
. �����

���



� 7KHUPRG\QDPLFV

����� 0RODU KHDW FDSDFLWLHV RI LGHDO JDVHV

,Q JHQHUDO WKHUH DUH WZR GLIIHUHQW W\SHV RI KHDW FDSDFLWLHV �IRU JDVHV�� 7KH KHDW FDSDFLW\ RI
D VXEVWDQFH GHSHQGV RQ KRZ RQH PHDVXUHV LW� ,I \RX PHDVXUH LW ZKLOH OHDYLQJ WKH SUHVVXUH
FRQVWDQW �Cp� WKH VSHFLILF KHDW LV KLJKHU FRPSDUHG WR ZKHQ \RX OHDYH WKH YROXPH FRQVWDQW
�CV �� 7KLV PHDQV WKDW RQH QHHGV GLIIHUHQW DPRXQWV RI HQHUJ\ WR KHDW WKH VDPH DPRXQW
RI SDUWLFOHV� GHSHQGLQJ RQ KRZ RQH KHDWV WKHP XS� 7KLV LV EHFDXVH DGGLWLRQDO ZRUN LV
GRQH ZKHQ H[SDQGLQJ WKH V\VWHP ZKLOH NHHSLQJ WKH SUHVVXUH FRQVWDQW� 7KLV FDQ EH VHHQ
IURP ILJXUHV ��� DQG ���� 7KH GLIIHUHQFH EHWZHHQ WKH WZR PRODU KHDW FDSDFLWLHV LV H[DFWO\
WKH JDV FRQVWDQW

R = Cp � CV . �����

)RU D GHULYDWLRQ ORRN DW HTXDWLRQ ������ DQG GLYLGH ERWK VLGHV E\ n�T �

V
p

T

V
p+�p

T +�T

�Q = nCV�T

)LJXUH ���� +HDW FDSDFLW\ ZLWK FRQVWDQW YROXPH�

V
p

T

V +�V
p

T +�T

�Q = nCp�T

)LJXUH ���� +HDW FDSDFLW\ ZLWK FRQVWDQW SUHVVXUH�

���
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��� ,GHDO JDV ODZ

7KH PRVW LPSRUWDQW HTXDWLRQ LQ FODVVLFDO WKHUPRG\QDPLFV LV WKH LGHDO JDV ODZ

pV = nRT, �����

ZKLFK FDQ DOVR EH ZULWWHQ DV

pV = NkbT. �����

,W LV D FRPELQDWLRQ RI WKH HPSLULFDO %R\OH·V ODZ �p /
1
V �� &KDUOH·V ODZ �V / T � DQG

$YRJDGUR·V ODZ �V / n� DQG LV RQO\ YDOLG IRU LGHDO JDVHV�>��@ 6XFK DQ LGHDO JDV FDQ QRW
EH OLTXHILHG OLNH D UHDO JDV� )RU UHDO JDVHV WKHUH LV DPRQJ RWKHUV WKH 9DQ�GHU�:DDOV JDV
HTXDWLRQ WR GHVFULEH QRW RQO\ WKH EHKDYLRXU LQ WKH JDVHRXV SKDVH� EXW DOVR WKH OLTXLG SKDVH
DV ZHOO DV WKH SKDVH WUDQVLWLRQ EHWZHHQ WKHP�

��� )LUVW ODZ RI WKHUPRG\QDPLFV

7HPSHUDWXUH LV FRQQHFWHG WR WKH NLQHWLF HQHUJ\ RI WKH SDUWLFOHV LQ WKH JDV �VHH FKDSWHU
������ 7KLV LQWHUQDO HQHUJ\ U(p, V, T ) LV D IXQFWLRQ RI WKH SDUDPHWHUV RI WKH V\VWHP�
SUHVVXUH p� YROXPH V DQG WHPSHUDWXUH T � 7KHVH DUH VWDWH YDULDEOHV OLNH GHVFULEHG LQ ����
$ FKDQJH LQ LQWHUQDO HQHUJ\ RQO\ GHSHQGV RQ WKH VWDWHV DW WKH EHJLQQLQJ DQG WKH HQG RI
WKH SURFHVV �U = UE � UA� 7KLV DOVR PHDQV WKDW LW GRHVQ·W PDWWHU KRZ RQH JRW IURP
RQH VWDWH WR WKH RWKHU�

7KH ILUVW ODZ RI WKHUPRG\QDPLFV VWDWHV WKDW WKH HQHUJ\ RI D V\VWHP GRHV FKDQJH LI WKHUPDO
HQHUJ\ Q LV DGGHG RU ZKHQ PHFKDQLFDO ZRUNW LV SHUIRUPHG RQ WKH V\VWHP�

dU = �Q. + �W. ������

7KLV PHDQV WKDW IRU DQ LVRODWHG V\VWHPV� LQ ZKLFK ZH GR QRW DGG WKHUPDO HQHUJ\ RU GR
ZRUN RQ� WKH HQHUJ\ LV FRQVWDQW� 1RWH WKDW KHUH ZH LQWURGXFHG WKH FRQYHQWLRQ WKDW ZRUN
GRQH RQWR WKH V\VWHP� RU WKHUPDO HQHUJ\ DGGHG WR WKH V\VWHP LV SRVLWLYH DQG WKH ZRUN WKH
V\VWHP GRHV RQ LW·V VXUURXQGLQJV LV QHJDWLYH�

���



� 7KHUPRG\QDPLFV

��� 7KHUPRG\QDPLF V\VWHPV

$ WKHUPRG\QDPLF V\VWHP LV D FROOHFWLRQ RI SDUWLFOHV LQ WKHUPDO HTXLOLEULXP DQG LV FKDU�
DFWHUL]HG E\ VR FDOOHG VWDWH YDULDEOHV OLNH YROXPH V � WHPSHUDWXUH T � SUHVVXUH p� HQWURS\
S� QXPEHU RI SDUWLFOHV N � DPRXQW RI VXEVWDQFH n DQG PDQ\ PRUH� ,Q FRQWUDVW KHDW Q
DQG ZRUNW DUH QRW VWDWH YDULDEOHV� EXW SURFHVV IXQFWLRQV� VLQFH WKH\ GR QRW GHVFULEH DQ
�HTXLOLEULXP� VWDWH�

7KH GLIIHUHQW W\SHV RI WKHUPRG\QDPLF V\VWHPV DUH FKDUDFWHUL]HG DV IROORZV�

,VRODWHG V\VWHPV

$Q LVRODWHG V\VWHP KDV QR H[FKDQJH RI PDWWHU RU HQHUJ\ ZLWK LWV VXUURXQGLQJV� ,W LV
FRPSOHWHO\ LVRODWHG DQG ZLOO VWD\ LQ WKH WKHUPRG\QDPLF HTXLOLEULXP�

&ORVHG V\VWHPV

&ORVHG V\VWHPV KDYH� OLNH WKH LVRODWHG V\VWHP� QR H[FKDQJH RI PDWWHU ZLWK WKH VXUURXQG�
LQJV� %XW WKH\ FDQ H[FKDQJH HQHUJ\� IRU H[DPSOH ZLWK D WKHUPDO FRQWDFW RU E\ SHUIRUPLQJ
ZRUN RQ HDFK RWKHU�

2SHQ V\VWHPV

2SHQ V\VWHPV PD\ H[FKDQJH HQHUJ\ DV ZHOO DV PDWWHU ZLWK WKHLU VXUURXQGLQJV�

��� (TXLSDUWLWLRQ WKHRUHP

7KH HTXLSDUWLWLRQ WKHRUHP VWDWHV WKDW WKH PHDQ HQHUJ\ RI HDFK PROHFXOH ZLWK f GHJUHHV
RI IUHHGRP �QXPEHU RI LQGHSHQGHQW PRWLRQV WKDW DUH DOORZHG� H�J� PRYLQJ LQ [�\ DQG ]
HTXDOV WR � GHJUHHV RI IUHHGRP� LV JLYHQ E\

PHDQ HQHUJ\ SHU PROHFXOH =
f

2
kbT. ������

7KXV WKH HQHUJ\ RI DQ LGHDO JDV ZLWK n PROHV RI PROHFXOHV LV JLYHQ E\

U = nNA
f

2
kbT = n

f

2
RT. ������

8VLQJ�Q = nCV�T � ZH DOVR ILQG WKDW CV = f
2R DQG WKHUHIRUH Cp =

f+2
2 R� 'XH WR

TXDQWXPPHFKDQLFDO HIIHFWV� GHJUHHV RI IUHHGRP FDQ EH µIUR]HQµ RXW DW ORZ WHPSHUDWXUHV�
7KLV PHDQV WKH\ FDQQRW EH H[FLWHG DQG WKHUHIRUH GRQ·W FRQWULEXWH WR WKH LQQHU HQHUJ\�
7KLV FDQ EH VHHQ LQ ILJXUH ����

���
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)LJXUH ���� 6SHFLILF KHDW RI +2 �VFKHPDWLFDOO\�� 7KH \�D[LV FRUUHVSRQGV WR f
2 = CV

R � 7KH
YLEUDWLRQ JLYHV WZR GHJUHHV RI IUHHGRP� VLQFH RQH FDQ VWRUH HQHUJ\ LQ SRWHQWLDO RU NLQHWLF
HQHUJ\�>��@

��� 7KHUPRG\QDPLF SURFHVVHV

,Q WKLV FKDSWHU ZH ORRN DW GLIIHUHQW SURFHVVHV WKDW FKDQJH WKH V\VWHP E\ GRLQJ�H[WUDFWLQJ
ZRUN RQWR LW RU E\ KHDWLQJ�FRROLQJ LW� 7KHVH SURFHVVHV DUH PRVWO\ FKDUDFWHUL]HG E\ WKH
YDULDEOHV WKH\ OHDYH FRQVWDQW� 7KH GLIIHUHQW SURFHVVHV LQ D p�V GLDJUDP FDQ EH VHHQ LQ
����

,VREDULF SURFHVVHV

,Q DQ LVREDULF SURFHVV WKH SUHVVXUH LV KHOG FRQVWDQW� 7KH ZRUN GRQH RQ DQ H[SDQGLQJ JDV
IURP WKH RXWVLGH LV JLYHQ E\

W. =

ˆ Vb

Va

�W. = �

ˆ Vb

Va

pdV, ������

ZKHUH Va LV WKH YROXPH DW WKH EHJLQQLQJ DQG Vb DW WKH HQG RI WKH SURFHVV� %\ XVLQJ WKDW
WKH SUHVVXUH LV FRQVWDQW RYHU WKH ZKROH H[SDQVLRQ� ZH FDQ WDNH WKH SUHVVXUH RXW RI WKH
LQWHJUDO DQG JHW WKH WRWDO ZRUN

W. = �p

ˆ Vb

Va

dV = �p(Vb � Va) = �nR(Tb � Ta). ������

%\ XVLQJ WKH HTXLSDUWLWLRQ WKHRUHP� ZH FDQ DOVR ILQG WKH FKDQJH LQ LQWHUQDO HQHUJ\�U =
nCV�T DQG WKHUHIRUH� DFFRUGLQJ WR WKH ILUVW ODZ RI WKHUPRG\QDPLFV DQG WKH LGHDO JDV
ODZ� WKH KHDW H[FKDQJHG DV

Q. = �U �W. = nCV�T + nR�T = nCp�T. ������

���



� 7KHUPRG\QDPLFV

)LJXUH ���� 'LIIHUHQW SURFHVVHV LQ D S�9 GLDJUDP� >��@

,VRWKHUPDO SURFHVVHV

)RU LVRWKHUPDO SURFHVVHV WKH WHPSHUDWXUH LV KHOG FRQVWDQW �T = const.� DQG WKHUHIRUH�
DFFRUGLQJ WR WKH HTXLSDUWLWLRQ WKHRUHP� WKH LQWHUQDO HQHUJ\ LV FRQVWDQW �U = U(T ) =
const�� 8VLQJ WKH LGHDO JDV ODZ ZH DOVR ILQG WKDW WKH SURGXFW pV = const. DV ZHOO� 6LQFH
ZH NQRZ WKDW WKH LQWHUQDO HQHUJ\ UHPDLQV FRQVWDQW� WKH ILUVW ODZ RI WKHUPRG\QDPLFV WHOOV
XV WKDW WKH LQFRPLQJ KHDW LV HQWLUHO\ FRQYHUWHG WR ZRUN�

Q. =

ˆ
�Q. =

ˆ
��W. = �W. = W% ������

8VLQJ WKH LGHDO JDV ODZ ZH FDQ WKHQ FDOFXODWH WKH ZRUN GRQH E\ WKH V\VWHP DV

W% =

ˆ Vb

Va

pdV = nRT

ˆ Vb

Va

dV

V
= nRT OQ

✓
Vb

Va

◆
������

,VRFKRULF SURFHVVHV

,Q LVRFKRULF SURFHVVHV WKH YROXPH GRHVQ·W FKDQJH �V = const.�� $V D FRQVHTXHQFH QR
ZRUN LV EHLQJ GRQH DQG WKHUHIRUH WKH ILUVW ODZ RI WKHUPRG\QDPLFV WHOOV XV

dU = �Q.. ������

���
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7KHUHIRUH WKH FKDQJH LQ HQHUJ\ LV VLPSO\ JLYHQ E\

Q. =

ˆ Tb

Ta

nCV dT = nCV�T. ������

$GLDEDWLF SURFHVVHV

,I GXULQJ D SURFHVV WKH V\VWHP GRHV QRW H[FKDQJH KHDW ZLWK WKH VXUURXQGLQJV� RQH VSHDNV
RI DGLDEDWLF SURFHVVHV� 7KLV LV IRU H[DPSOH WKH FDVH ZKHQ WKH V\VWHP LV WKHUPDOO\ LVRODWHG
RU ZKHQ WKH SURFHVV LV VR IDVW WKDW WKH KHDW H[FKDQJH ZLWK WKH VXUURXQGLQJV LV QHJOLJLEOH�

:H FDQ ZULWH GRZQ WKH FKDQJH LQ ZRUN DQG HQHUJ\ IRU WKH SURFHVV

�W = �pdV = �
nRT

V
dV ������

dU = nCV dT. ������

6LQFH ZH NQRZ WKDW WKHUH LV QR KHDW H[FKDQJHG �Q = 0� ZH ILQG WKDW IRU DQ\ DGLDEDWLF
SURFHVV nCV dT + nRT

V dV = 0� %\ GLYLGLQJ WKURXJK nT DQG LQWHJUDWLQJ ZH JHW

ˆ
CV

T
dT = �

ˆ
R

V
dV ������

CV OQ(T ) = �R OQ(V ) + const. ������

) T = V
� R

CV · const0., ������

ZKLFK LV H[DFWO\

TV �1 = const. ������

RU HTXLYDOHQWO\

pV  = const00. ������

T p1� = const000. ������

:KHUH  LV WKH UDWLR  = Cp

CV
ZKLFK LPSOLHV R

CV
= � 1 �XVLQJ HTXDWLRQ �������

���



� 7KHUPRG\QDPLFV

���� 6HFRQG ODZ RI WKHUPRG\QDPLFV

7KH ILUVW ODZ RI WKHUPRG\QDPLFV ZDV DERXW WKH H[FKDQJH RI HQHUJ\ ZLWK WKH VXUURXQGLQJV�
7KH VHFRQG ODZ RI WKHUPRG\QDPLFV LV DERXW WKH GLVWULEXWLRQ RI WKH PROHFXOHV ZLWKLQ WKH
YROXPH RI WKH V\VWHP� 7KH HQWURS\ RI D V\VWHP LV D PHDVXUH IRU WKH GLVRUGHU LQ WKH V\VWHP�
7KHUH DUH PDQ\ IRUPXODWLRQV� EXW WKH PRVW NQRZQ RQH LV

S = kb OQW, ������

ZKHUH S LV WKH HQWURS\ DQGW WKH SUREDELOLW\ IRU WKH V\VWHP WR EH LQ D JLYHQ VWDWH� �7R
EH PRUH SUHFLVH LW LV WKH SUREDELOLW\ WR EH LQ D JLYHQ PDFURVWDWH GHILQHG E\ VWDWH YDULDEOHV�
)RU D EHWWHU H[SODQDWLRQ \RX FDQ KDYH D ORRN DW >��@��

7KH VHFRQG ODZ RI WKHUPRG\QDPLFV VWDWHV WKDW WKH HQWURS\ RI D V\VWHP FDQ RQO\ LQFUHDVH

dS �
�Q.

T
. ������

7KHUH DUH DOVR RWKHU IRUPXODWLRQV RI WKH VHFRQG ODZ� OLNH WKH RQH IURP 5XGROI &ODXVLXV�

µ+HDW FDQ QHYHU SDVV IURP D FROGHU WR D ZDUPHU ERG\ ZLWKRXW VRPH RWKHU FKDQJH�
FRQQHFWHG WKHUHZLWK� RFFXUULQJ DW WKH VDPH WLPH�µ >��@

RU /RUG .HOYLQ�

µ,W LV LPSRVVLEOH� E\ PHDQV RI LQDQLPDWH PDWHULDO DJHQF\� WR GHULYH PHFKDQLFDO
HIIHFW IURP DQ\ SRUWLRQ RI PDWWHU E\ FRROLQJ LW EHORZ WKH WHPSHUDWXUH RI WKH FROGHVW
RI WKH VXUURXQGLQJ REMHFWV�µ >��@

7KH VHFRQG ODZ DOVR VSOLWV SURFHVVHV XS LQWR WKRVH ZKLFK DUH UHYHUVLEOH DQG FRQVHUYH WKH
HQWURS\� DQG WKRVH ZKLFK DUH LUUHYHUVLEOH DQG GR QRW FRQVHUYH HQWURS\� )RU UHYHUVLEOH
SURFHVVHV� WKH V\VWHP FDQ EH UHWXUQHG WR LWV LQLWLDO VWDWH� )RU UHYHUVLEOH SURFHVVHV ZH
WKHUHIRUH KDYH

dS =
�Q.

T
. ������

7KHUH LV DOVR WKH WKLUG ODZ RI WKHUPRG\QDPLFV ZKLFK IL[HV WKH HQWURS\ DW DEVROXWH ]HUR
S(0.) = 0� )RU PRUH LQIRUPDWLRQ KDYH D ORRN DW >��@�

���
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���� +HDW HQJLQHV

+HDW HQJLQHV GR ZRUN E\ WUDQVIHUULQJ KHDW EHWZHHQ WZR UHVHUYRLUV DW GLIIHUHQW WHPSHUD�
WXUHV� 2QH FDQ LPDJLQH LW D ELW OLNH D ZDWHU PLOO� ZKHUH WKH ZDWHU IURP WKH KLJKHU OHYHO
SURGXFHV PHFKDQLFDO ZRUN E\ UXQQLQJ WR WKH ORZHU OHYHO�

+HDW HQJLQHV FDQ EH FKDUDFWHUL]HG E\ WKH DVVRFLDWHG F\FOH� ZKLFK FRUUHVSRQGV WR D FORVHG
FXUYH LQ D p� V GLDJUDP� 7KHUH DUH PDQ\ GLIIHUHQW KHDW PDFKLQHV� OLNH FRQYHQWLRQDO FDU
HQJLQHV� EXW ZH ZLOO KDYH D ORRN DW WKH WKHRUHWLFDOO\ PRVW HIILFLHQW SURFHVV� WKH &DUQRW
F\FOH� 7KH &DUQRW SURFHVV� ZKLFK LV GHSLFWHG LQ ILJXUH ���� IHDWXUHV WZR LVRWKHUPDO DQG
WZR DGLDEDWLF SURFHVVHV�

)LJXUH ���� 7KH &DUQRW F\FOH ZLWK LWV WZR LVRWKHUPV DQG WZR DGLDEDWV� 7KH DUHD WKDW LV
HQFORVHG E\ WKH &DUQRW SURFHVV HTXDOV WKH WRWDO ZRUN GRQH� >��@

7R VHH KRZ HIILFLHQW WKH &DUQRW F\FOH LV ZH KDYH WR ZULWH GRZQ WKH HTXDWLRQ IRU HYHU\
VWHS� VKRZQ LQ WDEOH ����

���



� 7KHUPRG\QDPLFV

7DEOH ���� 7KH &DUQRW SURFHVV�

VWHS SURFHVV T W Q

�� D!E DGLDEDWLF
FRPSUHVVLRQ

T2 ! T1 �W.
1 = nCV (T1 � T2) �

�� E!F LVRWKHUPDO
H[SDQVLRQ

T1 �W%
2 = nRT1 OQ Vc

Vb
�Q.

2 = nRT1 OQ Vc
Vb

�� F!G DGLDEDWLF H[�
SDQVLRQ

T1 ! T2 �W%
3 = nCV (T1 � T2) �

�� G!D LVRWKHUPDO
FRPSUHVVLRQ

T2 �W.
4 = nRT2 OQ Vd

Va
�Q%

4 = nRT2 OQ Vd
Va

)XUWKHUPRUH ZH NQRZ WKDW TV �1 = const. GXULQJ DGLDEDWLF SURFHVVHV

T2V
�1
a = T1V

�1
b ������

T2V
�1
d = T1V

�1
c ������

DQG LI ZH GLYLGH WKH WZR HTXDWLRQV� ZH JHW WKH FRQGLWLRQ

Va · Vc = Vb · Vd. ������

:LWK DOO RI WKDW ZH FDQ GHILQH WKH &DUQRW HIILFLHQF\

⌘C =
ZRUN GRQH
VXSSOLHG KHDW

=
��W.

1 + �W%
2 + �W%

3 � �W.
4

�Q.
2

=
T1 � T2

T1
. ������

7KH &DUQRW F\FOH GHILQHV D WKHUPRG\QDPLF F\FOLF SURFHVV WR SURGXFH ZRUN ZLWK WKH KLJK�
HVW DFKLHYDEOH HIILFLHQF\� $OO UHYHUVLEOH KHDW HQJLQHV EHWZHHQ WZR KHDW UHVHUYRLUV DUH
HTXDOO\ HIILFLHQW DV D &DUQRW HQJLQH RSHUDWLQJ EHWZHHQ WKH VDPH UHVHUYRLUV�>��@ 7KHUHIRUH
DOO UHDO SURFHVVHV DUH OHVV HIILFLHQW

ZRUN GRQH
VXSSOLHG KHDW

= ⌘real  ⌘C =
Thot � Tcold

Thot
. ������

,W LV DOVR QLFH WR VHH WKDW WKH HQWURS\ IRU D IXOO\ UHYHUVLEOH F\FOH GRHV QRW LQFUHDVH�

�S =

˛
dS =

˛
�Q

T
= 0 ������

7KLV LV NQRZQ DV WKH &ODXVLXV HTXDOLW\ IRU UHYHUVLEOH SURFHVVHV�>��@

���
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���� .LQHWLF JDV WKHRU\

,Q WKLV FKDSWHU ZH ORRN DW KRZ PLFURVFRSLF PRWLRQ H[SODLQV WKH PDFURVFRSLF SURSHUWLHV
RI D V\VWHP� 6ROYLQJ WKH SUREOHP H[DFWO\ LV LPSRVVLEOH GXH WR WKH KXJH QXPEHU RI SDUWL�
FOHV ZLWKLQ D PDFURVFRSLF YROXPH� EXW ZLWK VRPH DSSUR[LPDWLRQV ZH FDQ PRGHO WKH UHDO
V\VWHP YHU\ DFFXUDWHO\� 7KH PRVW LPSRUWDQW DSSUR[LPDWLRQV DUH�

� 7KH JDV FRQVLVWV RI PDQ\� VPDOO SDUWLFOHV DQG ZH DSSUR[LPDWH WKHP DV SRLQWV� VR
ZH FDQ QHJOHFW WKH YROXPH WKH\ WDNH�

� $OO SDUWLFOHV DUH LGHQWLFDO�

� 7KH SDUWLFOHV PRYH ZLWK D FRQVWDQW� UDQGRP YHORFLW\�

$ IXOO OLVW RI WKH DSSUR[LPDWLRQV FDQ EH IRXQG RQ :LNLSHGLD>��@�

)LJXUH ���� 0ROHFXOHV PRYH DURXQG LQ D YROXPH ZLWK UDQGRP GLUHFWLRQ DQG VSHHG� LQGL�
FDWHG E\ DUURZV�>��@

:H ORRN DW D FXEH RI VLGH OHQJWK L LQ ZKLFK WKH SDUWLFOHV DUH FRQILQHG� OLNH WKH RQH LQ
ILJXUH ���� :KHQ D SDUWLFOH KLWV WKH ZDOO� WKH FKDQJH LQ PRPHQWXP LQ WKH GLUHFWLRQ �H�J�
[� LV JLYHQ E\

�P = PEHIRUH,x � PDIWHU,x = PEHIRUH,x � (�PEHIRUH,x) = 2PEHIRUH,x = 2mvx, ������

���
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ZKHUH P LV WKH PRPHQWXP� )XUWKHU WKH SDUWLFOH KLWV DQ\ JLYHQ ZDOO SHULRGLFDOO\ LQ WLPH
�WLPH RI IOLJKW� ZLWK

�t =
2L

vx
������

EHWZHHQ FROOLVLRQV� ZKLFK JLYHV DQ DYHUDJH IRUFH RQWR WKH ZDOO RI RQH SDUWLFOH RI

FSDUWLFOH =
�P

�t
=

mv2x
L

. ������

7KLV UHVXOWV LQ D WRWDO �DYHUDJH� IRUFH RQWR WKH ZDOO RI

F = N · F̄SDUWLFOH = N
mv̄2x
L

, ������

ZKHUH WKH EDU RYHU WKH IRUFH DQG WKH YHORFLW\ LQGLFDWHV PHDQ YDOXHV RYHU DOO SDUWLFOHV�
6LQFH ZH GR QRW KDYH D ELDV LQ DQ\ GLUHFWLRQ� WKH DYHUDJH VTXDUHG VSHHG LQ DQ\ GLUHFWLRQ
VKRXOG EH WKH VDPH

v̄2 = v̄2x + v̄2y + v̄2z = 3v̄2x. ������

7KLV OHDGV WR D SUHVVXUH RI

p =
F

L2
=

Nmv̄2

3V
, ������

ZLWK D YROXPH V = L3�

&RPSDULQJ ZLWK WKH LGHDO JDV ODZ

pV =
Nmv̄2

3
= NkbT, ������

DQG NQRZLQJ WKDW kb� m DQG N DUH FRQVWDQW� ZH VHH WKDW WKH YHORFLW\ VTXDUHG LV GLUHFWO\
FRQQHFWHG WR WKH WHPSHUDWXUH

kbT =
mv̄2

3
. ������

%\ XVLQJ WKLV ZH FDQ ZULWH GRZQ WKH DYHUDJH NLQHWLF HQHUJ\ SHU SDUWLFOH

1

2
mv̄2 =

3

2
kbT, ������

ZKLFK ZH UHFRJQL]H DV WKH HTXLSDUWLWLRQ WKHRUHP ZLWK SDUWLFOHV KDYLQJ � GHJUHHV RI IUHH�
GRP �WKH\ DUH DEOH WR PRYH LQ [�\ DQG ]��

���
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���� 3KDVH WUDQVLWLRQV

,GHDO JDVHV GR QRW VKRZ DQ\ SKDVH WUDQVLWLRQV �H�J� FRQGHQVDWLRQ�� EXW UHDO JDVHV OLNH GH�
VFULEHG LQ FKDSWHU ���� GR� )RU HYHU\ SRLQW LQ WKH p�T GLDJUDP� WKHUH LV H[DFWO\ RQH SKDVH
WKDW PLQLPL]HV WKH HQHUJ\� 7KH V\VWHP DOZD\V WULHV WR PLQLPL]H WKLV HQHUJ\ DQG WKHUH�
IRUH SKDVH WUDQVLWLRQV KDSSHQ ZKHQ WKH V\VWHP JRHV IURP RQH UHJLRQ WR DQRWKHU� 'XULQJ
SKDVH WUDQVLWLRQV WKH WZR SKDVHV FRH[LVW�

,I D SKDVH WUDQVLWLRQ KDSSHQV XVXDOO\ GHSHQGV RQ WKH SUHVVXUH DV ZHOO DV RQ WKH WHPSHU�
DWXUH� DV FDQ EH VHHQ LQ ILJXUH ���� ,Q WKH ILJXUH RQH FDQ VHH WKH SKDVH GLDJUDP RI ZDWHU�
ZLWK WKH IUHH]LQJ SRLQW DW 0 �& DQG WKH ERLOLQJ SRLQW DW 100 �& IRU QRUPDO DWPRVSKHULF
SUHVVXUH� %XW ZLWK FKDQJLQJ SUHVVXUH� WKH QHFHVVDU\ WHPSHUDWXUH WR ERLO�IUHH]H ZDWHU JHWV
VKLIWHG DQG RQH FDQ HYHQ JHW ZDWHU OLTXLG EHORZ 0 �&�

)LJXUH ���� 3KDVH GLDJUDP RI +22� 2Q WKH YHU\ OHIW LV WKH VROLG SKDVH� LQ WKH PLGGOH WKH
OLTXLG SKDVH DQG RQ WKH ULJKW� H[WHQGLQJ DOO WKH ZD\ WR WKH OHIW DW ORZ SUHVVXUH� LV WKH WKH
JDVHRXV SKDVH� >��@

:KHQ D V\VWHP WUDQVLWLRQV IURP RQH SKDVH WR WKH RWKHU� KHDW LV HLWKHU UHOHDVHG WR WKH

���
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VXUURXQGLQJ �H�J� FRQGHQVDWLRQ� RU WDNHQ IURP WKH VXUURXQGLQJV �H�J� HYDSRUDWLRQ�� 7KLV
KHDW LV FDOOHG WKH ODWHQW KHDW L DQG LV XVXDOO\ IRXQG DV VSHFLILF ODWHQW KHDW Lm ZKLFK LV
QRUPDOL]HG E\ WKH PDVV� 7KHUHIRUH RQH FDQ FDOFXODWH WKH KHDW Q QHHGHG WR HYDSRUDWH D
PDWHULDO RQO\ E\ NQRZLQJ LWV PDVV DQG WKH VSHFLILF ODWHQW KHDW

Q = mLm. ������

7KLV LV RI FRXUVH RQO\ YDOLG LI WKH V\VWHP LV DOUHDG\ DW WKH DSSURSULDWH WHPSHUDWXUH�

���� 5HDO JDVHV

,Q WKLV VFULSW ZH RQO\ ORRNHG DW LGHDO JDVHV� EXW MXVW DV DQ RXWORRN ZH VKDOO EULHIO\ GLVFXVV
UHDO JDVHV�

$V D ILUVW DSSUR[LPDWLRQ ZH FDQ LQWURGXFH WZR HPSLULFDO SDUDPHWHUV WR WKH LGHDO JDV ODZ�
EULQJLQJ XV WR WKH YDQ GHU :DDOV JDV HTXDWLRQ�

✓
p+

an2

V 2

◆
(V � nb) = nRT. ������

7KH WZR WHUPV DUH�

�� 7KHUH LV QRW RQO\ WKH RXWHU SUHVVXUH� EXW WKH LQWHUDFWLRQ RI WKH PROHFXOHV LV DOVR
WDNHQ LQWR DFFRXQW E\ WKH IDFWRU D�

�� 7KH YROXPH WKDW WKH JDV FDQ PRYH LQ LV UHGXFHG E\ WKH YROXPH WKH PROHFXOHV
RFFXS\� 7KLV LV WDNHQ FDUH RI E\ WKH IDFWRU E�

7KH SUREDEO\ ELJJHVW DGYDQWDJH RI XVLQJ WKH YDQ GHU :DDOV HTXDWLRQ LV WKDW ZLWK WKLV
PRGHO RQH FDQ DOVR WDNH SKDVH WUDQVLWLRQV LQWR DFFRXQW� ZKLFK LV QRW LQFOXGHG LQ WKH LGHDO
JDV ODZ�

���� 6WHIDQ�%ROW]PDQQ ODZ

(YHU\ ERG\ UDGLDWHV SRZHU LQ WKH IRUP RI HOHFWUR�PDJQHWLF ZDYHV EHFDXVH RI LWV WHPSHU�
DWXUH� )RU H[DPSOH PROWHQ PHWDOV HPLW RXW OLJKW LQ WKH YLVLEOH UDQJH� 7KH SRZHU UDGLDWHG
SHU DUHD E\ D EODFN ERG\ �D ERG\ WKDW DEVRUEV DOO LQFRPLQJ OLJKW� LV JLYHQ E\ WKH 6WHIDQ�
%ROW]PDQQ ODZ

P = �T 4. ������

���
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� LV WKH 6WHIDQ�%ROW]PDQQ FRQVWDQW DQG LV JLYHQ E\

� =
2⇡5k4b
15c2h3

⇡ 5.670⇥ 10�8:P�2.�4, ������

ZKHUH c LV WKH VSHHG RI OLJKW DQG h 3ODQFN·V FRQVWDQW�

���
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26&,//$7,216

$ SK\VLFLVW DVNV D PDWKHPDWLFLDQ WR
KHOS KLP FKHFN WKH WXUQ VLJQDOV RI KLV
FDU� 7KH SK\VLFLVWV HQWHUV WKH FDU DQG
DFWLYDWHV WKH WXUQ VLJQDO� +H DVNV WKH
PDWKHPDWLFLDQ ZKHWKHU WKH VLJQDO
ZRUNV� 7KH UHSO\� ´:RUNV� GRHVQ·W
ZRUN� ZRUNV� GRHVQ·W ZRUN� ZRUNV�
GRHVQ·W ZRUN� ���µ

0DWKHPDWLFLDQV QRUPDOO\ DUJXH WKDW
WKH UROHV DUH UHYHUVHG�

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� +DUPRQLF 2VFLOODWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� +DUPRQLF 2VFLOODWLRQV� 6SULQJ�0DVV 6\VWHPV DQG 'LIIHU�
HQWLDO (TXDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� )XUWKHU ([DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � ���
����� ,PSRUWDQFH RI +DUPRQLF 2VFLOODWLRQV � � � � � � � � � � � � ���

��� %H\RQG +DUPRQLF 2VFLOODWLRQV � � � � � � � � � � � � � � � � � � � � � ���
����� ([DPSOH RI )RUFHG 2VFLOODWLQJ 6\VWHPV � � � � � � � � � � � ���

���



� 2VFLOODWLRQV

��� ,QWURGXFWLRQ

,PSRUWDQW VRXUFHV IRU WKLV FKDSWHU LQFOXGH >��@ DQG >��@�
7KH WHUP RVFLOODWLRQ JHQHUDOO\ UHIHUV WR WKH �SHULRGLF� YDULDWLRQ RI VRPH SK\VLFDO TXDQWLW\
ZLWK WLPH DURXQG D SRLQW RI HTXLOLEULXP�
7KHUH LV QR VWURQJ FRQVHQVXV DPRQJ SK\VLFLVWV IRU D SURSHU GHILQLWLRQ RI RVFLOODWLRQV�
6RPH SUHIHU XVLQJ EURDGHU GHILQLWLRQV� WR WKH SRLQW RI LQFOXGLQJ SKHQRPHQD WKDW GR QRW
µRVFLOODWHµ LQ WKH FRPPRQ VHQVH� ZKLOH VRPH RWKHUV SUHIHU D QDUURZHU GHILQLWLRQ� ZLWK
WKH ULVN RI H[FOXGLQJ PRYHPHQWV VKRZLQJ WKH FKDUDFWHULVWLF µEDFN�DQG�IRUWKµ YDULDWLRQ�
'DPSLQJ LV WKH FRPPRQ H[DPSOH RI D SKHQRPHQRQ RI WKH µJUH\ ]RQHµ� PRUH RQ WKLV
ODWHU�
$ ZD\ RI SK\VLFDOO\ GHILQLQJ RVFLOODWRU\ V\VWHPV �RVFLOODWRUV� LV WR UHTXLUH WKDW WKH YDU\LQJ
TXDQWLW\ KDV DQ HTXLOLEULXP YDOXH� DQG WKDW WKH V\VWHP QDWXUDOO\ WHQGV WR JR EDFN WR WKDW
YDOXH LI WDNHQ RXW RI HTXLOLEULXP E\ DQ H[WHUQDO SHUWXUEDWLRQ�
)URP WKDW GHILQLWLRQ� ZH DOUHDG\ VHH WKDW RVFLOODWRUV DUH YHU\ FRPPRQ LQ SK\VLFV� YLUWX�
DOO\ LQ DQ\ GRPDLQV� RVFLOODWLRQV� LQ SDUWLFXODU� KDSSHQ HDFK WLPH WKH FRQVLGHUHG TXDQWLW\
�ZKLFK FDQ EH DOPRVW DQ\ PDWKHPDWLFDO TXDQWLW\� D SRVLWLRQ� WKH VWUHQJWK RI D ILHOG� WKH
YROWDJH RI DQ DOWHUQDWLQJ FXUUHQW FLUFXLW� HWF�� LV ERXQG WR D SRWHQWLDO ZLWK D ORFDO PLQLPXP�
,Q WKH IROORZLQJ� ZH ZLOO WDNH D PRUH SUHFLVH ORRN DW VLPSOH RVFLOODWLRQV� QRWDEO\ KDUPRQLF
RVFLOODWLRQV DQG WKHLU H[WHQVLRQV � GDPSLQJ DQG UHVRQDQFH�
$V D SUHDPEOH� OHW XV ILUVW GHILQH SHULRGLFLW\� VHH DOVR ILJXUH ""� 7KLV WHUP UHIHUV WR WKH
LGHD RI KDYLQJ VRPH WLPH�GHSHQGHQW TXDQWLW\ WKDW WDNHV WKH VDPH YDOXHV RYHU DQG RYHU�
LQ D UHJXODU SDWWHUQ� )RU H[DPSOH� FRQVLGHULQJ WKH WLPH�GHSHQGHQW YDULDEOH x(t)� ZH FDOO
LW SHULRGLF LI ZH FDQ ILQG VRPH T VXFK WKDW

x(t) = x(t+ T )

IRU DOO WLPHV t�
$V FDQ EH VHHQ� LI ZH ILQG VXFK D T � WKHQ 2T DOVR VDWLVILHV WKH FULWHULRQ� DV ZHOO DV DQ\
PXOWLSOH RI T � 7KXV� ZH GHILQH WKH SHULRG RI D SHULRGLF V\VWHP DV WKH �SRVLWLYH� VPDOOHVW
VXFK T �
,W LV FOHDU IURP WKLV GHILQLWLRQ WKDW WKH SHULRG T KDV WKH XQLWV RI DQ LQWHUYDO RI WLPH� WKXV
LV JLYHQ LQ V �VHFRQGV� LQ WKH 6,� DQG PHDVXUHV WKH WLPH LW WDNHV DQ RVFLOODWRU WR DFFRPSOLVK
DQ RVFLOODWLRQ F\FOH�
:H DOVR GHILQH WKH IUHTXHQF\ f �DOVR FRPPRQO\ UHIHUHG WR DV ⌫�� LW LV WKH LQYHUVH RI WKH
SHULRG� L�H� 1/T � DQG LW PHDVXUHV KRZ PDQ\ RVFLOODWLRQ F\FOHV DQ RVFLOODWRU DFFRPSOLVKHV
LQ D WLPH XQLW� ,WV 6, XQLW LV V�1� DOVR FDOOHG +] �+HUW]��

���
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)LJXUH ���� 6LPSOH H[DPSOH RI D SHULRGLF PRWLRQ� $ PDVV LV FRQQHFWHG WR D SLYRW E\ D URG�
,W PRYHV EDFN DQG IRUWK� L�H� DOZD\V UHWXUQV WR WKH VDPH SRVLWLRQ �DVVXPLQJ WKHUH LV QRW
IULFWLRQ�� 7KH WLPH WR PRYH EDFN DQG IRUWK LV WKH SHULRG T DQG WKH QXPEHU RI RVFLOODWLRQV
WKH IUHTXHQF\ f = 1/T �

��� +DUPRQLF 2VFLOODWLRQV

+DUPRQLF RVFLOODWLRQV DUH FRQVLGHUHG WKH PRVW VLPSOH W\SH RI RVFLOODWLRQ� 'HVSLWH WKLV �RU
PRUH SUREDEO\� EHFDXVH RI WKLV�� LW DOVR SURYLGHV D FRQYHQLHQW PRGHO IRU PRVW W\SHV RI
�PRUH FRPSOLFDWHG� SK\VLFDO RVFLOODWLRQV� $V LV RIWHQ WKH FDVH� PDWKHPDWLFDO DQG SK\VLFDO
VLPSOLFLW\ FRPH WRJHWKHU�
0DWKHPDWLFDOO\� D TXDQWLW\ x(t) IROORZLQJ D KDUPRQLF RVFLOODWLRQ KDV WKH IROORZLQJ IRUP�

x(t) = A VLQ(!t+ ') � �����

WKDW LV� LW VLPSO\ IROORZV D VLQH IXQFWLRQ� XS WR VRPH VFDOLQJ DQG VKLIWLQJ IDFWRUV�

� A LV FDOOHG DPSOLWXGH� DQG KDV WKH VDPH XQLWV DV x� ,W FRUUHVSRQGV WR WKH PD[LPDO
YDOXH RI x�

� ! LV FDOOHG DQJXODU IUHTXHQF\ �VRPHWLPHV DOVR SXOVDWLRQ� DQG FRUUHVSRQGV WR 2⇡f �
,WV XQLWV DUH WKDW RI DQ DQJOH RYHU D WLPH� L�H� UDGLDQV SHU VHFRQG LQ WKH 6,� 0DWK�
HPDWLFDOO\� LW LV D VFDOLQJ IDFWRU WKDW DOORZV WUDQVIRUPLQJ WKH SDUDPHWHU t LQWR DQ
REMHFW RI WKH ULJKW GLPHQVLRQ IRU WKH VLQH IXQFWLRQ WR DEVRUE� L�H� !t VKRXOG KDYH
XQLWV RI DQ DQJOH�

� ' LV FDOOHG SKDVH DQG KDV XQLWV RI DQ DQJOH �IRU WKH VDPH UHDVRQ DV MXVW H[SODLQHG
IRU !t�� XVXDOO\ JLYHQ LQ UDGLDQV�

���



� 2VFLOODWLRQV

1RWH�

� VRPH WH[WERRNV UHIHU WR 2A DV WKH DPSOLWXGH� %H FDUHIXO�

� DQRWKHU GHILQLWLRQ FDQ EH FUHDWHG XVLQJ D FRVLQH LQVWHDG RI D VLQH� 7KRVH GHILQLWLRQV
DUH HTXLYDOHQW DQG RQO\ GLIIHU E\ D VKLIW RI ⇡/2 LQ WKH SKDVH�

,W LV HDV\ WR FKHFN WKDW KDUPRQLF RVFLOODWLRQV DUH SHULRGLF� LW VLPSO\ IROORZV IURP WKH
PDWKHPDWLFDO SHULRGLFLW\ RI WKH VLQH IXQFWLRQ�

x(t+ T ) = A VLQ (!(t+ T ) + ')

= A VLQ (!t+ !T + ')

= A VLQ (!t+ 2⇡fT + ')

= A VLQ (!t+ 2⇡T/T + ')

= A VLQ (!t+ '+ 2⇡)

= A VLQ (!t+ ')

= x(t) �

����� +DUPRQLF 2VFLOODWLRQV� 6SULQJ�0DVV 6\VWHPV DQG 'LIIHUHQWLDO
(TXDWLRQV

$W WKLV SRLQW� ZH ZDQW WR ORRN DW D ILUVW FRQFUHWH H[DPSOH RI KDUPRQLF RVFLOODWRU DQG WU\
WR UHODWH WKH SK\VLFDO HTXDWLRQV RI VXFK D V\VWHP ZLWK WKH PDWKHPDWLFDO IRUP RI KDUPRQLF
RVFLOODWLRQV GHVFULEHG DERYH�
7KH VLPSOHVW H[DPSOH RI KDUPRQLF RVFLOODWRU LV SHUKDSV WKH VSULQJ�PDVV V\VWHP� ZKHUH DQ
H[WUHPLW\ RI WKH �PDVVOHVV� VSULQJ LV IL[HG DQG WKH RWKHU LV DWWDFKHG WR D IUHH PDVVm� :H
ZLOO RQO\ FRQVLGHU KHUH WKH �' FDVH� ZKHUH WKH PDVV FDQ RQO\ PRYH DORQJ RQH GLPHQVLRQ�
:H GR QRW WDNH DQ\ JUDYLWDWLRQDO IRUFH LQWR DFFRXQW�
:H ZLOO ODWHU VHH WKDW E\ DFFRXQWLQJ IRU IXUWKHU LQWHUDFWLRQV �IULFWLRQ� GULYLQJ E\ DQ H[WHUQDO
PRYHPHQW� HWF�� ZH ZLOO EH DEOH WR JHQHUDOL]H WKLV VLPSOH H[DPSOH DQG WKHUHIRUH VWXG\
YDULRXV LQWHUHVWLQJ RVFLOODWRU\ FDVHV�

1HZWRQ·V HTXDWLRQ IRU WKH PDVV LV DV IROORZV�

X

i

Fi = ma �

���
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k m

)LJXUH ���� 6SULQJ�PDVV V\VWHP� $GDSWHG IURP >��@�

7KH RQO\ IRUFH DFWLQJ RQm LV WKH UHVWRULQJ IRUFH RI WKH VSULQJ �+RRNH·V ODZ��

F = �kx �

ZKHUH k LV WKH VSULQJ FRQVWDQW �GHILQLQJ LWV VWLIIQHVV� LQ 1·P�1 �HTXLYDOHQW WR NJ·V�2��
7KH RULJLQ RI x LV WDNHQ DW WKH SRLQW RI HTXLOLEULXP RI WKH VSULQJ�
7KXV ZH KDYH� E\ UHRUGHULQJ DQG XVLQJ WKDW WKH DFFHOHUDWLRQ LV WKH VHFRQG WLPH GHULYDWLYH
RI WKH SRVLWLRQ �a = ẍ��

ẍ+
k

m
x = 0 � �����

6XFK DQ HTXDWLRQ LV FDOOHG D KRPRJHQHRXV VHFRQG�RUGHU OLQHDU FRQVWDQW FRHIILFLHQW RUGL�
QDU\ GLIIHUHQWLDO HTXDWLRQ�

� GLIIHUHQWLDO� EHFDXVH LW FRQWDLQV ERWK D IXQFWLRQ �x(t)� DQG VRPH RI LWV GHULYDWLYHV
�ẍ(t)�� DQG WKH JRDO LV WR GHWHUPLQH x(t)�

� RUGLQDU\� EHFDXVH WKH IXQFWLRQ x GHSHQGV RQ RQO\ RQH YDULDEOH t�

� FRQVWDQW FRHIILFLHQW� EHFDXVH WKH IXQFWLRQ DQG LWV GHULYDWLYHV RQO\ VKRZ XS ZLWK
FRQVWDQW FRHIILFLHQWV LQ WKH HTXDWLRQ�

� OLQHDU� EHFDXVH WKH IXQFWLRQ DQG LWV GHULYDWLYHV RQO\ VKRZ XS ZLWK GHJUHH � LQ WKH
HTXDWLRQ �QR VTXDUH RU VXFK��

���
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� VHFRQG�RUGHU� EHFDXVH WKH KLJKHVW GHULYDWLYH RI x SUHVHQW LV WKH VHFRQG RQH�

� KRPRJHQHRXV� EHFDXVH WKHUH LV QR µIUHHµ FRQVWDQW RU IXQFWLRQ RI t LQ WKH HTXDWLRQ
�DOO WHUPV FRQWDLQ DQ x RU RQH RI LWV GHULYDWLYHV DW OHDVW��

'XH WR 1HZWRQ·V ODZ� PRVW RI PHFKDQLFV UHYROYH DURXQG ILQGLQJ VROXWLRQV WR VHFRQG�
RUGHU GLIIHUHQWLDO HTXDWLRQV�
2XU K\SRWKHVLV DERYH ZDV WKDW VSULQJ�PDVV V\VWHPV DUH KDUPRQLF RVFLOODWRUV� L�H� ZH
EHOLHYH WKDW VXFK V\VWHPV SHUIRUP KDUPRQLF RVFLOODWLRQV �ZLWK WKH YDULDEOH TXDQWLW\ EHLQJ
WKH SRVLWLRQ RI WKH PDVV��
7R YHULI\ WKLV� ZH KDYH WR FKHFN ZKHWKHU ��� DQG ��� DUH FRPSDWLEOH� L�H� ZKHWKHU ��� LV D
VROXWLRQ RI ����
/HW·V LQVHUW ��� LQWR ����

x(t) = A VLQ (!t+ ')

ẋ(t) = !A FRV (!t+ ')

ẍ(t) = �!2A VLQ (!t+ ')

ẍ+
k

m
x = �!2A VLQ (!t+ ') +

k

m
A VLQ (!t+ ')

=

✓
�!2 +

k

m

◆
A VLQ (!t+ ')

!
= 0 �

)RU WKH ODVW HTXDOLW\ WR KROG IRU DOO t� ZH QHHG WR KDYH

�!2 +
k

m
= 0 �

L�H�

! =

r
k

m
�

7KXV� D VSULQJ�PDVV V\VWHP ZLWK WKH DERYH GHILQHG FKDUDFWHULVWLFV GRHV EHKDYH DV D KDU�
PRQLF RVFLOODWRU ZLWK DQJXODU IUHTXHQF\

p
k/m�

:H FDQ DOVR FRQFOXGH WKDW DQ\ V\VWHP ZLWK D VLQJOH IRUFH �Kx IRU VRPH FRQVWDQW K
DFWLQJ RQ LW LV KDUPRQLF� 6XFK D V\VWHP KDV D SRWHQWLDO V (x) = 1

2Kx2� ZKLFK DOVR
VXIILFHV WR FKDUDFWHUL]H LW�

���
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����� )XUWKHU ([DPSOHV

%H\RQG WKH VSULQJ�PDVV� RWKHU VLPSOH V\VWHPV UHSUHVHQW KDUPRQLF RVFLOODWRUV�

� 7RUVLRQ 3HQGXOXP

�

�

J

)LJXUH ���� 7RUVLRQ SHQGXOXP� $GDSWHG IURP >��@�

+RRNH·V ODZ DOVR KROGV IRU WKH DQJXODU SRVLWLRQ' RI DQ REMHFW RI PRPHQW RI LQHUWLD
J DWWDFKHG WR D WRUVLRQ VSULQJ RI DQJXODU VSULQJ FRQVWDQW  �ZLWK WKH WRUTXHM ��

M = �' �

WKXV ZLWK 1HZWRQ·V ODZ IRU URWDWLRQV�

X

i

Mi = J↵

'̈+


J
' = 0 �

$QG ZH DJDLQ ILQG D VROXWLRQ RI WKH IRUP '(t) = � VLQ
⇣p

/Jt+ ✓
⌘
�

���
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� 6LPSOH 3HQGXOXP

'
~g

m

l

~Fg

~FT

)LJXUH ���� 6LPSOH SHQGXOXP

$ VLPSOH SHQGXOXP LV FRPSRVHG RI D �PDVVOHVV� URG RI OHQJWK l IL[HG DW RQH RI LWV
H[WUHPLWLHV WR D SLYRW� DQG DWWDFKHG DW WKH RWKHU HQG WR D PRYLQJ PDVV�

,Q WKH FRPPRQ FDVH� RQH UHVWULFWV RQHVHOI WR WKH �'� 8VLQJ WKH DQJOH ' RI WKH URG
ZLWK WKH YHUWLFDO� RQH FDQ WKHQ SDUDPHWUL]H WKH V\VWHP ZLWK RQH VLQJOH YDULDEOH �
WKXV WKH V\VWHP KDV RQH VLQJOH GHJUHH RI IUHHGRP�

7ZR IRUFHV DFW RQ WKH PDVV� WKH JUDYLW\ ~FP DQG WKH WHQVLRQ ~FT �

6HHQ IURP WKH SLYRW SRLQW� WKH WHQVLRQ SURGXFHV QR WRUTXH �EHFDXVH RI LWV FROOLQHDU�
LW\ ZLWK WKH URG�MT = 0�� ZKLOH WKH ZHLJKW RI WKH PDVV FUHDWHV

MP = �mgl VLQ(')

�WKH PLQXV VLJQ LQGLFDWLQJ WKDW WKH WRUTXH RSSRVHV LWVHOI WR WKH GHYLDWLRQ RI WKH URG
IURP WKH YHUWLFDO��

7KXV ZH JHW� XVLQJ 1HZWRQ·V ODZ LQ URWDWLRQDU\ IRUP �ZH DVVXPH WKH PDVV WR EH
SRLQW�OLNH� VR J = ml2 E\ 6WHLQHU·V WKHRUHP��

'̈+
g

l
VLQ(') = 0 � �����

$V FDQ EH VHHQ� ZH DJDLQ ILQG D KRPRJHQHRXV VHFRQG�RUGHU FRQVWDQW FRHIILFLHQW
RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ� EXW WKLV WLPH LW LV QRW OLQHDU� GXH WR WKH VLQH�

���
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7KHUHIRUH WKH VLPSOH SHQGXOXP LV QRW KDUPRQLF� DV FDQ EH VKRZQ� ��� LV QRW D
VROXWLRQ RI ����

+RZHYHU� LQ WKH FDVH RI VPDOO RVFLOODWLRQV� WKH DQJOH ' UHPDLQV LWVHOI VPDOO DQG ZH
FDQ OLQHDUL]H WKH HTXDWLRQ� 7KLV LV EHFDXVH RI WKH 7D\ORU H[SDQVLRQ RI VLQH�

VLQ(x) = x�
x3

6
+

x5

120
+O(x7) �

ZKLFK DOORZV WR DSSUR[LPDWH VLQ(x) ⇡ x IRU VPDOO x�

7KXV� IRU ' ⌧ 1 �ZLWK ' LQ UDGLDQV�� ZH KDYH

'̈+
g

l
' ⇡ 0

DQG ZH FDQ VD\ WKDW WKH SHQGXOXP LV DSSUR[LPDWLYHO\ KDUPRQLF ZLWK DQJXODU IUH�
TXHQF\

p
g/l� 1RWH WKDW WKH FRQGLWLRQ ' ⌧ 1 LV QHFHVVDU\ IRU WKH DSSUR[LPDWLRQ

WR KROG�

����� ,PSRUWDQFH RI +DUPRQLF 2VFLOODWLRQV

7KH IDFW WKDW QRQ�KDUPRQLF RVFLOODWLRQV FDQ EH DSSUR[LPDWHG LQ WKH YLFLQLW\ RI HTXLOLEULXP
SRLQWV E\ KDUPRQLF RVFLOODWLRQV LV JHQHUDO� DQG LV WKH UHDVRQ ZK\ KDUPRQLF RVFLOODWLRQV DUH
VR FRPPRQ DQG LPSRUWDQW�
0RUH FRQFUHWHO\� LI ZH KDYH D V\VWHP ZLWK SRWHQWLDO V (x) ZH FDQ 7D\ORU�H[SDQG �VD\
DURXQG ���

V (x) = V (0) + V 0(0)x+
V 00(0)

2
x2 +O(x3) �

,I WKH SRWHQWLDO KDV D ORFDO PLQLPXP DW �� ZH KDYH V 0(0) = 0 DQG V 00(0) > 0� WKXV IRU
VPDOO x ZH FDQ QHJOHFW WKH KLJKHU RUGHUV DQG JHW

V (x) ⇡ V (0) +
V 00(0)

2
x2 �

ZKLFK LV WKH SRWHQWLDO RI D KDUPRQLF RVFLOODWRU �V (0) LV DUELWUDU\ DQG ZH FDQ UHGHILQH V
LQ RUGHU WR JHW ULG RI LW�� ,Q WHUPV RI IRUFH ZH JHW

���



� 2VFLOODWLRQV

F = �
@V

@x
= �V 00(0)x

ZKLFK LV REYLRXV OLQHDU LQ x �V 00(0) LV WKH YDOXH RI WKH VHFRQG GHULYDWLYH DW 0 DQG WKHUHIRUH
VLPSO\ D QXPEHU��

��� %H\RQG +DUPRQLF 2VFLOODWLRQV

+HUH ZH ZLOO FRQVLGHU RXU PDVV�VSULQJ V\VWHP� EXW DFFRXQWLQJ IRU IXUWKHU SKHQRPHQD�
,Q IDFW� KDUPRQLF RVFLOODWLRQV UHSUHVHQW DQ LGHDOL]HG FDVH� ,Q UHDOLW\� ZH RIWHQ KDYH WZR
PRUH LQJUHGLHQWV LQ RVFLOODWRU\ V\VWHPV�

� 'DPSLQJ

'DPSLQJ RFFXUV HYHU\WLPH ZH KDYH IULFWLRQ LQ WKH V\VWHP� RSSRVLQJ WKH PRWLRQ�

� )RUFLQJ

)RUFLQJ �DOVR FDOOHG GULYLQJ IRUFH� DSSHDUV ZKHQ DQ H[WHUQDO HOHPHQW LQWHUDFWV ZLWK
WKH RVFLOODWLQJ V\VWHP� 'HSHQGLQJ RQ WKLV LQWHUDFWLRQ� WKLV FDQ W\SLFDOO\ JUHDWO\
LQFUHDVH RU UHGXFH WKH RVFLOODWLRQ DPSOLWXGH�

,Q WKLV VFULSW ZH ZLOO FRQVLGHU WKH IROORZLQJ VLPSOH VLWXDWLRQ RQO\� OLQHDU GDPSLQJ �ZLWK D
IRUFH SURSRUWLRQDO WR WKH YHORFLW\��bv� DQG VLQXVRLGDO IRUFLQJ �ZLWK DQ H[WHUQDO H[FLWDWLRQ
B VLQ(⌦t)��
1HZWRQ·V ODZ JLYHV IRU VXFK D V\VWHP�

�kx� bv +B VLQ(⌦t) = ma �

ZKLFK OHDGV WR WKH �LQ JHQHUDO LQKRPRJHQHRXV GXH WR WKH IRUFLQJ� GLIIHUHQWLDO HTXDWLRQ�

ẍ+ 2⇣!ẋ+ !2x =
B

m
VLQ(⌦t) �

ZKHUH ⇣ = b
2
p
mk

LV FDOOHG WKH GDPSLQJ UDWLR�
7KH IXOO PDWKHPDWLFDO WUHDWHPHQW RI WKLV GLIIHUHQWLDO HTXDWLRQ LV EH\RQG WKH VFRSH RI WKLV
VFULSW �LW LV SDUWO\ FRYHUHG LQ WKH DQDORJRXV FDVH RI RVFLOODWRU\ FLUFXLWV LQ WKH $& SDUW
LQ &KDSWHU ������ VR ZH RQO\ SURYLGH WKH VROXWLRQV ZLWKRXW UHVROXWLRQ VWHSV EHORZ� :H
GLVWLQJXLVK WKH IROORZLQJ FDVHV�

���
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� B = 0

7KLV LV WKH IUHH FDVH� L�H� WKHUH LV QR IRUFLQJ� 7KH EHKDYLRU RI WKH V\VWHP GHSHQGV
RQ WKH GDPSLQJ UDWLR�

² ⇣ = 0

7KHUH LV QR GDPSLQJ KHUH� WKXV WKLV LV WKH FRPPRQ KDUPRQLF RVFLOODWRU� DV
GLVFXVVHG DERYH�
$V VRRQ DV ⇣ JHWV ELJJHU WKDQ �� WKH RVFLOODWRU ORRVHV HQHUJ\ LQ WKH GDPS�
LQJ �IULFWLRQ� DQG LV QRW SHULRGLF DQ\PRUH� EXW UDWKHU WHQGV WR JR EDFN WR LWV
HTXLOLEULXP SRLQW DQG VWRS WKHUH�

² 0  ⇣ < 1

7KLV FDVH LV FDOOHG XQGHUGDPSHG DQG FRUUHVSRQGV WR VROXWLRQV RI WKH IRUP

x(t) = Ce�⇣!t VLQ(!̃t+ '̃) �

ZLWK C DQG '̃ DUELWUDU\ FRQVWDQWV GHSHQGLQJ RQ WKH LQLWLDO FRQGLWLRQV� $V
FDQ EH VHHQ� WKH PRYHPHQW UHSUHVHQWV D VLQXVRLGDO PRGXODWHG �VTXDVKHG� E\
DQ H[SRQHQWLDO GHFD\� ,W LV QRW SHULRGLF� EXW RQH FDQ GHILQH !̃ DV D VR�FDOOHG
SVHXGRSHULRG IRU WKH RVFLOODWLRQ� :H KDYH

!̃ = !
p
1� ⇣2 �

² ⇣ = 1

7KLV RQH LV WKH FULWLFDOO\ GDPSHG FDVH� ZLWK VROXWLRQV

x(t) = (C1t+ C2)e
�⇣!t �

ZKHUH C1 DQG C2 DUH DJDLQ DUELWUDU\ FRQVWDQWV GHSHQGLQJ RQ WKH LQLWLDO FRQ�
GLWLRQV�
7KH V\VWHP KHUH DSSURDFKHV LWV HTXLOLEULXP SRLQW LQ WKH IDVWHVW SRVVLEOH ZD\�
ZKLFK PDNHV LW WHFKQLFDOO\ XVHIXO LQ UHDO�ZRUOG DSSOLFDWLRQV� VXFK DV VSULQJV
IRU DXWRPDWLFDOO\ FORVLQJ GRRUV �WKDW VKRXOG FORVH IDVW EXW ZLWKRXW RVFLOODWLQJ�
RU VKRFN DEVRUEHUV RQ YHKLFOHV�

���
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² ⇣ > 1

+HUH ZH KDYH WKH RYHUGDPSHG FDVH� ZLWK WKH V\VWHP JRLQJ EDFN WR LWV SRLQW RI
HTXLOLEULXP ZLWKRXW RVFLOODWLQJ� EXW VORZHU WKDW LQ WKH FULWLFDO FDVH GHVFULEHG
DERYH�
7KH VROXWLRQV KDYH WKH IRUP

x(t) = C1e
�
⇣
⇣�

p
⇣2�1

⌘
!t

+ C2e
�
⇣
⇣+

p
⇣2�1

⌘
!t �

ZLWK C1 DQG C2 GHILQHG LQ DQ HTXLYDOHQW ZD\ DV DERYH�

)LJXUH ���� /LQHDU GDPSLQJ ZLWK YDULRXV ⇣ YDOXHV� $GDSWHG IURP >��@�

� B 6= 0

,Q WKH SUHVHQFH RI IRUFLQJ� ZH ZLOO KDYH WR VHSDUDWH WR FDVHV�

² :H ZLOO ILUVW KDYH D WUDQVLWRU\ VROXWLRQ GHSHQGLQJ RQ LQLWLDO FRQGLWLRQV�
² 7KHQ� ZH ZLOO KDYH D VWHDG\�VWDWH VROXWLRQ GHSHQGLQJ RQO\ RQ WKH IRUFLQJ�

7KH JHQHUDO VROXWLRQ LV D VXP RI ERWK WUDQVLWRU\ DQG VWHDG\�VWDWH VROXWLRQV� KHUH ZH
ZLOO FRQVLGHU WKH VWHDG\�VWDWH VROXWLRQ RQO\� ,W KDV WKH IRUP

x(t) =
B

m
p

4!2⌦2⇣2 + (!2 � ⌦2)2
VLQ(⌦t+ �)

���
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ZLWK VRPH SKDVH � WKDW ZH ZRQ·W GLVFXVV LQ WKLV VFULSW� 7KH LQWHUHVWLQJ SDUW LV WKH
VTXDUH URRW Z =

p
4!2⌦2⇣2 + (!2 � ⌦2)2�

)RU ⇣ < 1p
2
� ZH ZLOO KDYH DPLQLPXPRIZ IRU D IRUFLQJ IUHTXHQF\⌦r = !

p
1� 2⇣2�

WKXV WKH DPSOLWXGH RI WKH RVFLOODWLRQ IRU WKDW FDVH RI IRUFLQJ ZLOO EH VWURQJO\ LQ�
FUHDVHG� ,Q WKH XQGDPSHG FDVH �⇣ = 0�� WKH DPSOLWXGH LQ WKDW FDVH ZLOO HYHQ GLYHUJH
WR LQILQLW\� PHDQLQJ WKDW IRU WKDW IRUFLQJ IUHTXHQF\⌦r �FDOOHG UHVRQDQFH IUHTXHQF\�
WKH IRUFLQJ ZLOO FRQWLQXRXVO\ DGG HQHUJ\ WR WKH V\VWHP�

�/�

x(�)
x(0)

)LJXUH ���� $PSOLWXGH UHVRQDQFH ZLWK VLQXVRLGDO IRUFLQJ� 7KH PD[LPD OLQH FRUUHVSRQGV
WR ⌦r � $GDSWHG IURP >��@�

���



� 2VFLOODWLRQV

����� ([DPSOH RI )RUFHG 2VFLOODWLQJ 6\VWHPV

2QH RI WKH PRVW FRPPRQ H[DPSOHV RI IRUFLQJ LV WKH VZLQJ� RQH KDV WR IXUQLVK HQHUJ\
DW WKH ULJKW WLPH �L�H� ZLWK WKH ULJKW IUHTXHQF\� IRU WKH VZLQJ WR LQFUHDVH LWV RVFLOODWLRQ
DPSOLWXGH�
&RQYHUVHO\� DQ\ VXIILFHQWO\ OLWWOH GDPSHG PHFKDQLFDO V\VWHP KDV D UHVRQDQFH IUHTXHQF\
WKDW FDQ EH XVHG WR EULQJ LW WR VWURQJO\ RVFLOODWLQJ� HYHQ ZLWK D UHODWLYHO\ VPDOO DPSOLWXGH
GULYLQJ LQWHUDFWLRQ�
'XULQJ WKH HQJLQHHULQJ RI DQ\PHFKDQLFDO SURGXFW� UHVRQDQFH KDV WR EH WDNHQ LQWR DFFRXQW
LQ RUGHU WR SUHYHQW XQZDQWHG RVFLOODWLRQV WKDW FRXOG HYHQ PDNH LW EUHDN� $PRQJ RWKHUV�
YHKLFOHV SDUWV VKRXOG QRW EH EURXJKW WR UHVRQDQFH E\ WKH YLEUDWLRQV LQGXFHG E\ WKH HQJLQH�
%XLOGLQJV DUH DQRWKHU W\SH RI PHFKDQLFDO V\VWHPV ZKHUH UHVRQDQFH KDV WR EH ZHOO FRQ�
WUROOHG� 0RGHUQ EULGJHV DQG VN\VFUDSHUV RIWHQ FRQWDLQ PHFKDQLFDO SDUWV GHVLJQHG WR DE�
VRUE RVFLOODWLRQV�
2QH RI WKH PRVW ZHOO�NQRZQ H[DPSOHV RI VR�FDOOHG UHVRQDQFH GLVDVWHU LV WKH GHVWUXFWLRQ
RI WKH 7DFRPD1DUURZV %ULGJH LQ ���� GXH WR ZLQG SDVVLQJ WKURXJK LWV VWUXFWXUH� EULQJLQJ
LW WR WZLVWLQJ DQG HYHQWXDOO\ OHDGLQJ WR LWV FROODSVH�

)LJXUH ���� 7KH 7DFRPD 1DUURZV %ULGJH FROODSVLQJ >��@� 6HH DOVR >��@�

���
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6KDNH WKH VFULSW WR VHH WKH ZDYHV
PRYH�

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� +DUPRQLF :DYHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� :DYHV LQ �' � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� :DYHV DV )XQFWLRQV RI �' 6SDWLDO &RRUGLQDWHV � � � � � � � ���
����� :DYHV DV �' )XQFWLRQV� 7UDQVYHUVDO DQG /RQJLWXGLQDO

:DYHV� 3RODUL]DWLRQ � � � � � � � � � � � � � � � � � � � � � � ���
��� :DYHV 3URSDJDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 6RXQG � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� /LJKW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6HLVPLF :DYHV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 7UDQVSRUW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'RSSOHU (IIHFW � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� :DYHV 3URSDJDWLRQ DW ,QWHUIDFHV � � � � � � � � � � � � � � � � � � � ���
����� 5HIOHFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HIUDFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LIIUDFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 0XOWL�:DYHV 3KHQRPHQD � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6DPH DPSOLWXGH� IUHTXHQF\ DQG ZDYHQXPEHU � � � � � � ���
����� 6DPH DPSOLWXGH DQG IUHTXHQF\� RSSRVLWH ZDYHQXPEHU � ���
����� 6OLJKWO\ GLIIHUHQW IUHTXHQFLHV � � � � � � � � � � � � � � � � ���

���



� :DYHV

����� )RXULHU $QDO\VLV � � � � � � � � � � � � � � � � � � � � � � � � � ���

���
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��� ,QWURGXFWLRQ

,Q WKH SUHYLRXV FKDSWHU� ZH VSRNH DERXW RVFLOODWLRQV� 1RZ ZH FDQ DVN RXUVHOYHV WKH
TXHVWLRQ µZKDW KDSSHQV LI ZH FRXSOH PDQ\ RVFLOODWRUV WRJHWKHU LQWR D QHWZRUN� VR WKDW
RVFLOODWLRQV RQ RQH RI WKHP DOVR LQIOXHQFH LWV QHLJKERUV"µ
:KDW KDSSHQV LV WKDW WKH SHUWXUEDWLRQ ZLOO OLWWOH E\ OLWWOH� QHLJKERU DIWHU QHLJKERU� µWUDYHOµ
DFURVV WKH RVFLOODWRUV QHWZRUN� 6XFK D SURSDJDWLQJ SHUWXUEDWLRQ LV FDOOHG SURJUHVVLYH ZDYH�
0RVW ZDYHV DUH SURJUHVVLYH ZDYHV� EXW WKHUH DUH FRQILJXUDWLRQV ZKHUH WKH ZDYH VHHPV WR
QRW WR SURSDJDWH� 7KHVH DUH FDOOHG VWDQGLQJ ZDYHV� KRZHYHU LW LV DQ LQWHUIHUHQFH HIIHFW RI
SURJUHVVLYH ZDYHV�
$Q H[DFW GHILQLWLRQ RI ZDYHV LV GLIILFXOW WR FRQVWUXFW� EXW RQH FDQ DQ\ZD\V VD\ WKDW ZDYHV
DUH SHUWXUEDWLRQV �YDULDWLRQV RI VRPH TXDQWLW\� W\SLFDOO\ LQ DQ RVFLOODWLQJ ZD\� LQ VSDFH DQG
WLPH� 7KLV LV WKH PDLQ GLIIHUHQFH ZLWK RVFLOODWLRQV� ZKLFK RFFXU LQ PRUH RU OHVV DEVWUDFW
TXDQWLWLHV ZLWK WLPH� ZDYHV DGG WKH LGHD RI VSDFH�
0DWKHPDWLFDOO\� ZDYHV DUH RIWHQ UHSUHVHQWHG DV IXQFWLRQV RI WLPH DQG VSDFHu(~r, t) �u(x, t)
LQ WKH �' FDVH�� 6RPHWLPHV WKH RVFLOODWLRQV FRPSRVLQJ WKH ZDYH DOVR KDYH D GHWHUPLQHG
GLUHFWLRQ LQ VSDFH� WKXV WKH ZDYH LQ WKLV FDVH LV UHSUHVHQWHG E\ D YHFWRU IXQFWLRQ ~u(~r, t)�
:H ZLOO QRW JR LQWR PXFK GHWDLOV LQ WKLV VFULSW� EXW WKH WHPSRUDO HYROXWLRQ RI WKRVH IXQF�
WLRQV LV IL[HG E\ WKH ZDYH HTXDWLRQ� ZKLFK LQ �' KDV WKH IRUP

@2u(t, x)

@t2
= v2

@2u(t, x)

@x2
� �����

7KLV LV D SDUWLDO GLIIHUHQWLDO HTXDWLRQ �DV RSSRVHG WR DQ RUGLQDU\ '(�� PHDQLQJ WKDW LW FRQ�
WDLQV SDUWLDO GHULYDWLYHV �u LV IXQFWLRQ RI PXOWLSOH YDULDEOHV DQG JHWV GLIIHUHQWLDWHG � VXFK
DV LQ @u

@t � ZLWK UHVSHFW WR RQH VLQJOH RI WKRVH YDULDEOHV DW D WLPH� E\ OHWWLQJ RWKHU YDULDEOHV
FRQVWDQW�� 7KLV LV D GLUHFW FRQVHTXHQFH RI RXU OHWWLQJ VSDFH SOD\ D UROH LQ WKH GHVFULSWLRQ RI
ZDYHV� LQ RSSRVLWLRQ WR WKH RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV ZH VDZ IRU RVFLOODWLRQV� ZKHUH
RQO\ WLPH SOD\V D UROH�
7KH v LQ WKH ZDYH HTXDWLRQ FDQ DOUHDG\ OHW XV WKLQN DERXW WKH YHORFLW\ RI D ZDYH� ZKLFK
LV LQ JHQHUDO DQ LPSRUWDQW SURSHUW\� 6RPHWLPHV c LV XVHG LQVWHDG RI v�
:DYHV FDQ EH VHHQ DV JHQHUDOL]DWLRQV RI RVFLOODWLRQV� VR LQ WKH IROORZLQJ ZH ZLOO EHJLQ E\
WDNLQJ D ORRN DW JHQHUDO SURSHUWLHV RI ZDYHV � ZKLFK PD\ UHFDOO XV DERXW RVFLOODWLRQV� 7KHQ
ZH ZLOO WDON DERXW WKHLU SURSDJDWLRQ DQG WKH PHGLD DVVRFLDWHG� )LQDOO\ WKH LQWHUIHUHQFH
SKHQRPHQRQ �WZR RU PRUH ZDYHV LQWHUDFWLQJ ZLWK HDFK RWKHU� ZLOO EH GLVFXVVHG�

���



� :DYHV

��� +DUPRQLF :DYHV

:H ZLOO SURYLGH D PRUH LQ�GHSWK GHVFULSWLRQ RI ZDYHV XVLQJ WKH H[DPSOH RI KDUPRQLF
ZDYHV� 7KRVH DUH ZDYHV WKDW FDQ EH GHVFULEHG XVLQJ D VLQXVRLGDO IXQFWLRQ�

u(x, t) = A VLQ(!t� kx+ ') � �����

$V FDQ EH VHHQ� WKLV PDWKHPDWLFDO IRUP LV TXLWH VLPLODU WR WKH RQH ZH XVHG IRU KDUPRQLF
RVFLOODWLRQV� ZLWK WKH GLIIHUHQFH RI WKH DUJXPHQW RI WKH VLQH JDLQLQJ D VSDWLDO WHUP� 6RPH�
WLPHV� WKH UHYHUVHG FRQYHQWLRQ LV XVHG� u(x, t) = A VLQ(kx�!t+'0)� %RWK FRQYHQWLRQV
DUH HTXLYDOHQW� XS WR D FKDQJH LQ WKH SKDVH IURP ' WR '0� +HUH ZH XVH D SRVLWLYH WLPH DQG
D QHJDWLYH VSDFH� DV LW PRUH GLUHFWO\ UHODWHV WR WKH FDVH RI RVFLOODWLRQV�

�

�A

A

u(x, 0)

u(x,�t)

x

u

6SDFH

T

�A

A

u(0, t)

u(�x, t)

t

u

7LPH

)LJXUH ���� $ SODQH ZDYH u(x, t) �ZLWK ' = 0� UHSUHVHQWHG DORQJ HDFK D[LV� ZLWK WKH RWKHU
VHW ILUVW WR 0� WKHQ WR VRPH VPDOO YDOXH �GDVKHG SORW�� %RWK SORWV DUH YHU\ VLPLODU� XS WR WKH
FKRLFH RI WKH RULJLQ�

���
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$V ZDV WKH FDVH EHIRUH� u DV D IXQFWLRQ RI t �SURYLGHG WKDW x LV KHOG FRQVWDQW� KDV D
VLQXVRLGDO IRUP� 7KLV PHDQV WKDW� DW DQ\ JLYHQ SRLQW� WKH µTXDQWLW\ WKH ZDYH PRYHV LQµ
RVFLOODWHV ZLWK WLPH� %XW LW LV DOVR WR EH QRWHG WKDW WKH VSDWLDO FRRUGLQDWHx KDV DQ HTXLYDOHQW
SODFH LQ WKH IRUPXOD DV WKH WHPSRUDO FRRUGLQDWH t� 7KXV WKH RWKHU ZD\ URXQG DOVR KROGV� DW
DQ\ JLYHQ WLPH� WKH µTXDQWLW\ WKH ZDYH PRYHV LQµ RVFLOODWHV ZLWK VSDFH� :KHQ ORRNLQJ DW D
SORW GHVFULELQJ WKH DPSOLWXGH RI D KDUPRQLF ZDYH� LW LV WKHUHIRUH YHU\ LPSRUWDQW WR FKHFN
ZKHWKHU LW GUDZQ DJDLQVW WLPH RU VSDFH� ,Q ERWK FDVHV WKH ILJXUH ZLOO DSSHDU VLQXVRLGDO�
:KHQ WDONLQJ DERXW RVFLOODWLRQV� ZH GHILQHG ! DV WKH DQJXODU IUHTXHQF\� D PHDVXUH RI WKH
YDULDWLRQ µUDSLGLW\µ RI WKH TXDQWLW\ ZLWK WLPH� ,Q WKH IRUPXOD DERYH� x KDV D VLPLODU UROH
DV t DQG LW DOVR KDV VRPH IDFWRU k DVVRFLDWHG� FDOOHG ZDYHQXPEHU� $QG DJDLQ VLPLODUO\
WR WKH WLPH� ZKHUH ZH GHILQHG WKH SHULRG T = 2⇡/! DV WKH WLPH LQWHUYDO EHWZHHQ �VD\�
WZR SHDNV RI WKH RVFLOODWLRQ �RU ZDYH� DW D JLYHQ SRLQW�� ZH FDQ GHILQH WKH ZDYHOHQJWK
� = 2⇡/k� ZKLFK LV QRWKLQJ EXW WKH VSDFH LQWHUYDO �L�H� WKH GLVWDQFH� EHWZHHQ �VD\� WZR
SHDNV RI WKH ZDYH �DW D JLYHQ� IL[HG WLPH��
)URP WKLV� ZH FDQ GHULYH D YHU\ LPSRUWDQW HTXDWLRQ E\ LQVHUWLQJ ��� LQWR ����

@u

@t
= !A FRV(!t� kx+ ')

@2u

@t2
= �!2A VLQ(!t� kx+ ')

@u

@x
= �kA FRV(!t� kx+ ')

@2u

@x2
= �k2A VLQ(!t� kx+ ')

�!2A VLQ(!t� kx+ ') =
@2u

@t2

!
= v2

@2u

@x2

= v2(�k2)A VLQ(!t� kx+ ')

) !2 = v2k2

) v = !/k = �/T = �f �

ZKHUH ZH DVVXPH v� ! DQG k WR EH SRVLWLYH �ZKLFK LV PRVWO\ D PDWWHU RI FRQYHQWLRQ��

���



� :DYHV

7KLV UHODWHV WKH WHPSRUDO DQG VSDWLDO FKDUDFWHULVWLFV RI ZDYHV WKURXJK D SDUDPHWHU� WKH
YHORFLW\ RI WKH ZDYH �ZKLFK LV QRW YHU\ VXUSULVLQJ� FRQVLGHULQJ WKDW YHORFLWLHV H[SUHVV LQ
IDFW WKH GLYLVLRQ RI D VSDFH LQWHUYDO E\ D WLPH LQWHUYDO��

��� :DYHV LQ �'

����� :DYHV DV )XQFWLRQV RI �' 6SDWLDO &RRUGLQDWHV

:KHQ JRLQJ IURP ZDYHV LQ RQH GLPHQVLRQ WR WKUHH� WKH ILUVW HOHPHQW WR ORRN DW LV WKH IDFW
WKDW QRZ WKH IXQFWLRQ u(x, t) LV PRGLILHG LQWR u(~r, t)�
,Q RUGHU WR DGDSW RXU IRUPXOD IRU KDUPRQLF ZDYHV� ZH GHILQH~k� WKH ZDYHYHFWRU DQG ZULWH�

u(~r, t) = A VLQ(!t� ~k · ~r + ') � �����

:KLOH ~k VWLOO LQGLFDWHV WKH µUDSLGLW\µ RI YDULDWLRQ RI WKH ZDYH ZLWK VSDFH �WKURXJK LWV QRUP
k = |~k|�� LW QRZ DOVR KDV D GLUHFWLRQ� ZKLFK DFWXDOO\ LV WKH GLUHFWLRQ RI SURSDJDWLRQ RI WKH
ZDYH LWVHOI�
7KH IRUPXOD ��� FUHDWHV VR�FDOOHG SODQDU ZDYHV� DW D JLYHQ WLPH� DOO SRLQWV LQ SODQHV SHU�
SHQGLFXODU WR WKH ZDYHYHFWRU VKDUH WKH VDPH RVFLOODWLRQ VWDWH�

����� :DYHV DV �' )XQFWLRQV� 7UDQVYHUVDO DQG /RQJLWXGLQDO :DYHV�
3RODUL]DWLRQ

'HSHQGLQJ RQ WKH µTXDQWLW\ WKH ZDYH PRYHV LQµ� QRW RQO\ WKH RVFLOODWLRQV GHILQLQJ WKH
ZDYH FDQ GHSHQG RQ DOO WKH WKUHH VSDWLDO FRRUGLQDWHV� EXW WKH RVFLOODWLRQV WKHPVHOYHV FDQ
KDYH D ZHOO�GHILQHG GLUHFWLRQ LQ VSDFH� ZKLFK LV PDWKHPDWLFDOO\ LQGLFDWHG E\ D YHFWRULDO
IXQFWLRQ ~u(~r, t)� ,Q WKH KDUPRQLF FDVH� LQ JHQHUDO ZH VLPSO\ PRGLI\ ��� E\ XVLQJ D YHF�
WRULDO DPSOLWXGH ~A WR WDNH WKLV RVFLOODWLRQ GLUHFWLRQ LQWR DFFRXQW�
$V ZH VDZ EHIRUH� ZDYHV LQ �' KDYH D SDUWLFXODU GLUHFWLRQ GHWHUPLQHG E\ ~k� WKH SURSD�
JDWLRQ GLUHFWLRQ� )RU ZDYHV ZKRVH RVFLOODWLRQV WKHPVHOYHV KDYH D ZHOO�GHILQHG GLUHFWLRQ�
ZH KDYH WZR SRVVLEOH FDVHV�

� 7KH RVFLOODWLRQ GLUHFWLRQ FDQ EH SHUSHQGLFXODU WR WKH SURSDJDWLRQ GLUHFWLRQ� LQ
ZKLFK FDVH WKH ZDYH LV QDPHG WUDQVYHUVDO�

� 2U LW FDQ EH SDUDOOHO� DQG ZH KDYH D ORQJLWXGLQDO ZDYH�

,Q WKH ILUVW FDVH� HYHQ IRU D IL[HG SURSDJDWLRQ GLUHFWLRQ WKH RVFLOODWLRQ GLUHFWLRQ LV QRW
XQLTXH� EXW FDQ EH IUHHO\ FKRVHQ LQ WKH SODQH SHUSHQGLFXODU WR ~k� :H WKXV GHILQH WKH

���
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~k

~k

)LJXUH ���� :DYH SURSDJDWLRQ LQ �'� 7RS� WUDQVYHUVDO� YHUWLFDOO\ SRODUL]HG ZDYH� RVFLOOD�
WLRQV KDSSHQ LQ WKH YHUWLFDO GLUHFWLRQ� WKXV SHUSHQGLFXODUO\ WR WKH GLUHFWLRQ RI WKH ZDYH
�JLYHQ E\ ~k�� %RWWRP� ORQJLWXGLQDO ZDYH� RVFLOODWLRQV DUH SDUDOOHO WR ~k�

SRODUL]DWLRQ� ZKLFK LV WKH RVFLOODWLRQ GLUHFWLRQ� 7ZR WUDQVYHUVDO ZDYHV JRLQJ LQ WKH VDPH
GLUHFWLRQ FDQ QHYHUWKHOHVV KDYH GLIIHUHQW SRODUL]DWLRQ VWDWHV�

���



� :DYHV

��� :DYHV 3URSDJDWLRQ

,Q WKH LQWURGXFWLRQ WR WKH SUHVHQW FKDSWHU� ZH VDLG WKDW ZDYHV DUH SHUWXUEDWLRQV WUDYHOOLQJ
WKURXJK D µQHWZRUNµ RI FRXSOHG RVFLOODWRUV� /DWHU RQ� ZH XVHG WKH H[SUHVVLRQ µTXDQWLW\
WKH ZDYH PRYHV LQµ LQ VHYHUDO VHQWHQFHV� ,W LV QRZ WLPH WR WU\ DQVZHULQJ WKH TXHVWLRQ
µZKDW GRHV D ZDYH PRYH LQ"µ� L�H� ILQG ZKDW LV WKH SURSDJDWLRQ PHGLXP RI ZDYHV�
7KLV LQ WXUQ GHSHQGV RQ WKH W\SH RI ZDYH� DQG LQ SDUWLFXODU RQ WKH QDWXUH RI WKH RVFLOODWRUV�
,Q WKH IROORZLQJ� ZH ZLOO LQWURGXFH D FRXSOH RI H[DPSOHV RI ZDYH IRUPV DV FRQFUHWH FDVHV
IRU WKH GLIIHUHQW SURSHUWLHV WKDW ZHUH GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQV� 7KLV ZLOO DOORZ
XV WR DOVR JHW DQ LQVLJKW LQWR WKH GLIIHUHQW SURSDJDWLRQ PHGLD�

����� 6RXQG

6RXQG LV PDGH RI VR�FDOOHG PHFKDQLFDO ZDYHV� L�H� ZDYHV ZKRVH RVFLOODWRUV DUH SRVLWLRQV
RI PDWWHU SDUWLFOHV � EH LW LQ D VROLG� OLTXLG RU JDV� ,Q WKH FDVH RI VRXQG� WKRVH ZDYHV
DUH ORQJLWXGLQDO� VR PDWWHU SDUWLFOHV JHW SXVKHG DZD\ LQ WKH GLUHFWLRQ RI SURSDJDWLRQ E\
SUHYLRXV RQHV� ZKHUH WKH\ KLW QH[W RQHV� WKXV SURSDJDWLQJ WKH ZDYH IXUWKHU DQG OHWWLQJ
WKHP ERXQFH EDFN �LQ DYHUDJH� WR WKHLU RULJLQDO SRVLWLRQ�
/LNH DQ\ PHFKDQLFDO ZDYHV� VRXQG FDQQRW SURSDJDWH LQ WKH DEVHQFH RI SK\VLFDO PHGLXP
�OLNH LQ YDFXXP�� (YHQ LI DQ HQRUPRXV DVWHURLG FORVHO\ SDVVHV E\ \RXU VSDFHFUDIW LQ RXWHU
VSDFH� \RX KDYH QR FKDQFH RI KHDULQJ DQ\WKLQJ� �8QOHVV WKH VKLS DFWXDOO\ JHWV KLW E\ VRPH
SDUW RI WKH DVWHURLG����
7KH IUHTXHQF\ RI VRXQG LV GLUHFWO\ UHODWHG ZLWK WKH SHUFHLYHG KHLJKW � D KLJKHU IUHTXHQF\
OHDGLQJ WR D KLJKHU SLWFK� ,W DOVR OHDGV WR D VKRUWHU ZDYHOHQJWK� DV WKH VRXQG WUDYHOV DW
DSSUR[LPDWHO\ WKH VDPH YHORFLW\ LQ D JLYHQ PDWHULDO �URXQG 343P·V�1 LQ DLU� XQGHU JLYHQ
FRQGLWLRQV� LQGHSHQGHQWO\ RI LWV IUHTXHQF\�

����� /LJKW

:KLOH OLJKW DOVR FRPSRVHV LWVHOI RI ZDYHV � DQG ZKLOH ZH DOVR FDQ VHQVH LW �LQ VRPH FDVHV��
RQH FRXOG QRW LPDJLQH DQ\WKLQJ PRUH GLIIHUHQW IURP VRXQG WKDQ OLJKW�
7KH ILUVW IXQGDPHQWDO GLIIHUHQFH EHWZHHQ WKHP LV WKDW OLJKW LV QRW D PDWHULDO ZDYH� L�H� LW LV
QRW PDGH RI PDWWHU SDUWLFOHV EURXJKW WR RVFLOODWLQJ� 0RUHRYHU� LW GRHV QRW QHHG DQ\ PDWWHU
WR SURSDJDWH �WKH TXHVWLRQ RQ WKH QDWXUH RI D K\SRWKHWLF SK\VLFDO PHGLXP � µOXPLQLIHURXV
DHWKHUµ � IRU OLJKW SURSDJDWLRQ DFWXDOO\ SDUWLFLSDWHG LQ WKH GHYHORSPHQW RI UHODWLYLW\��
:KLOH OLJKW GRHV QRW QHHG DQ\ PDWHULDO WR SURSDJDWH� WKH SUHVHQFH RI D PDWHULDO FDQ KDYH
DQ LPSDFW RQ LWV SURSDJDWLRQ� VXFK DV FKDQJLQJ LWV YHORFLW\� GLUHFWLRQ� HWF� :H ZLOO WDON
DERXW WKHVH JHQHUDO HIIHFWV ODWHU RQ�
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:H VDLG WKDW ZDYHV WUDYHO RQ µQHWZRUNV RI RVFLOODWRUVµ VR� HYHQ IRU OLJKW WKHUH KDV WR EH
VRPHWKLQJ VXSSRUWLQJ LW� 7KLV µVRPHWKLQJµ LV WKH HOHFWURPDJQHWLF ILHOG� DQG WKXV OLJKW LV
DFWXDOO\ DQ HOHFWURPDJQHWLF ZDYH� &RQFUHWHO\� WKLV PHDQV WKDW OLJKW EHDPV DUH SHUWXUED�
WLRQV DFURVV VSDFH WKDW EULQJ HOHFWULF DQG PDJQHWLF ILHOGV WR ORFDOO\ RVFLOODWH�
,Q PRVW FDVHV �DQG PRVW LPSRUWDQWO\ LQ YDFXXP�� OLJKW LV D WUDQVYHUVDO ZDYH� 7KXV� LQ DQ\
SRLQW RQ WKH OLJKW SDWK� ERWK ~E DQG ~B DUH SHUSHQGLFXODU WR ~k � ~E DQG ~B DUH DFWXDOO\ DOVR
SHUSHQGLFXODU WR HDFK RWKHU��
$V D WUDQVYHUVDO ZDYH� OLJKW LV VXEMHFW WR SRODUL]DWLRQ� JLYHQ E\ WKH GLUHFWLRQ RI WKH HOHFWULF
ILHOG� 7KH H[LVWHQFH RI SRODUL]DWLRQ ILOWHUV� ZKLFK FDQ EORFN OLJKW GHSHQGLQJ RI LWV SR�
ODUL]DWLRQ RULHQWDWLRQ� LV FUXFLDO IRU PDQ\ WHFKQRORJLHV LQ ERWK UHVHDUFK DQG HQJLQHHULQJ�
EXW LW LV DOVR DW WKH RULJLQ RI WKH PRVW FRPPRQ �' FLQHPD V\VWHP� ZKHUH WZR LPDJHV
DUH SURMHFWHG RQ WKH VFUHHQ VLPXOWDQHRXVO\� ZLWK SHUSHQGLFXODU SRODUL]DWLRQV� (\HJODVVHV
VLPLODUO\ KDYH WZR OHQVHV ZLWK FRUUHVSRQGLQJ SRODUL]DWLRQ ILOWHUV� VR WKDW HDFK OHQV H[DFWO\
OHWV RQH RI WKH LPDJHV SDVV WKURXJK ZKLOH EORFNLQJ WKH RWKHU RQH�
:DYHOHQJWK DQG IUHTXHQF\ RI HOHFWURPDJQHWLF ZDYHV FRYHU D KXJH UDQJH RI PDJQLWXGH
RUGHUV� ZKLFK DOVR OHDGV WR YHU\ GLIIHUHQW W\SHV RI LQWHUDFWLRQ ZLWK PDWWHU�

Buildings Humans Butterflies Needle Point Protozoans Molecules Atoms Atomic Nuclei

104 108 1012 1015 1016 1018 1020

1 K 100 K 10,000 K 10,000,000 K

Penetrates Earth's
Atmosphere?

Radio Microwave Infrared Visible Ultraviolet X-ray Gamma ray
103 10�2 10�5 0.5×10 �6 10�8 10�10 10�12

Radiation Type
Wavelength (m)

Approximate Scale
of Wavelength

Frequency (Hz)

Temperature of
objects at which

this radiation is the
most intense

wavelength emitted
�272 °C �173 °C 9,727 °C ~10,000,000 °C

)LJXUH ���� (OHFWURPDJQHWLF VSHFWUXP� >��@
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����� 6HLVPLF :DYHV

/LNH VRXQG� VHLVPLF ZDYHV � ZDYHV FUHDWHG E\ JHRORJLFDO HYHQWV LQ WKH LQQHU RI WKH (DUWK�
VXFK DV HDUWKTXDNHV � DUH PDWHULDO ZDYHV� 8QOLNH WKHP� WKRXJK� WKH\ DUH QRW QHFHVVDULO\
ORQJLWXGLQDO� ,Q IDFW� VLQJOH HYHQWV RIWHQ FUHDWH D EXQFK RI VHLVPLF ZDYHV RI GLIIHUHQW
W\SHV � ERWK ORQJLWXGLQDO DQG WUDQVYHUVDO� EXW DOVR ZDYHV WUDYHOOLQJ WKURXJK WKH (DUWK RU
DFURVV LWV VXUIDFH� HWF� $OO WKRVH GLIIHUHQW W\SHV FRPH LQ JHQHUDO WRJHWKHU ZLWK GLIIHUHQW
ZDYHOHQJWKV� IUHTXHQFLHV DQG YHORFLWLHV� ZKLFK DOVR GHSHQG RQ WKH SURSDJDWLRQ PDWHULDO�
,Q WXUQ� VHLVPRORJ\ FDQ WDNH DGYDQWDJH RI DOO WKHVH SURSHUWLHV WR EHWWHU XQGHUVWDQG WKH
(DUWK·V LQQHU VWUXFWXUH DV ZHOO DV WR VWXG\ JHRORJLFDO ULVNV�

����� 7UDQVSRUW

:KLOH WKH\ PD\ WUDQVSRUW HQHUJ\� LW LV LPSRUWDQW WR QRWH WKDW ZDYHV GR QRW WUDQVSRUW
PDWWHU �QRW WDNLQJ LQWR DFFRXQW WKH VPDOO ORFDO GLVSODFHPHQWV LQ PDWHULDO ZDYHV��
7KLV PD\ VHHP FRXQWHULQWXLWLYH� IRU H[DPSOH LQ ZDYHV RQ D ZDWHU VXUIDFH� WKH ZDYHV SHDNV
PRYH DFURVV WKH VXUIDFH� EXW WKH ZDWHU SDUWLFOHV WKHPVHOYHV RQO\ PRYH XS DQG GRZQ� 7KXV
DQ REMHFW IORDWLQJ RQ WKH ZDWHU � VXFK DV D GXFN � LV LWVHOI EURXJKW WR �DOPRVW� RQO\ RVFLOODWH
YHUWLFDOO\�

����� 'RSSOHU (IIHFW

'RSSOHU (IIHFW LV D SKHQRPHQRQ RFFXUULQJ ZKHQ WKH HPLWWHU �DQ REMHFW FUHDWLQJ D ZDYH�
DQG�RU WKH UHFHLYHU �DQ K\SRWKHWLF REMHFW REVHUYLQJ ZDYH RVFLOODWLRQV� RI D ZDYH PRYH
ZLWK UHVSHFW WR HDFK RWKHU DQG� LQ WKH FDVH RI PDWHULDO ZDYH� ZLWK UHVSHFW WR WKH SURSDJD�
WLRQ PHGLXP�
,Q WKLV VFULSW ZH ZLOO UHVWULFW RXUVHOYHV WR WKH �' FDVH IRU VRXQG ZDYHV�
/HW·V FRQVLGHU DQ HPLWWHU WUDYHOOLQJ ZLWK YHORFLW\ vHP DQG FUHDWLQJ D VRXQG ZDYH RI IUH�
TXHQF\ fHP DQG YHORFLW\ v� /HW·V DOVR DVVXPH WKDW D UHFHLYHU WUDYHOOLQJ ZLWK YHORFLW\ vUH LV
DW D GLVWDQFH d IURP WKH HPLWWHU DW D JLYHQ WLPH �ZKLFK ZH ZLOO VHW WR ]HUR WRJHWKHU ZLWK
WKH HPLWWHU·V LQLWLDO SRVLWLRQ IRU WKH VDNH RI VLPSOLFLW\��
1RWH WKDW ZH GR QRW PDNH DQ\ DVVXPSWLRQ RQ WKH VLJQV RI vHP DQG vUH EXW� DV ZH DUH
FRQVLGHULQJ WKH �' FDVH� HDFK REMHFW LV PRYLQJ HLWKHU GLUHFWO\ WRZDUGV RU DZD\ IURP WKH
RWKHU RQH� :H ZLOO VLPSO\ GHILQH vHP DQG vUH DV SRVLWLYH ZKHQ WKH\ DUH LQ WKH VDPH
GLUHFWLRQ DV WKH YHFWRU JRLQJ IURP WKH HPLWWHU WR WKH UHFHLYHU� DV QHJDWLYH RWKHUZLVH�
0RUHRYHU� ERWK vHP DQG vUH DUH UHODWLYH WR WKH PHGLXP�

���
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d

emitter receiver

v v vem re

)LJXUH ���� (PLWWHU DQG UHFHLYHU� 'XH WR WKH 'RSSOHU HIIHFW� WKH IUHTXHQF\ RI WKH VRXQG
ZLOO EH GLIIHUHQW IRU WKH HPLWWHU� WKH UHFHLYHU DQG D QHXWUDO �UHVWLQJ� REVHUYHU DW UHVW ZLWK
UHVSHFW WR WKH PHGLXP�

/HW t1 EH WKH WLPH WDNHQ E\ WKH VRXQG HPLWWHG DW WKH LQLWLDO LQVWDQW WR DUULYH WR WKH UHFHLYHU�
:H KDYH�

vt1 = d+ vUHt1 �

WKXV t1 = d/(v � vUH)� 6LPLODUO\� OHW t2 EH WKH WLPH WDNHQ E\ WKH VRXQG HPLWWHG DIWHU D
SHULRG RI WKH VRXQG �1/fHP� WR DUULYH WR WKH UHFHLYHU� VR�

vt2 = d� vHP
1

fHP
+ vUH

1

fHP
+ vUHt2 �

VR ZH KDYH t2 =
⇣
d+ (vUH � vHP)

1
fHP

⌘
/(v � vUH)�

)URP t1 DQG t2 ZH FDQ FDOFXODWH WKH IUHTXHQF\ RI WKH VRXQG fUH DV REVHUYHG E\ WKH UHFHLYHU�
DV D IXQFWLRQ RI fHP �t2 � t1 UHSUHVHQWLQJ WKH GLIIHUHQFH LQ SHULRGV EHWZHHQ WKH VRXQG
UHFHLYHG DQG HPLWWHG��

fUH =
1

t2 � t1 +
1
fHP

=
1

vUH�vHP
v�vUH

1
fHP

+ v�vUH
v�vUH

1
fHP

=
v � vUH
v � vHP

fHP �

1RWH� WKH VLJQV LQ WKH IUDFWLRQV GHSHQG RQ WKH ZD\ ZH GHILQHG WKH YHORFLWLHV� 7KH\ YDU\
DPRQJ WH[WERRNV DQG RQH VKRXOG EH FDUHIXO ZKHQ DSSO\LQJ WKH IRUPXOD�
7KH 'RSSOHU HIIHFW W\SLFDOO\ OHDGV WR D KLJKHU SLWFK IRU DSSURDFKLQJ VRXUFH DQG ORZHU
ZKHQ LW UHFHGHV IURP WKH REVHUYHU� $Q HYHU\GD\ H[DPSOH LV WKH VLUHQ RI HPHUJHQF\ YHKL�
FOHV� RQH FDQ ZHOO KHDU WKH IUHTXHQF\ GURS ZKHQ WKH YHKLFOH SDVVHV E\�

���
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,W FDQ DOVR EH XVHG LQ WHFKQLFDO DSSOLFDWLRQV� E\ VHQGLQJ D VRXQG VLJQDO DQG DQDO\VLQJ WKH
IUHTXHQF\ RI WKH VLJQDO UHIOHFWHG EDFN� UDGDUV DQG EORRG IORZ LPDJLQJ LQ FDUGLRORJ\ DUH
W\SLFDO XVHV�

��� :DYHV 3URSDJDWLRQ DW ,QWHUIDFHV

8QGHU WKLV WLWOH ZH XQGHUVWDQG SKHQRPHQD ZKHUH� LQ FRQWUDVW WR ZKDW ZH VDZ EHIRUH
ZLWK �LPSOLFLWO\ DVVXPHG� KRPRJHQHRXV� LVRWURSLF DQG LQILQLWH SURSDJDWLRQ VSDFHV� WKHUH
LV VRPH HOHPHQW LQ WKH SDWK� SUHYHQWLQJ WKH ZDYH IURP IUHHO\ SURSDJDWLQJ IXUWKHU�

$Q LPSRUWDQW SULQFLSOH IRU XQGHUVWDQGLQJ WKRVH SKHQRPHQD LV )HUPDW·V SULQFLSOH� LW VWDWHV
WKDW OLJKW �DQG LW FDQ EH JHQHUDOL]HG RQ PRVW ZDYHV� DOZD\V µFKRRVHVµ WKH ORFDOO\ IDVWHVW
ZD\ EHWZHHQ WZR SRLQWV� L�H� WKH ZD\ WKDW LW WDNHV WKH VKRUWHVW WLPH IRU WKH ZDYH WR WUDYHO�
:H ZLOO VHH ODWHU RQ ZK\ WKLV µORFDOO\µ LV LPSRUWDQW� ZKHQ VWXG\LQJ UHIOHFWLRQV�

����� 5HIOHFWLRQ

5HIOHFWLRQ KDSSHQV ZKHQ D ZDYH ERXQFHV EDFN DW DQ LQWHUIDFH EHWZHHQ LWV SURSDJDWLRQ
PHGLXP � EH LW PDWHULDO RU QRW � DQG VRPH PDWHULDO HOHPHQW�

6XSSRVLQJ WKDW WKH HOHPHQW·V LQWHUIDFH ZLWK WKH PHGLXP LV VXIILFLHQWO\ VPRRWK� ZH FDQ
GHILQH WKH LQFLGHQFH DQJOH 'L DQG UHIOHFWLRQ DQJOH 'U EHWZHHQ WKH VXUIDFH QRUPDO DQG WKH
UHVSHFWLYH SDWK HOHPHQWV�

8VLQJ )HUPDW·V SULQFLSOH� LW FDQ EH VKRZQ WKDW WKLV LV H[DFWO\ WKH FDVH ZKHQ ERWK DQJOHV
DUH HTXDO� 'L = 'U� :H DOVR HDVLO\ VHH WKH ORFDO DVSHFW RI WKH SULQFLSOH� RI FRXUVH WKLV
SDWK LV QRW WKH JOREDOO\ VKRUWHVW RQH �D VWUDLJKW OLQH EHWZHHQ WKH H[WUHPLWLHV RI WKH SDWK
ZRXOG EH VKRUWHU�� EXW RI WKH FRQWLQXXP RI SDWKV JRLQJ IURP RQH SRLQW WR WKH RWKHU ZKLOH
KLWWLQJ WKH LQWHUIDFH� LW LV WKH VKRUWHVW RQH�

$ VWUDLJKWIRUZDUG ZD\ WR VHH KRZ )HUPDW·V SULQFLSOH LPSOLHV HTXDO DQJOHV LV WR LPDJLQH WKDW
WKH PLUURU GRHV QRW H[LVW� EXW WKDW LQVWHDG RQH RI WKH H[WUHPLWLHV RI WKH SDWK LV PLUURUHG�
L�H� RQ WKH RWKHU VLGH RI WKH PLUURU·V SODQH� 7KHQ LW LV FOHDU WKDW WR PLQLPL]H WKH GLVWDQFH�
RQH KDV WR FRQVLGHU WKH VWUDLJKW OLQH IURP WKDW PLUURUHG H[WUHPLW\ WR WKH RWKHU� XQPRGLILHG
RQH� $QG LW LV DOVR GLUHFWO\ YLVLEOH WKDW WKH HTXDOLW\ RI DQJOHV VKRXOG EH UHVSHFWHG LQ WKDW
FDVH�

���
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A

B

Ã

'r'i

'0
i

)LJXUH ���� 5HIOHFWLRQ RQ D SODQH VXUIDFH RI D ZDYH WUDYHOOLQJ IURPA WRB� %\ FRQVWUXFWLQJ
WKH LPDJH Ã RI A E\ V\PPHWU\ Z�U�W� WKH SODQH� RQH VHHV WKDW 'i = '0

i DV ZHOO DV 'r = '0
i

�)HUPDW·V SULQFLSOH UHTXLULQJ ÃB EH D VWUDLJKW OLQH�� +HQFH 'i = 'r �

���
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����� 5HIUDFWLRQ

5HIUDFWLRQ RFFXUV ZKHQ D ZDYH DUULYHV DW DQ LQWHUIDFH EHWZHHQ WR SURSDJDWLRQ PHGLD�
ZKLFK W\SLFDOO\ KDYH GLIIHUHQW SURSHUWLHV� VXFK WKDW WKH ZDYH KDV D GLIIHUHQW SURSDJDWLRQ
YHORFLW\ LQ HDFK RI WKHP�
,Q RUGHU WR WDNH WKHVH YHORFLWLHV LQWR DFFRXQW� RQH GHILQHV � LQ FDVH RI OLJKW � WKH UHIUDFWLYH
LQGH[n RI DPHGLXP DV WKH IUDFWLRQ RI WKH YDFXXP YHORFLW\ c E\ WKH YHORFLW\ LQ WKHPHGLXP
v� n = c/v� 7KH UHIUDFWLYH LQGH[ LV VOLJKWO\ GHSHQGHQW RQ WKH OLJKW ZDYHOHQJWK� ZKLFK
LV RQH RI WKH PDLQ UHDVRQV IRU FKURPDWLF DEHUUDWLRQ LQ UHIUDFWLYH RSWLFDO SDUWV� :H ZLOO
QHYHUWKHOHVV IRUJHW WKLV GHWDLO LQ WKLV VFULSW�
$V FDQ EH VKRZQ XVLQJ )HUPDW·V SULQFLSOH� WKH DQJOHV RI LQFLGHQFH '1 DQG RI UHIUDFWLRQ
'2 DW WKH LQWHUIDFH EHWZHHQ PHGLD RI UHIUDFWLYH LQGLFHV n1 DQG n2 DUH UHODWHG E\ 6QHOO�
'HVFDUWHV ODZ�

n1 VLQ('1) = n2 VLQ('2) � �����

����� 'LIIUDFWLRQ

'LIIUDFWLRQ LV ZKDW KDSSHQV ZKHQ SDUW RI WKH ZDYHIURQW �WKH PRVW DGYDQFHG SDUW RI WKH
SHUWXUEDWLRQ� ZLWK DOO SRLQWV LQ WKH VDPH RVFLOODWLRQ VWDWH� KLWV DQ REMHFW� VHFRQGDU\ ZDYHV
DUH IRUPHG DW WKH KLWWLQJ SRLQWV� ZKLFK PDNH WKH ZDYH µWXUQ DURXQGµ WKH REMHFW� IROORZLQJ
LWV FXUYDWXUH D ELW� )RU WKH GLIIUDFWLRQ WR KDYH DQ LPSRUWDQW HIIHFW� WKH ZDYHOHQJWK RI WKH
ZDYH KDV WR EH RI URXJKO\ WKH VDPH VFDOH DV WKH REMHFW LQ WKH ZD\� 7KLV LV W\SLFDOO\ WKH
UHDVRQ ZK\ ZH FDQ KHDU D VRXQG ZLWKRXW DFWXDOO\ VHHLQJ LWV VRXUFH� EHFDXVH WKH REMHFWV LQ
WKH ZD\ DUH DW RXU VFDOH � ZKLFK LV URXJKO\ DOVR WKH VRXQG·V VFDOH � EXW DUH PXFK WRR ELJ
IRU YLVLEOH OLJKW WR JHW GLIIUDFWHG HQRXJK WR FRPH WR XV� 'LIIUDFWLRQ RI HOHFWURPDJQHWLF
ZDYHV LV IXUWKHU GLVFXVVHG LQ &KDSWHU ����

��� 0XOWL�:DYHV 3KHQRPHQD

8QWLO QRZ� ZH RQO\ FRQVLGHUHG VLQJOH ZDYHV JRLQJ WKURXJK VSDFH� +RZHYHU� DV ZDYHV
DUH VLPSO\ SHUWXUEDWLRQV� QRWKLQJ IRUELGV WZR ZDYHV IURP EHLQJ DW WKH VDPH SODFH DW WKH
VDPH WLPH� 7KXV ZH KDYH WR FRQVLGHU WKH VR�FDOOHG ZDYH VXSHUSRVLWLRQ� RU ZDYH LQWHU�
IHUHQFH� 7KH PDLQ LGHD KHUH LV WKH VXSHUSRVLWLRQ SULQFLSOH� ZKLFK VWDWHV WKDW� JLYHQ WZR
ZDYHV u(~r, t) DQG v(~r, t) RI VDPH W\SH �L�H� VKDULQJ WKH VDPH RVFLOODWRUV�� WKH SHUWXUEDWLRQ
UHVXOWLQJ IURP WKHLU FXPXODWHG HIIHFW LV VLPSO\ WKHLU DOJHEUDLF VXP u(~r, t) + v(~r, t)� 7KH
VDPH JRHV ZLWK YHFWRULDO ZDYHV DV ZHOO�

���
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A

C

'1

'2

n1

n2

A0

'0
1

'0
2

n1

n2

A00
'00
1

n1

n2

)LJXUH ���� 7RS� 5HIUDFWLRQ DW D PHGLXP LQWHUIDFH RI D ZDYH WUDYHOOLQJ IURPA �LQ PHGLXP
ZLWK UHIUDFWLRQ LQGH[ n1� WR C �LQGH[ n2�� +HUH� n2 < n1 LV LPSOLHG� 0LGGOH� OLPLW FDVH
ZLWK '0

2 = ⇡
2 � '

0
1 LV WKXV FDOOHG WKH FULWLFDO DQJOH� %RWWRP� )RU '00

1 > '0
1� QR UHIUDFWLRQ

LV SRVVLEOH DQ\PRUH� RQO\ UHIOHFWLRQ� 7KLV SKHQRPHQRQ LV WKHUHIRUH FDOOHG WRWDO LQWHUQDO
UHIOHFWLRQ�
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)LJXUH ���� 'LIIUDFWLRQ RI D SODQH ZDYH SDVVLQJ WKURXJK D VOLW� 1RWLFH KRZ WKH GLIIUDFWHG
ZDYH LV DSSUR[LPDWHO\ FLUFXODU DQG WKXV DOVR UHDFKHV ]RQHV �HYHQ LI DWWHQXDWHG� WKDW DUH
µKLGGHQµ VLGHZD\V RI WKH VOLW� DORQJ WKH EDUULHU� >��@

7KH UHVXOWLQJ SHUWXUEDWLRQ FDQ KDYH GLIIHUHQW IRUPV GHSHQGLQJ RQ ZKDW WKH RULJLQDO ZDYHV
ORRN OLNH� EXW WKH PRVW LPSRUWDQW SURSHUW\ LV WKDW WKH UHVXOW LV DJDLQ D ZDYH� ,Q WKH IRO�
ORZLQJ� ZH ZLOO VWXG\ WKH PRVW FRPPRQ DQG LQWHUHVWLQJ LQWHUIHUHQFH SKHQRPHQD IRU �'
KDUPRQLF ZDYHV�
,Q JHQHUDO� ZH ZLOO WKHUHIRUH ORRN DW

u(x, t) + v(x, t) = A1 VLQ(!1t� k1x+ '1) +A2 VLQ(!2t� k2x+ '2)

DQG WU\ WR XQGHUVWDQG ZKDW LV JRLQJ RQ GHSHQGLQJ RI WKH UHODWLRQ EHWZHHQA1 DQGA2� !1

DQG !2� k1 DQG k2� DQG '1 DQG '2�

����� 6DPH DPSOLWXGH� IUHTXHQF\ DQG ZDYHQXPEHU

7KH VLPSOHVW FDVH LV ZKHQ A1 = A2 = A� !1 = !2 = ! DQG k1 = k2 = k� L�H� WKH
ZDYHV DUH YHU\ VLPLODU EXW FDQ VLPSO\ EH VKLIWHG E\ VRPH SKDVH� )RU WKH VDNH RI VLPSOLFLW\�
ZH ZLOO VHW '1 = 0 DQG '2 = '�
:H FDQ XVH WKH VLQH DGGLWLRQ IRUPXOD WR UHZULWH WKH LQWHUIHUHQFH�

���
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u(x, t) + v(x, t) = A VLQ(!t� kx) +A VLQ(!t� kx+ ')

= 2A VLQ
⇣
!t� kx+

'

2

⌘
FRV
⇣'
2

⌘
�

$V FDQ EH VHHQ� WKH UHVXOWLQJ ZDYH LV DJDLQ KDUPRQLF� ZLWK WKH VDPH IUHTXHQF\ DQG
ZDYHQXPEHU� 'HSHQGLQJ RQ '� LWV DPSOLWXGH FDQ YDU\�

� )RU ' = 0�±2⇡�±4⇡� HWF�� WKH DPSOLWXGH LV PD[LPDO DQG HTXDO WR 2A� 7KLV LV WKH
SHUIHFW DGGLWLRQ RI WZR LGHQWLFDO ZDYHV�

� )RU ' = ±⇡� ±3⇡� HWF�� WKH DPSOLWXGH LV QXOO� L�H� WKH ZDYHV DUH H[DFWO\ RXW RI
SKDVH DQG WKXV FRPSOHWHO\ DQQLKLOLDWH�

�A

A x' = 0�

�A

A x' = ⇡
4 �

�A

A x
' = 3⇡

4 �

�A

A x' = ⇡�

)LJXUH ���� 6XSHUSRVLWLRQ �WKLFN SORW� RI WZR ZDYHV u(x, t) �GDVKHG� DQG v(x, t) �GRWWHG�
ZLWK VDPH DPSOLWXGH� IUHTXHQF\ DQG ZDYHQXPEHU DQG D SKDVH GLIIHUHQFH ' IRU v ZLWK
UHVSHFW WR u� 'XH WR WKH FRHIILFLHQW FRV('2 ) LQ WKH DPSOLWXGH� WKH DPSOLWXGH RI WKH UHVXOWLQJ
VXSHUSRVLWLRQ ZDYH FDQ EH ELJJHU WKDQ WKRVH RI WKH RULJLQDO ZDYHV �SRVLWLYH LQWHUIHUHQFH�
RU VPDOOHU RU HYHQ QXOO �QHJDWLYH LQWHUIHUHQFH��

���
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����� 6DPH DPSOLWXGH DQG IUHTXHQF\� RSSRVLWH ZDYHQXPEHU

7KLV VLWXDWLRQ FRUUHVSRQGV WR WZR LGHQWLFDO ZDYHV SURSDJDWLQJ LQ RSSRVLWH GLUHFWLRQV� VR
A1 = A2 = A� !1 = !2 = !� k1 = �k2 = k� :H FDQ VHW '1 = '2 = 0 ZLWKRXW ORVV
RI JHQHUDOLW\�
$JDLQ XVLQJ WKH DGGLWLRQ RI VLQHV�

u(x, t) + v(x, t) = A VLQ(!t� kx) +A VLQ(!t+ kx)

= 2A VLQ(!t) FRV(kx) �

9HU\ LQWHUHVWLQJO\� E\ VXPPLQJ WKH ZDYHV ZH JHW D VHSDUDWLRQ RI !t DQG kx� ZKLFK DUH
WKHUHIRUH XQFRXSOHG� 7KLV PHDQV WKDW WKH RVFLOODWLRQV RI WKH UHVXOWLQJ ZDYH DUH VWDWLF
� VRPH SODFHV ZLOO FRQVWDQWO\ KDYH ]HUR DPSOLWXGH GXH WR WKH FRV(kx) �µQRGHVµ� ZKLOH
RWKHUV ZLOO KDYH PD[LPDO DPSOLWXGH �µDQWL�QRGHVµ�� 6LPLODUO\� DW VRPH WLPHV WKH ZKROH
ZDYH ZLOO KDYH ]HUR DPSOLWXGH HYHU\ZKHUH GXH WR WKH VLQ(!t)� HWF�
6XFK D ZDYH� WKDW GRHV QRW VHHP WR WUDYHO DORQJ LWV PHGLXP� LV FDOOHG D VWDWLRQDU\ ZDYH RU
VWDQGLQJ ZDYH� ,W LV TXLWH FRPPRQ� DV LW IRUPV HYHU\WLPH VRPH ZDYH JHWV UHIOHFWHG EDFN
DQG LQWHUIHUHV ZLWK LWVHOI�
1RWH WKDW WKH GLVWDQFH IURP QRGH WR QRGH DQG IURP DQWLQRGH WR DQWLQRGH LV �

2 �IRU VSDFH�
DQG T

2 �IRU WLPH��

����� 6OLJKWO\ GLIIHUHQW IUHTXHQFLHV

$QRWKHU LQWHUHVWLQJ FDVH LV A1 = A2 = A� k1 = k2 = k EXW !1 6= !2� :H FDQ VHW ERWK
SKDVHV WR ]HUR ZLWKRXW ORVV RI JHQHUDOLW\�
8VLQJ RQFH PRUH WKH DGGLWLRQ RI VLQHV�

u(x, t) + v(x, t) = A VLQ(!1t� kx) +A VLQ(!2t� kx)

= 2A VLQ
✓
!1 + !2

2
t� kx

◆
FRV
✓
!1 � !2

2
t

◆
�

:KDW ZH KDYH KHUH LV D FRQYHQWLRQDO KDUPRQLF ZDYH RI DQJXODU IUHTXHQF\ !1+!2
2 � L�H�

RVFLOODWLQJ PRUH UDSLGO\ WKDQ WKH RULJLQDO ZDYHV � PRGXODWHG E\ DQ RVFLOODWLRQ �QRW D ZDYH
� QRWH WKH DEVHQFH RI x� RI DQJXODU IUHTXHQF\ !1�!2

2 � ,Q WKH FDVH ZKHUH !1 ⇡ !2� WKLV
PRGXODWLRQ ZLOO EH VORZ ZLWK UHVSHFW WR WKH RVFLOODWLRQ RI WKH ZDYH LWVHOI�
7KH UHVXOW LV WKH VR�FDOOHG EHDW SKHQRPHQRQ� ZLWK DQ DOPRVW KDUPRQLF ZDYH SHULRGLFDOO\
LQFUHDVLQJ DQG GHFUHDVLQJ LQ LQWHQVLW\� !1 ⇡ !2 LV QHHGHG IRU WKH SKHQRPHQRQ WR EH
YLVLEOH�DXGLEOH�

���
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�2A

2A

�2� �� � 2�

x

w

6SDFH

w(x, 0)
w(x,�t)
w(x, 2�t)

�2A

2A

�2T �T T 2T

t

w

7LPH

w(0, t)
w(�x, t)
w(2�x, t)

)LJXUH ���� 7KH UHVXOWLQJ VWDWLRQDU\ ZDYH w(x, t) = u(x, t) + v(x, t) UHSUHVHQWHG LQ
ERWK VSDFH DQG WLPH� ,Q ERWK SORWV� QRGHV DQG DQWLQRGHV UHPDLQ DW WKH VDPH x� UHVS� t
FRRUGLQDWH� KHQFH µVWDWLRQDU\µ� )RU RXU FKRLFH RI ZDYH HTXDWLRQ DQG'·V� VSDWLDO DQWLQRGHV
DUH DW n�

2 � ZKLOH WHPSRUDO QRGHV DUH DW
nT
2 � n 2 Z� 1RWH WKDW w(x, 0) = 0 IRU DOO x·V�

����� )RXULHU $QDO\VLV

:H MXVW VDZ WKDW WKH VXP RI WZR KDUPRQLF ZDYHV LV DJDLQ D SHULRGLF ZDYH� DQG LQ VRPH
FDVHV LV HYHQ KDUPRQLF LWVHOI� :H FDQ JHQHUDOL]H WKLV LGHD DQG SURYH WKDW DQ\ VXSHUSRVLWLRQ
RI KDUPRQLF ZDYHV LV SHULRGLF�
&RQYHUVHO\� DQ LPSRUWDQW UHVXOW VD\V WKDW DQ\ SHULRGLF RVFLOODWLRQ FDQ EH GHFRPSRVHG LQ
D VXP RI �SRWHQWLDOO\ LQILQLWHO\ PDQ\� KDUPRQLF RVFLOODWLRQV� (YHQ PRUH LQWHUHVWLQJO\� LW
H[LVWV D ZHOO�GHILQHG PDWKHPDWLFDO RSHUDWLRQ� FDOOHG )RXULHU�WUDQVIRUP� WKDW GRHV H[DFWO\
WKDW� 0RUH SUHFLVHO\� JLYHQ D SHULRGLFDO VLJQDO� LW DOORZV WR FDOFXODWH LWV VSHFWUXP� L�H� WKH
GLVWULEXWLRQ RI DPSOLWXGHV IRU HDFK IUHTXHQF\ RI IXQGDPHQWDO KDUPRQLF RVFLOODWLRQ�
)RXULHU $QDO\VLV FDQ EH WKRXJKW RI DV WKH FRXQWHUSDUW RI 7D\ORU H[SDQVLRQ LQ WHUPV RI
SHULRGLFDO VLJQDOV LQVWHDG RI SRO\QRPV� DQG LV D FUXFLDO LQVWUXPHQW LQ WKH PRGHUQ GLJLWDO
ZRUOG� DPRQJ RWKHU XVHV� )RU H[DPSOH� DQDORJLF DXGLR VLJQDOV FDQ EH FRQYHUWHG �GLJL�
WDOL]HG� LQWR D VHTXHQFH RI QXPEHUV UHSUHVHQWLQJ D ILQLWH DSSUR[LPDWLRQ RI WKH VLJQDO·V
VSHFWUXP� WKXV DOORZLQJ DQ HIILFLHQW GLJLWDO WUHDWHPHQW DQG VWRUDJH�

���



� :DYHV

�1

1

�
⇡

!1�!2
4⇡

!1+!2

⇡
!1�!2

t

�2A

2A

�
⇡

!1�!2

⇡
!1�!2

t

w

)LJXUH ����� 7KH PRGXODWHG EHDW ZDYH LV WKH UHVXOW RI WKH PXOWLSOLFDWLRQ RI WKH GRWWHG
ZDYH E\ D WHPSRUDO RVFLOODWLRQ �GDVKHG� DQG DQ DPSOLWXGH IDFWRU� 2A� 1RWH WKDW ERWK WKH
EHDW DQG WKH GRWWHG OLQHV UHSUHVHQW ZDYHV� DQG DV VXFK DOVR PRYH LQ VSDFH� ,Q FRQWUDVW�
WKH GDVKHG OLQH UHSUHVHQW D SXUH WHPSRUDO RVFLOODWLRQ WKDW RQO\ µPRGXODWHVµ �FRQVWUDLQV
WKH DPSOLWXGH RI� WKH EHDW ZDYH� 1RWH DOVR WKDW WKH µHQYHORSSHµ RI WKH EHDW ZDYH LV D
SHULRGLF� QRQ�VLQXVRLGDO RVFLOODWLRQ ZLWK D SHULRG KDOI RI WKH PRGXODWLQJ FRVLQH�

���
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/LJKW LV HYHU\ZKHUH�

7KH SKRWRQ

��� &RQFHSW RI 5D\ 2SWLFV � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� +X\JHQV²)UHVQHO SULQFLSOH � � � � � � � � � � � � � � � � � � � ���
����� 5D\V � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5D\ 7UDFLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� %DVLF 3KHQRPHQD � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HIOHFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HIUDFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 7RWDO ,QWHUQDO 5HIOHFWLRQ � � � � � � � � � � � � � � � � � � � ���
����� /HQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� ,PDJLQJ 6\VWHP � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LVSHUVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ,QVWUXPHQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� )LEUH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� (\H � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 0DJQLILFDWLRQ *ODVV � � � � � � � � � � � � � � � � � � � � � � � ���
����� 7HOHVFRSH � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 0LFURVFRSH � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� :DYH 2SWLFV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� ,QWHUIHURPHWU\ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LIIUDFWLRQ DW D VOLW � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LIIUDFWLRQ DQG 5D\OHLJK &ULWHULRQ � � � � � � � � � � � � � � ���
����� *UDWLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 3RODULVDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� &RQQHFWLRQ 5D\ DQG :DYH 2SWLFV � � � � � � � � � � � � � � ���

���



� 2SWLFV

$V ZH VDZ LQ FKDSWHU ����� DERXW ZDYHV �DQG ODWHU LQ PRUH GHWDLO LQ FKDSWHU ������ OLJKW LV
D ZDYH� RU WR EH PRUH SUHFLVH DQ HOHFWURPDJQHWLF ZDYH FRQVLVWLQJ RI DQ LQWHUSOD\ EHWZHHQ
WKH HOHFWULF DQG PDJQHWLF ILHOGV� 7R GHVFULEH WKH SURSDJDWLRQ RI OLJKW DV ZDYH LQ D JHQHUDO
FDVH LV YHU\ GLIILFXOW DQG LQ PRVW FDVHV D SUHFLVH VROXWLRQ FDQQRW EH IRXQG� 1HYHUWKHOHVV
WKH PRVW LPSRUWDQW SURSHUWLHV RI WKH OLJKW SDWK FDQ EH GHULYHG ZLWK PXFK HDVLHU WRROV�
QDPHO\ UD\ RSWLFV� $IWHU LQWURGXFLQJ WKH PDLQ FRQFHSW RI UD\ RSWLFV� ZH ZLOO PRYH RQ WR
EDVLF SKHQRPHQD OLNH UHIOHFWLRQ RU UHIUDFWLRQ� 0DNLQJ XVH RI WKLV� ZH FDQ GHULYH SURSHUWLHV
RI RSWLFDO HOHPHQWV VXFK DV OHQVHV ZKLFK FDQ EH XVHG WR FUHDWH RSWLFDO LPDJHV DQG RSWLFDO
LQVWUXPHQWV IRU H[DPSOH WHOHVFRSHV RU PLFURVFRSHV� $IWHU WKLV LQWURGXFWLRQ DERXW UD\
RSWLFV� ZH FRQWLQXH E\ DGGLQJ VRPH ZDYH SURSHUWLHV VXFK DV LQWHUIHUHQFH� GLIIUDFWLRQ DQG
UHVROXWLRQ� ,Q WKH ODVW VHFWLRQ WKH FRQQHFWLRQ EHWZHHQ ZDYH RSWLFV DQG UD\ RSWLFV LV PDGH��

��� &RQFHSW RI 5D\ 2SWLFV

,Q RUGHU WR HIILFLHQWO\ GHVFULEH WKH SURSDJDWLRQ RI OLJKW� LW LV QRW DOZD\V QHFHVVDULO\ WR
WUHDW OLJKW DV D ZDYH� ,QVWHDG ZH WUHDW LW DV UD\V ZKRVH WUDMHFWRU\ JHW LQIOXHQFHG E\ GLI�
IHUHQW SKHQRPHQD RU RSWLFDO LQVWUXPHQWV� IRU H[DPSOH D EXQFK RI SDUDOOHO UD\V JHW D NLQN
ZKHQ KLWWLQJ D PDWHULDO RU WKH\ FRQYHUJH WR D VLQJOH SRLQW DIWHU D OHQV� ,Q WKLV VHFWLRQ ZH
LQWURGXFH WKH +X\JHQV²)UHVQHO SULQFLSOH� ZKLFK GHVFULEHV KRZ D ZDYH SURSDJDWHV� )URP
WKLV ZH FRQFOXGH WKHQ KRZ ZH KDYH WR WKLQN DERXW D UD\�

����� +X\JHQV²)UHVQHO SULQFLSOH

/LJKW EHLQJ DQ HOHFWURPDJQHWLF ZDYH FDQ EH GHVFULEHG E\ WKH ZDYH HTXDWLRQ� VHH ����
%XW LWV SURSDJDWLRQ FDQ DOVR EH GHVFULEHG DQG XQGHUVWRRG LQ D GLIIHUHQW ZD\� FDOOHG +X\�
JHQV²)UHVQHO SULQFLSOH� )RU VLPSOLFLW\ ZH ILUVW IRFXV RQ WKH FDVH RI D SODQH ZDYH� $
ZDYHIURQW RI WKH SODQH ZDYH LV D SODQH SHUSHQGLFXODU WR WKH SURSDJDWLRQ GLUHFWLRQ� 2Q
HDFK ZDYHIURQW� WKH SKDVH RI WKH ZDYH LV WKH VDPH� IRU H[DPSOH HYHU\ZKHUH RQ WKH SODQH
WKHUH LV WKH PD[LPXP RU PLQLPXP RI WKH RVFLOODWLRQ RI WKH ILHOG� 7KH IXUWKHU SURSDJDWLRQ
RI D ZDYHIURQW FDQ EH FRPSXWHG E\ FRQVLGHULQJ VSKHULFDO ZDYHV RULJLQDWLQJ DW HDFK SRLQW
RQ WKH ZDYHIURQW �VHH ILJXUH ���� DQG FRPSXWLQJ WKHLU LQWHUIHUHQFH DW D ODWHU SRLQW� 7KH
QHZ ZDYHIURQW RULJLQDWLQJ IURP WKLV LQWHUIHUHQFH LV VRPHWLPHV FDOOHG HQYHORSH� LQ FDVH RI
D SODQH ZDYH LW LV D SODQH ZDYH DJDLQ�
)RU D JHQHUDO ZDYH� WKH ZDYHIURQW LV WKH VXUIDFH ZKHUH DOO SRLQWV RQ WKDW VXUIDFH KDYH
WKH VDPH �WHPSRUDO� GLVWDQFH WR WKH VRXUFH� )RU H[DPSOH LQ FDVH RI D SRLQW OLNH VRXUFH
RI DQ HOHFWURPDJQHWLF ZDYH� D ZDYHIURQW LV D VSKHUH ZLWK FHQWHU DW WKH VRXUFH� 6LPLODU DV

�7KLV VHFWLRQ JRHV EH\RQG WKH VFRSH RI WKLV VFULSW DQG LV QRW SDUW RI WKH V\OODEXV�

���
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)LJXUH ���� $W HDFK SRLQW RI WKH LQLWLDO ZDYH IURQW �WKLFN EODFN OLQH DW WKH ERWWRP� DQ QHZ
VSKHULFDO ZDYH LV JHQHUDWHG� 7KH QHZ ZDYH IURQW LV WKHQ WKH VXSHUSRVLWLRQ RI DOO WKHVH
VSKHULFDO ZDYHV� )RU DQ LQLWLDO SODQH ZDYH� WKLV LV D SODQH ZDYH DJDLQ� 7KH SURSDJDWLRQ
GLUHFWLRQ �DUURZ� LQ FDVH RI SODQH ZDYHV LV RUWKRJRQDO WR WKH ZDYH IURQW �SKDVH IURQW��

DERYH WKH SKDVH RI WKH ZDYH RQ D ZDYHIURQW LV HYHU\ZKHUH WKH VDPH� +X\JHQV²)UHVQHO
SULQFLSOH DOVR DSSOLHV IRU WKLV FDVH� EXW WKH HQYHORSH PD\ KDYH D FRPSOLFDWHG IRUP DQG LWV
FRPSXWDWLRQ PD\ DOVR EH D ELW PRUH FRPSOLFDWHG�

����� 5D\V

6LQFH WKH HQYHORSH RI D SODQH ZDYH LV DJDLQ D SODQH ZDYH SDUDOOHO WR WKH LQLWLDO ZDYHIURQW�
ZH KDYH D ZHOO GHILQHG GLUHFWLRQ RI SURSDJDWLRQ IRU WKH SODQH ZDYH ZKLFK LV SHUSHQGLFXODU
WR WKH ZDYHIURQWV� )RU DQ DUELWUDU\ ZDYH� WKH ZDYH KDV QRW RQH SURSDJDWLRQ GLUHFWLRQ EXW
GLIIHUHQW SDUWV RI WKH ZDYH SURSDJDWH LQ GLIIHUHQW GLUHFWLRQ� )RU H[DPSOH WKH SURSDJDWLRQ
GLUHFWLRQ IRU HDFK SRLQW RQ D ZDYHIURQW RI D VSKHULFDO ZDYH SRLQWV UDGLDOO\ RXWZDUGV� 7R
GHWHUPLQH WKH GLUHFWLRQ RI SURSDJDWLRQ RI RQH SRLQW P RQ D ZDYH IURQW RI DQ DUELWUDU\
ZDYH� ZH FDQ GR WKH IROORZLQJ WULFN� %\ ]RRPLQJ LQ KDUG HQRXJK� WKH FXUYHG ZDYHIURQW
DSSHDUV IODW� MXVW OLNH D SODQH ZDYH� VHH ILJXUH ���� 7KH SURSDJDWLRQ GLUHFWLRQ RI WKH SODQH
ZDYH LV REYLRXVO\ SHUSHQGLFXODU WR WKH ZDYHIURQWV VXFK WKDW ZH FRQFOXGH WKDW WKH ZDYH
DW WKDW SRLQW P SURSDJDWHV LQ WKH VDPH GLUHFWLRQ DV JLYHQ E\ WKH SODQH ZDYH ZH VHH ZKHQ
ZH ]RRP LQ HQRXJK�
7KLV H[SODQDWLRQ LV HTXLYDOHQW WR FRQVLGHULQJ WKH WDQJHQW SODQH DW P DQG VD\LQJ WKDW WKH
ZDYH LQ P SURSDJDWHV SHUSHQGLFXODU WR WKH WDQJHQW SODQH� :KHQ ZH GR WKLV VWHS E\ VWHS
DQG NHHS WUDFN ZKHUH WKH SRLQW P SURSDJDWHV WR �JLYHQ E\ WKH SURSDJDWLRQ GLUHFWLRQ�� ZH
HQG XS ZLWK D OLQH� ZKLFK LV WKH UD\� VHH DUURZV LQ ILJXUH ����

���



� 2SWLFV

P P

)LJXUH ���� :DYHIURQW RI DQ DUELWUDU\ ZDYH ZKHUH ZH ]RRP LQ DW RQH SRLQW P VXFK WKDW
WKH ZDYHIURQW DSSHDUV DV SODQH ZDYH �SDUDOOHO WR GDVKHG OLQH DQG PDJQLILHG LQ ELJ FLUFOH��
)RU WKH SODQHZDYH WKH SURSDJDWLRQ GLUHFWLRQ LQGLFDWHG E\ WKH DUURZ LV FOHDU DQG FRSLHG
EDFN WR WKH RULJLQDO ZDYHIURQW LQ WKH QRQ�]RRPHG LPDJH�

7KH OLJKW UD\V KDYH WKH IROORZLQJ SURSHUWLHV�

� ,Q YDFXXP� WKH\ DUH VWUDLJKW OLQHV �DOVR WUXH LQ KRPRJHQHRXV PDWHULDOV�
� 6LQFH D UD\ LV D OLQH� LWV WUDQVYHUVH VL]H LV ]HUR�
� $V OLJKW GRHV QRW LQWHUDFW ZLWK LWVHOI� D UD\ FDQ SDWK WKURXJK RWKHU UD\V�
� 7KH\ VWDUW DW D OLJKW VRXUFH DQG VWRS ZKHQ WKH OLJKW JHWV DEVRUEHG�

.QRZLQJ DOO WKH UD\V RI D JLYHQ ZDYHIURQW DOORZV WR NHHS WUDFN RI LWV SURSDJDWLRQ �VHH QH[W
VXEVHFWLRQ ������� ,Q WKH QH[W IHZ FKDSWHUV ZH ZLOO LQYHVWLJDWH KRZ WKH GLIIHUHQW RSWLFDO
HOHPHQWV LQIOXHQFH WKH UD\V� %XW VLQFH D UD\ D SULRUL RQO\ NHHS WUDFN ZKHUH WKH ZDYH PRYHV
WR DQG QRW LWV SKDVH UHODWLRQ ZLWK RWKHU UD\V� ZH FDQQRW GHVFULEH LQWHUIHUHQFH SKHQRPHQD
MXVW OLNH WKLV� :H ZLOO FRPH EDFN WR VXFK SKHQRPHQD LQ VHFWLRQ ����

����� 5D\ 7UDFLQJ

.QRZLQJ RQH UD\ RI D ZDYH DOORZV DOUHDG\ WR PDNH VRPH VWDWHPHQWV KRZ DW OHDVW D SDUW RI
WKH ZDYH SURSDJDWHV� 7R NHHS WUDFN KRZ WKH HQWLUH ZDYH SURSDJDWHV� RQH �XVXDOO\� QHHGV
VHYHUDO UD\V� 1HYHUWKHOHVV E\ NQRZLQJ KRZ GLIIHUHQW RSWLFDO HOHPHQWV DFW RQ GLIIHUHQW
UD\V� LW VRPHWLPHV VXIILFHV RQO\ WR FRQVLGHU YHU\ IHZ� 2QH H[DPSOH LV WKH OHQV �VHH VHFWLRQ

���
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)LJXUH ���� 6DYH ZDYHIURQW DV LQ ILJXUH ��� EXW LQFOXGLQJ WKH HQYHORSHV DW ODWHU WLPHV
�GDVKHG OLQHV� DV ZHOO DV WKH UD\V �DUURZV��

������ ZKHUH LQ FDVH RI D SODQH ZDYLQJ KLWWLQJ WKH OHQV� DOO WKH UD\V PHHW DW RQH SRLQW� WKH
IRFDO SRLQW� 6R LW VXIILFHV WR NHHS WUDFN RI WZR UD\V WR ILQG WKH IRFXV �LQ FDVH LW LV QRW
JLYHQ� DQG WKHQ PDNLQJ XVH WKDW DOO RWKHU UD\V SDVV WKRXJK WKH IRFXV�
6RPHWLPHV RQH DOVR KDV WR NHHS WUDFN RI GLIIHUHQW FRORUV� )RU H[DPSOH ZKHQ OLJKW ZLWK
GLIIHUHQW ZDYHOHQJWK �IRU H[DPSOH VXQ OLJKW� KLWV D SULVP� WKHQ WKH GLIIHUHQW FRORUV JHW
VHSDUDWHG �VHH DOVR VHFWLRQ ������� ,Q VXFK D FDVH LW LV QHFHVVDU\ WR KDYH GLIIHUHQW UD\V IRU
GLIIHUHQW FRORUV DQG NHHSLQJ WUDFN RI HDFK RI WKHP�

��� %DVLF 3KHQRPHQD

$IWHU LQWURGXFLQJ WKH FRQFHSW RI UD\V� ZH QRZ FRQWLQXH E\ LQYHVWLJDWLQJ KRZ GLIIHUHQW
SKHQRPHQD LQIOXHQFH D UD\� 7KHPDLQ SKHQRPHQD ZH FRQVLGHU DUH UHIOHFWLRQ KDSSHQLQJ DW
PLUURUV DQG UHIUDFWLRQ ZKHQ OLJKW SDVVHV IURP RQHPHGLXP LQWR DQRWKHU� 7KH EDFNJURXQG
RI WKH UHIUDFWLYH LQGH[ LV WKDW WKH VSHHG RI OLJKW LV GLIIHUHQW LQ GLIIHUHQW PHGLD� 0DNLQJ XVH
RI UHIUDFWLRQ� ZH FDQ XQGHUVWDQG KRZ D OHQV ZRUNV DQG KRZ D OHQV FDQ FUHDWH DQ RSWLFDO
LPDJH RU ZKDW WRWDO LQWHUQDO UHIOHFWLRQ LV� +DYLQJ D FORVHU ORRN DW WKH RSWLFDO SURSHUWLHV RI
PDWHULDOV UHYHDOV WKH IDFW WKDW WKH VSHHG RI OLJKW XVXDOO\ LV ZDYHOHQJWK GHSHQGHQW ZKLFK
DJDLQ KDV LQWHUHVWLQJ LPSOLFDWLRQV VXFK DV WKH RULJLQ RI WKH UDLQERZ�

����� 5HIOHFWLRQ

)URP HYHU\GD\ OLIH ZH DOUHDG\ KDYH VRPH H[SHULHQFH KRZ D PLUURU ZRUNV� LW UHIOHFWV WKH
OLJKW� $FFRUGLQJ WR JHRPHWULF FRQVLGHUDWLRQV �VHH ILJXUH ���� ZH FDQ FRQFOXGH WKDW
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↵1 = ↵2 = ↵

ZKHUH ↵1 LV WKH LQFLGHQFH DQJOH DQG ↵2 WKH RXWJRLQJ DQJOH ZLWK UHVSHFW WR WKH
VXUIDFH QRUPDO�

↵1

↵1

↵2

P 0P

S

)LJXUH ���� $ PLUURU �WKLFN OLQH� UHIOHFWV D D UD\ LQFLGHQW ZLWK DQ DQJOH ↵ ZLWK UHVSHFW WR
WKH QRUPDO RI WKH PLUURU VXUIDFH �GRWWHG OLQH�� 7KH UD\ KLWV WKH PLUURU DW WKH SRLQW S� ,I
WKHUH ZHUH QR PLUURU� WKH UD\ ZRXOG FRQWLQXH LWV VWUDLJKW SDWK �GDVKHG OLQH� DQG SDVVLQJ DQ
DUELWUDU\ SRLQW P 0� 7KH PLUURUHG UD\ FDQ EH FRPSXWHG E\ PLUURULQJ WKH VLQJOH SRLQW P 0

WR P � WKH UD\ SDVVHV DV VWUDLJKW OLQH IURP S WKRXJK P �

����� 5HIUDFWLRQ

,Q YDFXXP� WKH VSHHG RI OLJKW LV JLYHQ E\ WKH QDWXUH FRQVWDQW c = 29907920458P·V�1�
:KHQ OLJKW HQWHUV D PDWHULDO LW VWDUWV LQWHUDFWLQJ ZLWK LW �WR EH PRUH SUHFLVHO\ ZLWK WKH
HOHFWURQV�� $V D UHVXOW LW SURSDJDWHV VORZHU�� 7KH LPSDFW RI WKHVH GLIIHUHQW SURSDJDWLRQ
VSHHG LV KXJH� PDQ\ SKHQRPHQD VXFK DV UHIUDFWLRQ RU GLVSHUVLRQ UHO\ RQ LW DV ZHOO DV PDQ\
RSWLFDO GHYLVHV VXFK DV OHQVHV RU SULVPV�

�7KH EDFNJURXQG LQ D QXWVKHOO LV WKDW WKH OLJKW OHDGV WR DQ RVFLOODWLRQ RI WKH HOHFWURQV VXFK WKDW WKH
RVFLOODWLRQ OHDGV WR D SKDVH VKLIW RI WKH OLJKW ZKLFK WKHQ WXUQV LQWR D VORZHU SURSDJDWLRQ VSHHG�

���
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7KH VSHHG RI OLJKW v LQ D PHGLXP LV FKDUDFWHUL]HG E\ WKH UHIUDFWLYH LQGH[ n
ZKLFK LV JLYHQ E\

n =
c

v

ZKHUH c LV WKH VSHHG RI OLJKW LQ YDFXXP�
7KH IUHTXHQF\ f DQG SHULRG T = 1/f LV LQGHSHQGHQW RI WKHPHGLXP� +RZHYHU
WKH ZDYHOHQJWK � GHSHQGV RQ LW E\

� =
v

f
=

c

nf
=

�0c

n
.

ZKHUH �0 LV WKH ZDYHOHQJWK LQ YDFXXP� :KHQ OLJKW KLW D PHGLXP SHUSHQGLFXODU WR LWV
VXUIDFH� WKH RQO\ HIIHFW RQ WKH SURSDJDWLRQ WKURXJK WKH PHGLXP LV WKH FKDQJH RI WKH
ZDYHOHQJWK� 7KH VLWXDWLRQ JHWV PRUH LQWHUHVWLQJ ZKHQ D UD\ KLWV WKH VXUIDFH DW DQ DQJOH ↵1

ZLWK UHVSHFW WR WKH VXUIDFH QRUPDO �↵ = 0 FRUUHVSRQGV WR WKH µERULQJµ QRUPDO LQFLGHQFH��
$VVXPH D SODQH ZDYH ZLWK ZDYHOHQJWK �PDNHV D WUDQVLWLRQ IURP DPHGLXPZLWK UHIUDFWLYH
LQGH[ n1 LQWR D PHGLXP ZLWK UHIUDFWLYH LQGH[ n2 DW DQ DQJOH ↵1� VHH ILJXUH ����
7R PDNH SURJUHVV ZH FRQVLGHU WZR UD\V RI WKDW SODQH ZDYH ZKLFK KLW WKH ERXQGDU\ RI WKH
WZR PHGLD DW D GLVWDQFH d� 7KH QXPEHU LI F\FOHV RI WKH ZDYH WKDW KLWV WKH ERXQGDU\ LV
JLYHQ E\ VLQ(↵1)d/�1 �LQ WKH ILJXUH LW LV 4� ZKHUH �1 LV WKH ZDYHOHQJWK LQ PHGLXP RQH�
7KH QXPEHU RI F\FOHV LV WKH VDPH IRU ERWK PHGLD� WKHUHIRUH ZH FDQ HTXDWH LW DQG FRQFOXGH

VLQ(↵1)d

�1
=
VLQ(↵1)dn1c

f
=
VLQ(↵2)dn2c

f
=
VLQ(↵2)d

�2

VLQ(↵1)n1 = VLQ(↵2)n2

ZKHUH ↵2 LV WKH RXWJRLQJ DQJOH DQG ZH XVHG WKDW d, c DQG f LV LQGHSHQGHQW RI
WKH PHGLXP�

7KLV ODZ LV WKH EDVLV IRU UHIUDFWLRQ DQG LW LV FDOOHG 6QHOO·V ODZ� :KHQHYHU OLJKW SDVVHV IURP
D PHGLXP ZLWK ORZHU UHIUDFWLYH LQGH[ LQWR RQH ZLWK KLJKHU �n1 < n2� WKH UHIUDFWHG UD\
SURSDJDWHV DW D VPDOOHU DQJOH ZLWK UHVSHFW WR WKH VXUIDFH QRUPDO WKDQ WKH LQLWLDO RQH�

���
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↵1

�0

�

↵2

n1

n2

↵2

↵1

d

)LJXUH ���� /LJKW SDVVLQJ IURP RQH PHGLXP ZLWK LQFLGHQFH DQJOH ↵1 DQG ZLWK UHIUDFWLYH
LQGH[ n1 LQWR D VHFRQG RQH ZLWK n2 > n1� 7KH SHULRGLF PD[LPD RI WKH LQFLGHQW ZDYH
LV GHQRWHG E\ WKH GDVKHG OLQHV SHUSHQGLFXODU WR WKH UD\V� $W WKH VXUIDFH WKH VHFRQGDU\
ZDYHV DV GHVFULEHG E\ WKH +X\JHQV²)UHVQHO SULQFLSOH �VHH VHFWLRQ ������ DUH SORWWHG DV KDOI
FLUFOHV� 6LQFH n2 > n1� WKHVH ZDYHV SURSDJDWH VORZHU OHDGLQJ WR D WKH PD[LPD �GRWWHG
OLQHV� KDYLQJ D GLVWDQFH �ZDYHOHQJWK �0 DQG D VPDOOHU DQJOH ↵2 $V D FRQVHTXHQFH WKH UD\V
JHW UHIUDFWHG DW WKH VXUIDFH�

����� 7RWDO ,QWHUQDO 5HIOHFWLRQ

+DYLQJ D FORVHU ORRN WKH 6QHOO·V ODZ� ZH UHDOL]H WKDW WKHUH PLJKW EH FRQILJXUDWLRQV ZKLFK
FDQQRW VDWLVI\ WKLV ODZ� EHFDXVH WKH VLQH FDQ QHYHU EH ELJJHU WKDQ RQH� ,I WKHQ n1 > n2

DQG VLQ(↵1) ELJ HQRXJK VXFK WKDW

VLQ(↵2) = VLQ(↵1)
n1

n2
> 1

���
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ZH FDQQRW ILQG DQ\ DQJOH IXOILOOLQJ WKLV HTXDWLRQ�� 7KH FRQVHTXHQFH LV WKDW WKH OLJKW JHWV
QRW UHIUDFWHG EXW UHIOHFWHG DFFRUGLQJ WR WKH ODZV RI UHIOHFWLRQ� 7KLV SKHQRPHQRQ LV FDOOHG
WRWDO LQWHUQDO UHIOHFWLRQ DQG LW DOORZV WR UHIOHFW OLJKW YHU\ HIILFLHQWO\�
2QH H[DPSOH ZLOO EH GLVFXVVHG ODWHU LQV VHFWLRQ ������ $Q RWKHU H[DPSOH LV� WKDW ZKHQ
GLYLQJ LQ D VZLPPLQJ SRRO �KHDG XQGHU ZDWHU� DQG ORRNLQJ WRZDUG WKH VN\ LQ D VKDOORZ
DQJOH ZLWK UHVSHFW WR WKH ZDWHU VXUIDFH� RQH ZLOO QRW VHH WKH VN\� %HFDXVH LI WKH DQJOH
LV VKDOORZ HQRXJK� QR OLJKW IURP WKH VN\ FDQ EH UHIUDFWHG WKHUH� VR RQH VHHV WKH WRWDO
LQWHUQDOO\ UHIOHFWHG OLJKW IURP WKH ERWWRP RI WKH SRRO�

����� /HQV

2QH GLUHFW DSSOLFDWLRQ RI WKH UHIUDFWLRQ DW DQ LQWHUIDFH LV WKH OHQV� %HIRUH VKRZLQJ WKH
JHQHUDO SURSHUWLHV RI WKH OHQV� ZH ILUVW ORRN KRZ D FXUYHG VXUIDFH GHIOHFW UD\V� 0DNLQJ
VRPH DSSUR[LPDWLRQV ZH FDQ JHW TXLWH IDU LQ FRPSXWDWLRQ DQG ZLOO KDYH QLFH UHVXOWV�

&XUYHG 6XUIDFH

&RQVLGHU D SLHFH RI JODVV ZLWK UHIUDFWLYH LQGH[ n ZKHUH RQH VXUIDFH LV FXUYHG ZLWK D
FXUYDWXUH R ZLWK WKH FHQWHU RI WKH FXUYDWXUH O\LQJ LQ WKH FHQWHU RI WKH JODVV �EHLQJ WKH
RSWLFDO D[LV� VHH ILJXUH ���� )XUWKHUPRUH ZH FRQVLGHU D UD\ ZKLFK KLWV WKH JODVV DW D VPDOO
GLVWDQFH d ⌧ R IURP WKH RSWLFDO D[LV DW D VPDOO DQJOH #1 ZLWK UHVSHFW WR WKH RSWLFDO D[LV
�KRUL]RQWDO D[LV LQ WKH SLFWXUH��

RSWLFDO D[LV
R n

#1

↵1

�
f

↵2

d

)LJXUH ���� $ UD\ KLWWLQJ D FXUYHG VXUIDFH RI D SLHFH RI JODVV ZLWK UHIUDFWLYH LQGH[ n DW
D GLVWDQFH d DQG DQJOH #1 IURP WKH RSWLFDO D[LV� 7KH UD\ JHWV WKHQ UHIUDFWHG DQG KLWV WKH
RSWLFDO D[LV DW D SRVLWLRQ f

6LQFH WKH UD\ KLWV WKH VXUIDFH RII D[LV� WKH DQJOH ZLWK UHVSHFW WR WKH QRUPDO RI WKH VXUIDFH

�*RLQJ WR FRPSOH[ QXPEHUV RQH FDQ ILQG VROXWLRQV� 7KH LQWHUSUHWDWLRQ RI WKLV DUH HYDQHVFHQW �KLJKO\
GDPSHG� ZDYHV� ,I D VHFRQG PHGLXP ZLWK VXIILFLHQWO\ KLJK UHIUDFWLYH LQGH[ LV EURXJKW YHU\ FORVH WR LW VRPH
RI WKH OLJKW FDQ SDVV IURP WKH ILUVW RQH WR WKH VHFRQG RQH� ,Q TXDQWXP PHFKDQLFV RQH FDQ REVHUYH D VLPLODU
SKHQRPHQRQ� WKHUH LW LV FDOOHG WXQQHOOLQJ�

���
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LV QRW #1 EXW

↵1 = #1 + �

= #1 + DUFVLQ(
d

R
)

⇡ #1 +
d

R

ZKHUH ZH DSSUR[LPDWHG WKH VPDOO DQJOH � E\ WKH UDWLR d/R XVLQJ WKDW d ⌧ R� $SSO\LQJ
6QHOO·V ODZ� ZH JHW IRU WKH UHIUDFWHG DQJOH LQ WKH JODVV DQ DQJOH

VLQ(↵2) =
1

n
VLQ(↵1)

ZKHUH ZH DVVXPHG WKDW WKH HQYLURQPHQW LV YDFXXP �RU DLU� L�H� D UHIUDFWLYH LQGH[ RI DERXW
1��
,Q RUGHU WR PDNH SURJUHVV DQG JHW D XVHIXO IRUPXOD� ZH QHHG WR DVVXPH DQG XVH WKDW WKH
DQJOH # LV VPDOO� VXFK WKDW DOVR ↵1 LV VPDOO� 7KLV DOORZV XV WR XVH VLQ(↵1) ⇡ ↵1 DQG VLQFH
↵2 < ↵1 WKLV DSSUR[LPDWLRQ DOVR KROGV IRU ↵2 DQG ZH HQG XS ZLWK

↵2 ⇡ VLQ(↵2) =
1

n
VLQ(↵1)

⇡
1

n
↵1

⇡
1

n
(#1 +

d

R
).

'HQRWLQJ #2 DV WKH RXWJRLQJ DQJOH ZLWK UHVSHFW WR WKH RSWLFDO D[LV� ZH JHW

#2 = ↵2 � DUFVLQ(
d

R
)

⇡ ↵2 �
d

R

=
1

n
(#1 +

d

R
)�

d

R

=
1

n
#1 +

d

R
(1�

1

n
)

ZKHUH ZH XVHG DJDLQ d ⌧ R� 7KLV IRUPXOD PLJKW ORRN XJO\ DW WKH ILUVW PRPHQW EXW LW
KDV D YHU\ LPSRUWDQW IHDWXUH� $ EXQFK RI SDUDOOHO UD\V KLWWLQJ WKH VXUIDFH DW DQ DQJOH #1

ZLWK UHVSHFW WR WKH RSWLFDO D[LV ZLOO EH GHIOHFWHG VXFK WKDW WKH\ PHHW HDFK RWKHU DW D VLQJOH

���
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SRLQW� 7R VLPSOLI\ WKH FRPSXWDWLRQ� ZH DVVXPH� WKDW #1 = 0� 7KHQ DOO WKH UD\V KLW WKH
VXUIDFH SDUDOOHO WR WKH RSWLFDO D[LV� 0DNLQJ DJDLQ VLPLODU DSSUR[LPDWLRQV� ZH ILQG WKDW D
UD\ ZLWK GLVWDQFH d ZLOO WKHQ KLW WKH RSWLFDO D[LV DW f � ZKLFK LV UHODWHG WR d DV

d = f WDQ(#2)

1

f
=

1

d
WDQ(#2)

⇡
1

d
#2

=
d

dR
(1�

1

n
) =

1

R
(1�

1

n
).

6LQFH WKLV YDOXH f LV LQGHSHQGHQW RI WKH GLVWDQFH d� DOO WKH UD\V ZLOO SDVV WKRXJK WKDW SRLQW�
L�H� WKH\ PHHW WKHUH� 7KLV SRLQW LV WKH IRFDO SRLQW RI WKH FXUYHG VXUIDFH�

3URSHUWLHV

7KLV IRFXVLQJ SURSHUW\ RI D FXUYHG VXUIDFH FDQ EH XVHG WR EXLOG RQH RI WKH PRVW LPSRUWDQW
DQG LQWHUHVWLQJ RSWLFDO HOHPHQWV� WKH OHQV� 7KHUH DUH GLIIHUHQW SRVVLELOLWLHV WR EXLOG D OHQV�
IRU H[DPSOH RQO\ RQH VXUIDFH LV FXUYHG RU ERWK� VHH ILJXUH ���� 7KH IRFDO OHQJWK f RI DOO
WKHVH OHQVHV LV JLYHQ E\

1

f
= (n� 1)

✓
1

R1
+

1

R2
�

(n� 1)t

nR1R2

◆
�����

ZKHUHR1 LV WKH UDGLXV RI WKH ILUVW FXUYHG VXUIDFH DQGR2 WKH UDGLXV RI WKH VHFRQG VXUIDFH
ZLWK WKH VLJQ FRQYHQWLRQ WKDWRi LV SRVLWLYH LI WKH VXUIDFH LV FRQYH[ �L�H� SRLQWLQJ RXWZDUGV�
DQG t LV WKH GLVWDQFH RI WKH JODVV DW WKH FHQWHU RI WKH OHQV �WKLFNQHVV RI WKH OHQV�� 7KHUH DUH
VRPH VXEWOHWLHV RI WKHVH GLIIHUHQW IRUPV ZKLFK VKRXOG QRW FRQFHUQ XV WRR PXFK� WKDW·V
ZK\ ZH LQWURGXFH WKH LGHDO OHQV ZKLFK GHVFULEHV WKH HIIHFW RI D OHQV YHU\ ZHOO� 7KH V\PERO
IRU DQ LGHDO OHQV LV WKHQ MXVW DQ DUURZ� ZKLFK SRLQWV LQZDUGV RU RXWZDUGV GHSHQGLQJ RQ
ZKHWKHU ZH ORRN DW D FRQFDYH RU FRQYH[ OHQV� VHH ���� $Q LGHDO OHQV FDQ EH FRQVLGHUHG DV D
SLHFH RI JODVV ZLWK FXUYHG VXUIDFH ZKLFK LV VR WKLQ WKDW ZH GR QRW KDYH WR WDNH LQWR DFFRXQW
LWV WKLFNQHVV �t = 0�� )XUWKHUPRUH LW LV HQWLUHO\ FKDUDFWHUL]HG E\ LWV IRFDO OHQJWK� PHDQLQJ
WKDW LQGHSHQGHQW RI WKH ZDYHOHQJWK� D FROOLPDWHG EHDP �SDUDOOHO UD\V� JHWV IRFXVHG DW
RQH VLQJOH SRLQW DW D GLVWDQFH f IURP WKH OHQV� GHSHQGLQJ RQ WKH LQFLGHQFH DQJOH #1� ,Q
SDUWLFXODU WKH IROORZLQJ SURSHUWLHV DQG GHILQLWLRQV VKDOO KROG�

�2QH FDQ DOVR VKRZ WKLV IRU D JHQHUDO FDVH DSSO\LQJ DJDLQ WKH DVVXPSWLRQV PDGH DERYH�

���
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FRQYH[ SODQDU OHQV FRQYH[ OHQV

SODQR FRQFDYH OHQV FRQFDYH OHQV

FRQFDYH FRQYH[ OHQV

V\PERO FRQYH[ OHQV V\PERO FRQFDYH OHQV

)LJXUH ���� 'LIIHUHQW IRUPV RI OHQVHV�

� 2Q ERWK VLGHV RI WKH OHQV� WKHUH LV D IRFXV� %RWK IRFL KDYH WKH VDPH GLVWDQFH f
IURP WKH OHQV DQG OLH RQ WKH RSWLFDO D[LV�

� 7KH WZR SODQHV SHUSHQGLFXODU WR WKH RSWLFDO D[LV DW D GLVWDQFH f IURP WKH OHQV DUH
FDOOHG IRFXV SODQH�V�

� $ UD\ KLWWLQJ WKH FHQWHU RI WKH OHQV SDVVHV WKRXJK LW ZLWKRXW JHWWLQJ GHYLDWHG�

� ,QGHSHQGHQW RI WKH LQFLGHQFH DQJOH #1� WKH NLQN WKH UD\ XQGHUJRHV ZKHQ SDVVLQJ
WKRXJK WKH OHQV RQO\ GHSHQGV RQ LWV GLVWDQFH WR WKH RSWLFDO D[LV d ZKHQ LW KLWV WKH
OHQV�

� (YHU\ UD\ WKDW KLWV WKH OHQV SDUDOOHO WR WKH RSWLFDO D[LV ZLOO SDVV WKRXJK WKH IRFXV
f � ,Q RSSRVLWH HYHU\ UD\ WKDW SDVVHV WKRXJK WKH IRFXV EHIRUH KLWWLQJ WKH OHQV ZLOO
SURSDJDWH SDUDOOHO WR WKH RSWLFDO D[LV DIWHU WKH OHQV�

� ,I D FROOLPDWHG EHDP �EXQFK RI SDUDOOHO UD\V� LV LQFLGHQW RQ WKH OHQV ZLWK DQ DQJOH
#1 6= 0� WKH UD\V ZLOO IRFXV DW D SRLQW RQ WKH IRFXV SODQH� 7KH SRVLWLRQ RI WKDW SRLQW
FDQ EH GHWHUPLQHG E\ FRQVLGHULQJ WKH UD\ KLWWLQJ WKH FHQWHU RI WKH OHQV�

���
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,Q SULQFLSOH WKHVH UXOHV DUH WUXH IRU FRQFDYH DQG FRQYH[ OHQVHV� 1HYHUWKHOHVV LW LV XVXDOO\
PRUH LQWXLWLYH WR WKLQN DERXW FRQYH[ OHQVHV WKDW·V ZK\ ZH TXLFNO\ VXPPDUL]H VRPH GHWDLOV
DQG FRQYHQWLRQV RI WKH FRQFDYH OHQV� :KLOH WKH FRQYH[ OHQV OHDGV WR D IRFXVLQJ RI WKH
EHDP� WKH FRQFDYH OHQV PDNHV WKH RSSRVLWH� UD\V SDUDOOHO WR WKH RSWLFDO D[LV DUH GLYHUJHQW
DIWHU KLWWLQJ WKH OHQV� 7KH\ GLYHUJH DV LI WKH\ ZRXOG FRPH IURP WKH IRFXV ZKLFK OLHV EHIRUH
WKH OHQV� VHH ILJXUH ��� )RUPDOO\ RQH RIWHQ WDNHV WKLV HIIHFW LQWR DFFRXQW E\ WKH FRQYHQWLRQ

f

)LJXUH ���� ,QFLGHQW SDUDOOHO UD\V JHW GLYHUJHQW DV LI WKH\ ZRXOG RULJLQDWH IURP WKH IRFXV
RQ WKH RWKHU VLGH RI WKH OHQV�

RI f EHLQJ QHJDWLYH IRU D FRQFDYH OHQV� 7KLV LV DOVR LQ OLQH ZLWK WKH IRUPXOD ZH LQWURGXFHG
LQ HTXDWLRQ ��� �KDYLQJ QHJDWLYH UDGLL RI FXUYDWXUH� DQG LW ZLOO DOVR EH FRQVLVWHQW ZLWK IXWXUH
IRUPXODV�

����� ,PDJLQJ 6\VWHP

7KH OHQV EHLQJ DEOH WR IRFXV D FROOLPDWHG EHDP WR D VLQJOH SRLQW LV YHU\ QLFH� %XW RQH FDQ
GR PRUH� RQH FDQ FUHDWH RSWLFDO LPDJHV IURP REMHFW� 7KH PDLQ LGHD LV WR PDS WKH SRLQWV LQ
RQH SODQH� FDOOHG WKH REMHFW SODQH WR DQRWKHU SODQH� WKH LPDJH SODQH� 7KLV ��� PDS DOORZV
WR FUHDWH �µVHHµ� WKH REMHFW DW D GLIIHUHQW SRVLWLRQ DQG LW LV WKH EDVLV RI PDQ\ RSWLFDO
LQVWUXPHQWV �VHH QH[W VHFWLRQ ����� 7KH IXOO EHDXW\ RI EHLQJ DEOH WR FUHDWH DQ LPDJH FDQ
RQO\ EH VHHQ LQ WHUPV RI ZDYH RSWLFV� 1HYHUWKHOHVV WKH FRQVWUXFWLRQ DQG PDQ\ SURSHUWLHV
RI DQ LPDJH FDQ EH XQGHUVWRRG PXFK HDVLHU LQ WHUPV RI UD\V� :H ILUVW ORRN DW DQ LPDJLQJ
V\VWHP FRQVLVWLQJ RI RQH FRQYH[ OHQVHV ZKLFK LV HDVLHU WR FRQVWUXFW DQG XQGHUVWDQG WKDQ
WKH LPDJLQJ V\VWHP ZLWK WZR OHQVHV� 7KHQ ZH ZLOO TXLFNO\ ORRN DW D V\VWHP ZLWK WZR OHQVHV�
WKH VR FDOOHG 4f V\VWHP� ,Q DOO WKHVH H[DPSOHV� RXU REMHFW ZLOO EH DQ DUURZ ZKLFK ZH ZLOO
LPDJH RQWR D VFUHHQ�

� /HQV ,PDJLQJ 6\VWHP

7R FRQVWUXFW WKH SURSHUWLHV RI DQ LPDJLQJ V\VWHP ZLWK RQH LGHDO OHQV ZLWK IRFDO OHQJWK f �
ZH SODFH WKH REMHFW �DQ DUURZ� DW D GLVWDQFH d1 > f EHIRUH WKH OHQV� VHH ILJXUH ���� 7KH

���
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LGHD LV WR FRQVLGHU DQ DUELWUDU\ SRLQW RI WKH REMHFW DQG LWV RXWJRLQJ UD\V DQG KRZ WKH\
JHW GHIOHFWHG IURP WKH OHQV VXFK WKDW WKH\ FRQYHUJH DJDLQ� 7KHUH ZLOO EH RQH SRLQW ZKHUH
DOO WKH UD\V IURP WKH DUELWUDU\ SRLQW PHHW DJDLQ ZKLFK LV FDOOHG WKH LPDJH RI WKDW DUELWUDU\
SRLQW� 7KH LPDJHV RI DOO WKH SRLQWV IRUP WKHQ WKH LPDJH RI WKH REMHFW LWVHOI� :KHQ SODFLQJ
D SLHFH RI ZKLWH SDSHU DW WKH LPDJH� RQH ZRXOG LQ SULQFLSOH VHH WKH REMHFW LPDJHG RQ WKH
SDSHU� 1HYHUWKHOHVV LQ HYHU\GD\ OLIH WKH EDFNJURXQG LQWHQVLW\ LI WRR KLJK WR VLPSO\ VHH
WKLV� KRZHYHU LW LV SRVVLEOH WR LPDJH IRU H[DPSOH D OLJKW EXOE�
7KH FRQGLWLRQ WKDW WKH GLVWDQFH LV ELJJHU WKDQ WKH IRFDO OHQJWK FDQ LQWXLWLYHO\ EH XQGHU�
VWRRG DV IROORZV� ,I WKH REMHFW LV DW WKH IRFDO SODQH �d1 = f �� WKH UD\V RULJLQDWLQJ IURP
RQH SRLQW RQ WKH REMHFW ZLOO EH FROOLPDWHG DW LQILQLW\ DQG KHQFH WKHUH ZLOO EH QR LPDJH DW
D ILQLWH GLVWDQFH IURP WKH OHQV� RQH VD\V WKDW WKH LPDJH LV DW LQILQLW\�� ,I WKH REMHFW LV HYHQ
FORVHU WR WKH OHQV �d1 < f �� WKH FRQYH[ OHQV KDV QRW HQRXJK IRFXVLQJ SRZHU WR PDNH WKH
UD\V FRQYHUJHQW DJDLQ� L�H� WKH\ ZLOO QRW HYHQ µPHHWµ DW LQILQLW\�

f

f

d1 d2

h2

h1

)LJXUH ���� ,PDJLQJ V\VWHP ZLWK RQH OHQV� 7KH REMHFW LV DW D GLVWDQFH d1 DQG WKH LPDJH
DW D GLVWDQFH d2� $OVR GUDZQ DUH WKH UD\V IURP WKH SHDN RI WKH REMHFW WR WKH SHDN RI WKH
LPDJH ZKLFK JR WKRXJK WKH IRFXV EHIRUH DQG DIWHU WKH OHQV DQG WKRXJK WKH PLGGOH RI WKH
OHQV�

7KH JRDO LV WR FRQVWUXFW DQG FRPSXWH WKH LPDJH� L�H� LWV SRVLWLRQ DQG PDJQLILFDWLRQ� $V
SRLQW WR LQYHVWLJDWH WKH SURSHUWLHV ZH FKRVH WKH SHDN RI WKH DUURZZKLFK LV MXVW DQ DUELWUDU\
SRLQW RQ WKH REMHFW� 7R FRQVWUXFW WKH LPDJH� ZH FRQVLGHU WKUHH UD\V RXWJRLQJ IURP WKH
DUURZ�

� 7KH UD\ WKRXJK WKH PLGGOH RI WKH OHQV ZKLFK GRHVQ·W JHW GHIOHFWHG�

� 7KH UD\ JRLQJ WKRXJK WKH IRFXV� 7KLV UD\ JHWV UHIUDFWHG VXFK WKDW LW LV SDUDOOHO DIWHU
WKH OHQV�

�6LPLODUO\ RQH FRXOG SODFH WKH REMHFW DW LQILQLW\ DQG WKHQ KDYH WKH LPDJH LQ WKH IRFDO SODQH� 7KLV LV IRU
H[DPSOH WKH FDVH LQ DVWURQRP\ ZKHQ ORRNLQJ DW VWDUV�

���
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� 7KH UD\ SDUDOOHO WR WKH RSWLFDO D[LV ZKLFK JHWV UHIUDFWHG WKRXJK WKH IRFXV DIWHU WKH
OHQV�

7KHVH WKUHH UD\V KLW DW RQH SRLQW DIWHU WKH OHQV ZKLFK LV WKH LPDJH RI WKDW SRLQW� 1RWH
WKDW ZH FRXOG DOVR FRQVLGHU RWKHU UD\V WKDQ WKHVH WKUHH EXW WKH\ ZRXOG EH PRUH GLIILFXOW
WR FRQVWUXFW DQG DOVR SDVV WKRXJK WKH LPDJH� KHQFH JLYH QRW PRUH LQVLJKW� 2U LQ RWKHU
ZRUGV� $OO UD\V IURP WKDW SRLQW RQ WKH REMHFW ZKLFK KLW WKH OHQV ZLOO DOVR SDVV WKRXJK WKH
LPDJH� 7KHUHIRUH WKLV PHWKRG RI FRQVWUXFWLQJ WKH LPDJH ZLWK WKHVH WKUHH UD\V DOVR ZRUN
LI RQH RI WKH UD\V GRHV QRW KLW WKH OHQV �VLQFH LWV GLDPHWHU LV WRR VPDOO��
1RZ WKDW ZH XQGHUVWDQG WKH FRQVWUXFWLRQ� OHW·V FRQWLQXH ZLWK VRPH FRPSXWDWLRQ� )LUVW
ZH QRWLFH WKDW WKH GLVWDQFH IURP WKH REMHFW WR WKH RSWLFDO D[LV h1 DQG WKH RQH IURP LWV
LPDJH WR WKH RSWLFDO D[LV h2 LV UHODWHG WR d1 DQG d2 E\ WKH PDJQLILFDWLRQM DV

M =
h2
h1

=
d2
d1

. �����

7R VHH WKLV FRQQHFWLRQ FRQVLGHU WKH LQWHUFHSW WKHRUHP ZLWK WKH RSWLFDO D[LV DQG WKH UD\
SDVVLQJ WKRXJK WKH PLGGOH RI WKH OHQV� 7R PDNH SURJUHVV WR FRPSXWH d2 ZH FRQVLGHU WKH
WZR JUD\ WULDQJOHV LQ ILJXUH ���� 0DNLQJ DJDLQ XVH RI WKH LQWHUFHSW WKHRUHP� DQG XVLQJ WKH
HTXDWLRQ ����� ZH IRXQG SUHYLRXVO\� ZH DUULYH DW

h2
h1

=
d2 � f

f
=

d2
d1

d2
f

� 1 =
d2
d1

1

f
�

1

d2
=

1

d1
1

f
=

1

d1
+

1

d2

� /HQV 6\VWHP �4f�

)RU WKLV V\VWHP ZH WDNH WZR OHQVHV ZLWK IRFDO OHQJWK f1 DQG f2 UHVSHFWLYHO\� :H SODFH WKH
REMHFW DW D GLVWDQFH f1 EHIRUH WKH ILUVW OHQV DQG WKH VHFRQG OHQV DW D GLVWDQFH f1+f2 IURP
WKH ILUVW OHQV� 7KH LPDJH LV WKHQ DW D GLVWDQFH f2 DIWHU WKH VHFRQG OHQV� VHH ILJXUH �����
7KH DGYDQWDJH RI WKH 4f V\VWHP LV WKDW WKH LPDJH LV OHVV VHQVLWLYH WR LPDJLQJ HUURUV�� ,Q
SDUWLFXODU LI SRLQWV IDU DZD\ IURP WKH RSWLFDO D[LV VKDOO EH LPDJHG �ZKLFK LV WKH FDVH IRU
ELJ REMHFWV�� WKLV V\VWHP DOORZV IRU D EHWWHU LPDJLQJ TXDOLW\�

�7R SURYH WKLV RQH QHHGV VRPH DGYDQFHG UD\ RSWLF WHFKQLTXHV ZKHUH WKH SURSDJDWLRQ RI UD\V LV GHQRWHG
E\ PDWULFHV ZKLFK LV EH\RQG WKH VFRSH IRU WKLV VFULSW�
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f1 f1 f2 f2

↵1
↵2

s1
s2

)LJXUH ����� ,PDJLQJ V\VWHP FRQVLVWLQJ RI WZR OHQVHV LQ 4f FRQILJXUDWLRQ� 7KH RSHQLQJ
DQJOH RI WKH UD\V DW WKH REMHFW LV GHQRWHG E\ ↵1 DQG WKH DQJOH RI WKH VDPH UD\V DW WKH LPDJH
LV GHQRWHG E\ ↵2� 7KHUH ↵1 LV GHQRWHG DV GDUN JUD\ DUHD DW WKH LPDJH� 2EYLRXVO\ WKH DQJOH
RQ WKH VLGH ZLWK WKH OHQV ZLWK WKH VPDOOHU IRFDO OHQJWK LV ELJJHU�

7R ILQG WKH PDJQLILFDWLRQ ZH KDYH WR ORRN DW WKH UD\ WKDW HQWHUV DQG OHDYHV WKH V\VWHP SDU�
DOOHO WR WKH RSWLFDO D[LV DQG SDVVHV WKRXJK WKH FRPPRQ IRFXV� $JDLQ XVLQJ WKH LQWHUVHFWLRQ
WKHRUHP� ZH ILQG WKDW WKH PDJQLILFDWLRQM LV JLYHQ E\

M =
f2
f1

.

2QH PRUH DVSHFW WKDW ZLOO JHW LPSRUWDQW ODWHU ZKHQ ORRNLQJ DW RSWLFDO LQVWUXPHQWV LV WKH
FRPSDULVRQ EHWZHHQ WKH DQJOH EHWZHHQ WZR UD\V RXWJRLQJ IURP WKH REMHFW ↵1 �JUD\ VHF�
WLRQ RQ WKH OHIW VLGH LQ ILJXUH ����� DQG WKH DQJOH EHWZHHQ WKH VDPH WZR UD\V ZKHQ PHHWLQJ
DJDLQ DW WKH LPDJH ↵2 �LQ WKH ILJXUH RQ WKH ULJKW VLGH�� 2EVHUYLQJ WKDW WKHVH WZR �DQG DOO
WKH RWKHU UD\V RULJLQDWLQJ IURP RQH SRLQW RI WKH REMHFW� DUH SDUDOOHO WR HDFK RWKHU EHWZHHQ
WKH OHQVHV DQG LQWHUVHFW DW D GLVWDQFH f1 DQG f2 EHIRUH DQG DIWHU WKH OHQVHV UHVSHFWLYHO\
DQG XVLQJ WKH VPDOO DQJOH DSSUR[LPDWLRQ �WDQ(↵) ⇡ ↵�� ZH ILQG

↵1

↵2
=

f2
f1

= M

/RRNLQJ DW WKH VL]H RI REMHFW s1 DQG WKH LPDJH s2 ZH ILQG

s2
s1

= M =
↵1

↵2

) s1↵1 = s2↵2

:KDW ZH OHDUQ IURP WKLV ODVW HTXDWLRQ LV WKDW WKH ELJJHU WKH REMHFW RU LPDJH� WKH VPDOOHU
WKH FRUUHVSRQGLQJ RSHQLQJ DQJOH RI WKH UD\V�
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����� 'LVSHUVLRQ

,Q WKH SUHYLRXV FKDSWHUV ZH DOZD\V DVVXPHG WKH HIIHFWV ZH LQYHVWLJDWHG WR EH LQGHSHQGHQW
RI WKH ZDYHOHQJWK �FRORU� RI WKH OLJKW� ,Q PDQ\ FDVHV WKLV LV D JRRG DSSUR[LPDWLRQ� LQ SDU�
WLFXODU LI RQO\ RQH ZDYHOHQJWK LV LQYROYHG� 1HYHUWKHOHVV ZH·OO TXLFNO\ ZDQW WR LQYHVWLJDWH
QRZ ZKDW KDSSHQV LI ZH DOORZ IRU ZDYHOHQJWK GHSHQGHQW SKHQRPHQD� 2Q RQH KDQG WKLV
HIIHFW LV WKH EDVLV IRU PDQ\ EHDXWLIXO HIIHFW VXFK DV WKH UDLQERZ� 2Q WKH RWKHU KDQG ZKHQ
GRLQJ YHU\ SUHFLVH RSWLFDO FRPSXWDWLRQV RQ VSHFLDO FDVHV LW DGGV DGGLWLRQDO FRPSOH[LW\
ZKLFK LV RIWHQ QRW HDV\ WR GHDO ZLWK�
7KH ZDYHOHQJWK GHSHQGHQFH RQPRVW RI WKH SKHQRPHQD HQWHU WKRXJK WKH UHIUDFWLYH LQGH[�
7KH UHODWLRQ EHWZHHQ ZDYHOHQJWK � DQG UHIUDFWLYH LQGH[ n(�) LV FDOOHG GLVSHUVLRQ UHODWLRQ�
,Q PRVW PDWHULDOV WKH UHIUDFWLYH LQGH[ LV ELJJHU IRU VPDOOHU ZDYHOHQJWKV �KHQFH KLJKHU
IUHTXHQFLHV� DQG VPDOOHU IRU ORQJHU ZDYHOHQJWK�
(IIHFWV UHODWHG WR WKH GLVSHUVLRQ PDLQO\ RFFXU ZKHQ OLJKW ZLWK D EURDG EDQGZLGWK LV FRQ�
VLGHUHG� L�H� ZKHQ D ORW RI ZDYHOHQJWKV DUH LQYROYHG� )RU VXFK D FDVH WR RFFXU ZH GRQ·W
KDYH WR VHDUFK IDU� IRU H[DPSOH VXQOLJKW KDV D YHU\ EURDG EDQGZLGWK UDQJLQJ IURP URXJKO\
400QP WR 750QP� ,Q PRVW RI WKH FDVHV� WKH ZD\ ZH FDQ GHDO ZLWK D QRQ FRQVWDQW GLVSHU�
VLRQ UHODWLRQ LV WR FRQVLGHU UD\V IRU HDFK ZDYHOHQJWK� VHH ILJXUH ����
7KH JHQHULF VLWXDWLRQ ZKLFK VKRZV WKH HIIHFW RI D QRQ FRQVWDQW GLVSHUVLRQ UHODWLRQ LV WKH
SULVP� VHH ILJXUH ����� 7KHUH WKH OLJKW HQWHUV WKH SULVP ZLWK DQ DQJOH ↵1� $VVXPLQJ WR
KDYH D GLVSHUVLRQ n(�)� GLIIHUHQW ZDYHOHQJWKV RI WKH OLJKW JHW UHIUDFWHG E\ GLIIHUHQW DQJOHV

VLQ(↵2(�)) =
1

n(�)
VLQ(↵1).

)RU VLPSOLFLW\ ZH DVVXPH WKH SULVP WR KDYH DQ DSH[ DQJOH RI 90� VXFK WKDW WKH LQFLGHQFH
DQJOH DW WKH VHFRQG VXUIDFH ZKHUH WKH OLJKW OHDYHV WKH SULVP LV JLYHQ E\ �1(�) = 90� �
↵2(�)� 7KHQ WKH RXWJRLQJ DQJOH �2(�) LV JLYHQ E\

VLQ(�2(�)) = n(�) VLQ(�1(�))
= n(�) FRV(↵2(�))

= n(�) FRV
✓
DUFVLQ

✓
VLQ(↵1)

n(�)

◆◆

ZKLFK LV ZDYHOHQJWK GHSHQGHQW�

�)RU VRPH FDVHV VXFK DV XOWUD�VKRUW ODVHU SXOVHV WKHUH DUH DGGLWLRQDO SKHQRPHQD ZKLFK QHHG WR EH FRQ�
VLGHUHG EXW WKH\ DUH RXW RI VFRSH IRU WKLV VFULSW�
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↵1

↵2

�1

�2

)LJXUH ����� /LJKW FRQWDLQLQJ D ORW RI ZDYHOHQJWKV KLWV D SULVP DW DQ DQJOH ↵1� 7KH
GLIIHUHQW ZDYHOHQJWKV �GLIIHUHQW GDVKHG OLQHV� ZLOO GLIIUDFW DW GLIIHUHQW DQJOHV GXH WR WKH
GLVSHUVLRQ RI WKH SULVP DQG WKHQ OHDYH WKH SULVP DW GLIIHUHQW DQJOHV �2(�)�

��� ,QVWUXPHQWV

,Q WKLV VHFWLRQ ZH PHQWLRQ WKH PRVW LPSRUWDQW DSSOLFDWLRQV IRU WKH SK\VLFV ZH GLVFXVVHG
LQ WKH SUHYLRXV VHFWLRQV�

����� )LEUH

$Q RSWLFDO ILEUH LV D GHYLFH ZKLFK DFWV OLNH D ZLUH WR JXLGH WKH OLJKW DORQJ D JLYHQ SDWK� ,Q
SULQFLSOH RQH FRXOG MXVW PDNH D SLSH RXW RI PLUURUV VXFK WKDW WKH OLJKW JHWV UHIOHFWHG LQ WKH
SLSH DQG WKHUHIRUH LV WUDSSHG LQVLGH� %XW WKHUH LV D PRUH HIILFLHQW DQG VLPSOH ZD\ WR PDNH
DQ RSWLFDO ILEUH E\ PDNLQJ XVH RI WRWDO LQWHUQDO UHIOHFWLRQ� )RU WKLV D VPDOO F\OLQGULF URG RI
JODVV ZLWK KLJK UHIOHFWLYH LQGH[ nh LV XVHG� ZKLFK LV FDOOHG FRUH� $URXQG WKH FRUH DQRWKHU
OD\HU RI ORZHU UHIUDFWLYH LQGH[ nl LV PRXQWHG� 7KLV OD\HU LV FDOOHG FODGGLQJ� VHH ILJXUH �����
,I QRZ WKH OLJKW HQWHUV WKH FRUH LQ D YHU\ VPDOO DQJOH� � WKHQ LW JHWV WRWDO LQWHUQDO UHIOHFWHG
DW WKH FRUH�FODGGLQJ LQWHUIDFH VXFK WKDW LW IROORZV WKH SDWK RI WKH FRUH�
7KH PD[LPDO DQJOH �0 DW ZKLFK WKH OLJKW LV WUDSSHG LQVLGH WKH ILEUH DQG IROORZV WKH SDWK

�1RWH WKDW ZKHQ HQWHULQJ WKH ILEUH� WKLV LV WKH DQJOH ZLWK UHVSHFW WR WKH VXUIDFH QRUPDO DW WKH IURQW RI WKH
ILEUH EXW IRU WKH WRWDO LQWHUQDO UHIOHFWLRQ ZH FRQVLGHU WKH DQJOH EHWZHHQ WKH UD\ DQG WKH RSWLFDO D[LV LQVWHDG
RI WKH VXUIDFH QRUPDO� 6LQFH WKHVH WZR DQJOHV GLIIHU E\ 90�� 6QHOO·V ODZ FRQWDLQV QRZ FRVLQH LQVWHDG RI VLQH�
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�

�i

)LJXUH ����� 2SWLFDO ILEUH ZKHUH WKH FRUH LV GDUN JUD\ DQG WKH FODGGLQJ OLJKW JUD\� ,I WKH
OLJKW HQWHUV DW D VPDOO HQRXJK DQJOH � LQ JHWV WRWDO LQWHUQDO UHIOHFWHG DQG FDQQRW OHDYH WKH
ILEUH DW WKH VLGH�

RI WKH FRUH LV JLYHQ E\ WKH WRWDO LQWHUQDO UHIOHFWLRQ FRQGLWLRQ LQVLGH WKH ILEUH

nh FRV(�i) = nl

ZKHUH WKH FRVLQH DSSHDUV VLQFH WKH DQJOH GHILQHG KHUH GLIIHUV E\ 90� IURP WKH RQH ZH
XVXDOO\ XVH ZKHQ DSSO\LQJ 6QHOO·V ODZ� 7KHUHIRUH WDNLQJ LQWR DFFRXQW WKH UHIUDFWLRQ ZKHQ
HQWHULQJ WKH ILEUH ZH JHW DV PD[LPDO DQJOH �0

VLQ(�0) = nh VLQ(�i)

= nh VLQ(DUFFRV(nl/nh))

= nh

p
1� FRV(DUFFRV(nl/nh))2

= nh

q
1� n2

l /n
2
h =

q
n2
h � n2

l

����� (\H

%HIRUH ORRNLQJ DW RSWLFDO LQVWUXPHQWV ZKLFK DUH XVHG WR PDJQLI\ REMHFW �VXFK DV PDJQL�
ILFDWLRQ JODVVHV� WHOHVFRSHV RU PLFURVFRSHV�� ZH ILUVW KDYH WR XQGHUVWDQG KRZ WKH KXPDQ
H\H RU D SKRWR FDPHUD ZRUNV� :H ZLOO IRFXV RQ WKH KXPDQ H\H DQG JLYH VRPH VSHFLILF
SURSHUWLHV RI LW� KRZHYHU WKH EDVLF SULQFLSOH IRU RWKHU GHYLVHV LV WKH VDPH �DQG DOVR WKH
H\H RI PRVW DQLPDOV ZRUN VLPLODUO\��
7KH KXPDQ H\H FRQVLVWV RI WKH IROORZLQJ LWHPV �VHH DOVR ����� ZLWK WKHLU SURSHUWLHV�

� 7KH FRUQHD LV EDVLFDOO\ WKH IURQW OD\HU RI WKH H\H� ,W LV WUDQVSDUHQW� KRZHYHU LWV
FXUYDWXUH DOUHDG\ OHDGV WR VRPH UHIUDFWLRQ RI WKH OLJKW ZKLFK PDNHV LWV FRQWULEXWLRQ
WR WKH LPDJLQJ V\VWHP�

� 7KH SXSLO LV WKH EODFN FLUFOH WKRXJK ZKLFK WKH OLJKW HQWHUV WKH H\H� 7KH FRORUHG LULV
�GHILQLQJ WKH H\H FRORU� DOORZV WR RSHQ DQG FORVH WKH SXSLO� L�H� DGMXVWLQJ WKH PRXQW
RI OLJKW WKDW HQWHUV WKH H\H� 7KLV LV LPSRUWDQW WR EHLQJ DEOH WR VHH VRPHWKLQJ RYHU
D ZLGH UDQJH RI EULJKWQHVV IRU H[DPSOH GXULQJ WKH QLJKW DV ZHOO DV GXULQJ WKH GD\�
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� $OWKRXJK WKH IRFXVLQJ DQG LPDJLQJ RI WKH OLJKW KDSSHQV DW GLIIHUHQW SDUWV RI WKH
H\H �QRW OLVWHG KHUH�� WKHUH LV RQH SDUW WKDW DOORZV WR PRGLI\ WKH IRFDO OHQJWK RI WKLV
RSWLFDO V\VWHP� 7KLV LV WKH OHQV� ,W LV EDVLFDOO\ D YHVVHO ILOOHG ZLWK VRPH OLTXLG WKDW
FDQ EH VWUHWFKHG RU FRPSUHVVHG E\ VRPH PXVFOHV� 7KLV VWUHWFKLQJ RU FRPSUHVVLRQ
OHDGV WR GLIIHUHQW FXUYDWXUHV RI WKH OHQV VXFK WKDW LWV IRFDO OHQJWK FKDQJHV�

� $IWHU WKH OHQV� WKHUH LV WKH YLWUHRXV ERG\ ZKLFK JLYHV WKH PDLQ VKDSH RI WKH H\H� ,Q
SULQFLSOH LW LV URXJKO\ VSKHULFDO ERG\ WKRXJK ZKLFK WKH OLJKW SURSDJDWHV IURP WKH
OHQV WR LWV GHWHFWLRQ�

� 7KH GHWHFWLRQ KDSSHQV DW WKH UHWLQD ZKHUH WKH LPDJH RI WKH OHQV DQG WKH RWKHU
FXUYHG VXUIDFHV LV ORFDWHG� 7KH UHWLQD FRQVLVWV RI PDQ\ VHQVLWLYH VSRWV WKDW GHWHFW
WKH OLJKW� 7KHVH VHQVLWLYH VSRWV FDQ EH VSOLW LQ WZR FDWHJRULHV� 2Q RQH KDQG WKHUH
DUH URG FHOOV ZKLFK DUH YHU\ VHQVLWLYH EXW GR QRW DOORZ WR GLVWLQJXLVK FRORUV� 2Q WKH
RWKHU KDQG WKHUH DUH FRQH FHOOV� DQG RI WKHVH WKHUH DUH WKUHH W\SHV� HDFK VHQVLWLYH
HLWKHU WR EOXH� WR JUHHQ DQG WR UHG OLJKW� 7KH\ DOORZ WR VHH WKH FRORUV� KRZHYHU LI
WKH OLJKW LV WRR ZHDN� WKH\ DUH XVHOHVV DQG URG FHOOV JHW LPSRUWDQW�

LULV
SXSLO UHWLQD

OHQV

)LJXUH ����� &RQVWUXFWLRQ RI WKH H\H ZLWK WKH PRVW LPSRUWDQW SDUWV�

$V DOUHDG\ GHVFULEHG D ELW ZKHQ OLVWLQJ WKH GLIIHUHQW LWHPV� WKHPDLQ SULQFLSOH RI WKH KXPDQ
H\H LV WKH IROORZLQJ� 7KH OLJKW HPLWWHG E\ DQ REMHFW JHWV LPDJHG E\ WKH OHQV DQG FXUYHG
QDWXUH RI WKH H\H RQWR WKH UHWLQD� 2Q WKH UHWLQD WKH LPDJH �XSVLGH GRZQ� JHWV GHWHFWHG E\
URG DQG FRQH FHOOV�
6WDQGDUG SURSHUWLHV WKDW FDQ EH VHHQ E\ D KXPDQ H\H DUH�

� :DYHOHQJWK UDQJH� 400QP �EOXH�YLROHW� � 800QP �UHG��

� YLVXDO ILHOG� ⇡ 150�� WKH UDQJH WR VHH LQ KLJK TXDOLW\ LV KRZHYHU PXFK VPDOOHU�

� 8VXDOO\ WKH FORVHVW GLVWDQFH WKDW FDQ LPDJHG E\ WKH H\H �L�H� WKH VKRUWHVW GLVWDQFH
ZH FDQ VHH DQ REMHFW VKDUSO\� LV 25FP� KRZHYHU GHSHQGLQJ RQ WKH H\HV DQG WKH DJH
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DQG IRU D VKRUW PRPHQW� LW LV SRVVLEOH WR VHH DQ REMHFW VKDUS DW D GLVWDQFH RI DERXW
10FP� +RZHYHU WR IRFXV WR VXFK VPDOO GLVWDQFHV� WKH H\H JHWV WLUHG YHU\ VRRQ�

� ,I WKH H\H LV UHOD[HG� WKH IRFDO OHQJWK LV PD[LPDO DQG KDV D YDOXH RI DERXW 17PP�
7KLV PHDQV WKDW SDUDOOHO LQFRPLQJ UD\V JHW IRFXVHG DW D GLVWDQFH RI DERXW 17PP
ZKLFK URXJKO\ DJUHHV ZLWK WKH GLDPHWHU RI WKH H\H �DERXW 24PP� KRZHYHU WKH
IRFXVLQJ KDSSHQV DW GLIIHUHQW OD\HUV DQG QRW HQWLUHO\ DW WKH IURQW HQG RI WKH H\H��
7KH H\H EHLQJ UHOD[HG DQG KDYLQJ WKH ORQJHVW IRFDO OHQJWK PHDQV WKDW SDUDOOHO OLJKW
UD\V JHW IRFXVHG RQ WKH UHWLQD� L�H� REMHFWV YHU\ IDU DZD\ JHW LPDJHG DQG DUH VHHQ
VKDUSO\�

� 7KH DQJXODU UHVROXWLRQ LV XVXDOO\ DERXW 20 = 2/60��

����� 0DJQLILFDWLRQ *ODVV

7KH HDVLHVW ZD\ WR LQYHVWLJDWH VPDOO REMHFWV LV WKH XVH RI D PDJQLILFDWLRQ JODVV� L�H� D VLQJOH
OHQV� :H ZDQW WR LQYHVWLJDWH WKH GLIIHUHQW DVSHFWV RI WKH PDJQLILFDWLRQ JODVV LQ WKLV VHFWLRQ�
7KH PDLQ SULQFLSOH RI WKH PDJQLILFDWLRQ JODVV LV WKH RYHUDOO GHFUHDVH RI WKH IRFDO OHQJWK
RI WKH FRPELQDWLRQ PDJQLILFDWLRQ JODVV DQG H\H OHQV�� 7KH VKRUWHU RYHUDOO IRFDO OHQJWK
DOORZV WR SODFH DQ REMHFW FORVHU WR WKH H\H WKDQ WKH 25FP ZKLFK DOORZV OLWHUDOO\ WR KDYH D
FORVHU ORRN WR DQ REMHFW� 2Q WKH RWKHU KDQG RQH FDQ XQGHUVWDQG WKH LPDJLQJ SURFHVV RI
WKH PDJQLILFDWLRQ JODVV DV FUHDWLQJ D YLUWXDO LPDJH ZKLFK WKHQ JHWV VHHQ E\ WKH KXPDQ H\H�
,Q RUGHU WR GHULYH WKH PDJQLILFDWLRQ DFKLHYHG E\ D PDJQLILFDWLRQ JODVV� ZH DVVXPH WKDW WKH
REMHFW LV LQ WKH IRFXV RI WKH PDJQLILFDWLRQ JODVV� 7KHQ WKH UD\V DIWHU WKH JODVV DUH SDUDOOHO
ZKLFK KDV WKH DGYDQWDJH WKDW WKH H\H FDQ EH UHOD[HG� 7KH WDQJHQW RI WKH LQFLGHQFH DQJOH
RI WKH UD\V DW WKH H\H �2 LV JLYHQ E\

WDQ(�2) =
s

f

ZKHUH s LV WKH VL]H RI WKH REMHFW DQG f WKH IRFDO OHQJWK RI WKH PDJQLILFDWLRQ JODVV �OHQV��
+HUH ZH XVHG WKDW WKH UD\ KLWWLQJ WKH JODVV SDUDOOHO WR WKH RSWLFDO D[LV ZLOO EH GHIOHFWHG
WKRXJKW WKH IRFXV� L�H� LW FURVVHV WKH RSWLFDO D[LV DIWHU D GLVWDQFH f � &RPSDULQJ WKLV ZLWK
WKH VLWXDWLRQ ZLWKRXW PDJQLILFDWLRQ JODVV� ZH DVVXPH WKDW ZH SODFH WKH REMHFW DV FORVH DV
SRVVLEOH ZKLFK LV l = 25FP VXFK WKDW

WDQ(�1) =
s

l
�7KDW·V ZK\ SHRSOH VXIIHULQJ IURP P\RSLD �7KDW·V WKH FDVH ZKHQ WKH H\H LV WRR ORQJ RU FRUUHVSRQGLQJO\

WKH H\H OHQV IRFXVHV WRR KDUG FRPSDUHG ZLWK WKH OHQJWK RI WKH H\H� FDQQRW XVH PDJQLILFDWLRQ JODVVHV WR FRUUHFW
WKHLU H\H GLVRUGHU� 7KLV LV GLIIHUHQW IRU IDU�VLJKWHGQHVV� ZKHUH WKH H\H OHQV GRHV QRW IRFXV WKH OLJKW VWURQJO\
HQRXJK�

���
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'1

'2

f

s

s

f

)LJXUH ����� 0DJQLILFDWLRQ RI DQ REMHFW XVLQJ D PDJQLILFDWLRQ JODVV� 6LQFH WKH LQFLGHQFH
DQJOH RI WKH UD\ LV ELJJHU ZLWK D PDJQLILFDWLRQ JODVV �2 > �1� WKH REMHFW DSSHDUV ELJJHU�
7KH HGJH DW WKH ULJKW KDQG VLGH ZLWK WKH TXDUWHU�FLUFOH GHQRWHV WKH H\H�

7KH PDJQLILFDWLRQ LV WKHQ JLYHQ E\

M =
WDQ(�2)

WDQ(�1)
=

250PP
f

.

8VXDO PDJQLILFDWLRQ JODVVHV KDYH IRFDO OHQJWK ZLWK D IHZ FHQWLPHWUHV �H�J� f = 50mm�
DQG DUH DEOH WR PDJQLI\ E\ D PDJQLILFDWLRQ DURXQG 5�

����� 7HOHVFRSH

7KH FRPPRQ XVH RI WKH WHOHVFRSH LV WR LQFUHDVH WKH YLVLELOLW\ RI REMHFWV ZKLFK DUH IDU
DZD\� +RZHYHU WHOHVFRSHV DUH DOVR XVHG LQ ODEV� IRU H[DPSOH WR FKDQJH WKH EHDP VL]H RI D
ODVHU� 6LQFH WKHLU SULQFLSOH LV WKH VDPH� ZH ZLOO GLVFXVV WKH PDLQ XVH� L�H� KRZ D WHOHVFRSH
WR ZDWFK VWDUV ZRUNV�
7KH VLPSOHVW IRUP RI WKH WHOHVFRSH FRQVLVWV RI D ILUVW FRQYH[ OHQV ZLWK IRFXV OHQJWK f1
DQG D VHFRQG FRQFDYH RQH ZLWK IRFXV OHQJWK f2 < 0 ZLWK |f1| > |f2|� VHH ILJXUH �����

���
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7KH VLPSOHVW H[SODQDWLRQ KRZ WKH WHOHVFRSH ZRUNV LV WKH IROORZLQJ �QRW HQWLUHO\ FRPSOHWH�
EXW VLPSOH����� 7KH VHFRQG OHQV� ZKLFK LV FORVH WR WKH H\H DQG FDOOHG RFXODU� FRPSHQVDWHV
WKH IRFXVLQJ RI WKH H\H� L�H D UD\ SDVVHV WKH RFXODU DQG WKH OHQV RI WKH H\H ZLWKRXW EHLQJ
GHIOHFWHG� 1RZ ZH FDQ XVH WKH ILUVW OHQV� FDOOHG REMHFWLYH� WR DGMXVW WKH GHVLUHG RSWLFDO
SURSHUWLHV� L�H� LW DFWV OLNH DQ µDUWLILFLDO H\H OHQVµ���

IDU DZD\

f1
f2

ss0

)LJXUH ����� 7ZR REMHFW �FLUFOHV RQ WKH OHIW VLGH� EHLQJ IDU DZD\ �GHQRWHG E\ WKH LQWHU�
UXSWLRQ RI WKH UD\V EHWZHHQ WKH REMHFWV DQG WKH OHIW OHQV� JHW PDJQLILHG E\ D WHOHVFRSH�
7KH UD\V RI WKH OLJKW DUH GHQRWHG E\ VWUDLJKW OLQHV� 7R ILQG WKH IRFXV RI WKH ILUVW OHQV DW
f1� WKH GDVKHG OLQHV DUH XVHG �DIWHU WKH VHFRQG OHQV�� 7KH GRWWHG OLQHV GHQRWH WKH UD\V WKDW
DSSHDU LI ORRNLQJ WKRXJK WKH WHOHVFRSH �H[WHQVLRQ RI WKH OLQHV DIWHU WKH VHFRQG OHQV�� 7KH
WZR REMHFW DSSHDU IXUWKHU DZD\ IURP HDFK RWKHU �DQG LQ SULQFLSOH DOVR ELJJHU� ZKLFK LV QRW
VKRZQ KHUH� ZKLFK LPSURYHV WKHLU YLVLELOLW\�

/HW·V QRZ GLYH D ELW PRUH LQWR WKH IRUPXODV DQG D PRUH SUHFLVH XQGHUVWDQGLQJ� 2QFH
DJDLQ WKH DQJOHV ZLOO EH PRUH LPSRUWDQW �VHH GLVFXVVLRQ LQ VHFWLRQ DERXW WKH LPDJLQJ
V\VWHP ������� $VVXPH ZH KDYH WZR REMHFWV VHSDUDWHG E\ D GLVWDQFH s IDU DZD\ IURP RXU
WHOHVFRSH l � f1, f2� ZH FDQ PDNH WKH VPDOO DQJOH DSSUR[LPDWLRQ WR FRPSXWH WKH DQJOH
EHWZHHQ WKH LQFRPLQJ UD\V ↵1

↵1 ⇡
s

l
.

��$V ZH ZLOO VHH ODWHU LQ VHFWLRQ ������ WKH GLDPHWHU RI WKH RSWLFV LV DOVR LPSRUWDQW� 7KDW·V ZK\ JRRG
WHOHVFRSHV KDYH D ELJ GLDPHWHU� IRU H[DPSOH WKH +XEEOH VSDFH WHOHVFRSH KDV D GLDPHWHU RI 2.4P ZKLFK LV
QHHGHG WR DFKLHYH WKH KLJK UHVROXWLRQ�

���
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8VLQJ WKH VDPH VWHSV DV IRU WKH 4f V\VWHP �VHH VHFWLRQ ������ ZH ILQG WKDW

↵2 =
↵1

M
=

↵1f1
f2

=
s0

l

ZKHUH s0 LV WKH GLVWDQFH EHWZHHQ WKH WZR REMHFWV DQG ↵2 WKH DQJOH EHWZHHQ WKH WZR UD\V
WKDW DSSHDUV ZKHQ ZDWFKLQJ WKRXJK WKH WHOHVFRSH� 6LQFH |f1| > |f2| DQG s0 = sf1/f2�
WKH GLVWDQFH EHWZHHQ WKH WZR REMHFWV DSSHDUV ELJJHU ZLWK WKH WHOHVFRSH WKDQ ZLWKRXW� $V
D FRQVHTXHQFH ZH FDQ EHWWHU GLVWLQJXLVK WZR REMHFWV XVLQJ D WHOHVFRSH�
7KH WHOHVFRSH ZH GLVFXVVHG KHUH XVHV D FRQYH[ DQG D FRQFDYH OHQV� ,W LV DOVR SRVVLEOH WR
PDNH D WHOHVFRSH ZLWK WZR FRQYH[ OHQVHV� 7KHUH DUH WZR PDLQ GLIIHUHQFHV�

�� 7KH RQH ZH GLVFXVVHG KDV D OHQJWK f1+ f2 < f1 �DV f2 < 0� ZKHUHDV WKH RQH ZLWK
WZR FRQYH[ OHQVHV KDV WKH OHQJWK f1 + f2 > f1� L�H� LW LV ORQJHU E\ WZLFH f2�

�� 7KH WHOHVFRSH ZH GLVFXVVHG SUHVHUYHV WKH RULHQWDWLRQ RI WKH REMHFW� :LWK WZR FRQ�
YH[ OHQVHV WKH LPDJH LV XSVLGH GRZQ�

����� 0LFURVFRSH

7KH EDVLF SULQFLSOH RI D PLFURVFRSH LV WKH VDPH DV WKH RQH RI D WHOHVFRSH� +RZHYHU WKH
PDLQ JRDO LV WR LPDJH D YHU\ VPDOO REMHFW DW D UDWKHU VPDOO GLVWDQFH ZKHUHDV WKH WHOHVFRSH LV
XVHG WR LPDJH DQ REMHFW ZKLFK LV IDU DZD\� &RUUHVSRQGLQJO\ WKHUH DUH VRPH PRGLILFDWLRQV
QHHGHG� )RU EHWWHU XQGHUVWDQGLQJ ZH ILUVW UHLQWHUSUHW WKH WHOHVFRSH DQG WKHQ DGDSW WKLV
IRU WKH PLFURVFRSH�
&RQVLGHU D WHOHVFRSH ZLWK WZR FRQYH[ OHQVHV f1 DQG f2 DW D GLVWDQFH f1 + f2� 6LQFH WKH
REMHFW LV IDU DZD\� DOO WKH OLJKW HPLWWHG E\ D SRLQW RQ WKH REMHFW JHWV IRFXVHG DW WKH FRPPRQ
IRFDO SODQH EHWZHHQ WKH WZR OHQVHV� 'XH WR WKH IDU GLVWDQFH RI WKH REMHFW� ZH FDQ WKLQN
DERXW WKH IRFXVLQJ DW WKH FRPPRQ IRFDO SODQH DV DQ LPDJH RI WKH REMHFW� 2U IRUPDOO\
FRQVLGHU WKH ILUVW OHQV DV D VLQJOH OHQV LPDJLQJ V\VWHP �VHH ������ DQG WDNLQJ d1 = 1� ZH
JHW d2 = f � L�H� WKH UHDO LPDJH LV LQ WKH IRFDO SODQH� 6LQFH WKLV LPDJH LV LQ WKH IRFDO SODQH
RI WKH VHFRQG OHQV� LW JHWV LPDJHG DW LQILQLW\�
,Q FDVH RI WKH PLFURVFRSH WKLV LV GLIIHUHQW� VHH ILJXUH ����� 7KH ILUVW OHQV LPDJHV WKH REMHFW
DW D GLVWDQFH JLYHQ E\ WKH OHQV HTXDWLRQ

1

f
=

1

d1
+

1

d2

���
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ZKHUH f LV WKH IRFDO OHQJWK DQG d1 DQG d2 WKH GLVWDQFH IURP WKH REMHFW DQG WKH LPDJH WR
WKH ILUVW OHQV UHVSHFWLYHO\� &KRRVLQJ D SURSHU IRFDO OHQJWK RQH FDQ JHW D PDJQLILFDWLRQ
M = d2/d1� 7KH VHFRQG OHQV WKHQ LPDJHV WKLV �UHDO� LPDJH VLPLODU DV WKH ILUVW OHQV DQG
DOORZV IRU D VHFRQG PDJQLILFDWLRQ� 7KH ILQDO PDJQLILFDWLRQ LV WKHQ WKH SURGXFW EHWZHHQ
WKH RQHV DFKLHYHG E\ WKH WZR OHQVHV ZKLFK HDVLO\ DFKLHYHV DQ RYHUDOO PDJQLILFDWLRQ RI
VHYHUDO KXQGUHGV� 0RVWO\ WKH PDJQLILFDWLRQ DV VXFK LQ QRW WKH OLPLWLQJ IDFWRU WR LQYHVWLJDWH
VPDOO VWUXFWXUHV EXW WKH UHVROXWLRQ� 7KLV ZH ZLOO GLVFXVV LQ WKH QH[W FKDSWHU LQ VHFWLRQ �����

f1

f1

f2

f2
H\H

)LJXUH ����� $Q REMHFW �KHUH WKH DUURZ RQ WKH ULJKW� JHWV LPDJHG E\ WKH ILUVW OHQV FUHDWLQJ
D UHDO DQG PDJQLILHG LPDJH �OLNH D RQH�OHQV LPDJLQJ V\VWHP� VHH ������� 7KLV LPDJH LV LQ WKH
IRFDO SODQH RI WKH VHFRQG OHQV ZKLFK WKHQ JHWV PDJQLILHG OLNH LQ FDVH PDJQLILFDWLRQ JODVV
�VHH VHFWLRQ �����

��� :DYH 2SWLFV

8QWLO QRZ ZH UHYHDOHG D ORW RI LQVLJKW LQWR RSWLFDO SKHQRPHQD MXVW E\ ORRNLQJ DW OLJKW
UD\V� $V DOUHDG\ PHQWLRQHG LQ WKH LQWURGXFWLRQ RI WKLV FKDSWHU� OLJKW LV DQ HOHFWURPDJQHWLF
ZDYH DQG DV VXFK WKHUH DUH VRPH SKHQRPHQD ZKLFK FDQQRW EH FDSWXUHG ZLWK UD\V EXW ZH
KDYH WR ORRN DW WKH ZDYH SURSHUW\ LQ PRUH GHWDLO� 7KH FRUH FRQWH[W LV DOZD\V WKDW ZDYHV
VXSHULPSRVH� 7KLV PHDQV ZH FDQ VSDWLDOO\ DQG WHPSRUDOO\ RYHUODS WZR ZDYHV DQG ORRN
DW WKH UHVXOWLQJ ZDYH DQG LWV SURSHUWLHV� 8VLQJ WKLV ZH ZLOO ORRN DW WKH GLIIUDFWLRQ DQG LWV
FRQVHTXHQFH� WKH UHVROXWLRQ� ,Q WKH HQG RI WKLV FKDSWHU ZH ZLOO WKHQ PDNH WKH FRQQHFWLRQ
EHWZHHQ UD\ DQG ZDYH RSWLFV� WKLV LV QRW UHDOO\ UHOHYDQW IRU DSSO\LQJ WKH SK\VLFV EXW LW JLYHV
LQWHUHVWLQJ LQVLJKWV�

����� ,QWHUIHURPHWU\

6LQFH WKH JHQHUDO WUHDWPHQW RI ZDYHV LQ � GLPHQVLRQ LV SUHWW\ GLIILFXOW� ZH ILUVW ORRN DW
DQ H[DPSOH ZKHUH ZH FDQ DVVXPH D RQH GLPHQVLRQDO ZDYH SURSDJDWLRQ� 7KLV LV UHDOL]HG
LQ D VR FDOOHG LQWHUIHURPHWHU ZKHUH D EHDP RI OLJKW �IRU H[DPSOH D ODVHU EHDP� LV VSOLW LQ

���
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WZR SDUWV DQG WKHQ UHFRPELQHG ODWHU� 7KHUH DUH GLIIHUHQW IRUPV RI LQWHUIHURPHWHUV� LQ WKH
PRVW FRPPRQ RQHV WKH SDWK OHQJWK RI WKHVH WZR SDUWV FDQ WKHQ EH FRQWUROOHG DQG ZLWK
WKLV WKH LQWHUIHUHQFH WXQHG� VHH ILJXUH �����

%6

%6
'

'
VWDJH

DUP �

DUP �

)LJXUH ����� 6NHWFK RI DQ LQWHUIHURPHWHU� 7KH OLJKW HQWHUV WKH V\VWHP IURP OHIW DQG JHWV
VSOLW LQWR WZR SDUWV DW WKH EHDP VSOLWWHU� GHQRWHG DV %6� $ SDUW RI WKH OLJKW JRHV VWUDLJKW
WKRXJK WKH EHDP VSOLWWHU LQWR DUP �� WKH RWKHU SDUW LV GHIOHFWHG �OLNH D PLUURU� LQWR DUP ��
$ VHFRQG EHDP VSOLWWHU UHFRPELQHV WKH WZR DUPV DJDLQ� WKH OLJKW FDQ WKHQ EH PHDVXUHG DW
WZR GLIIHUHQW GHWHFWRUV� GHQRWHG DV '� %\ SODFLQJ VRPH PLUURUV RQ D PRYDEOH WUDQVODWLRQ
VWDJH �JUD\ VKDGHG UHFWDQJOH�� RQH FDQ WXQH WKH SDWK OHQJWK RI RQH RI WKH DUPV�

7R ILJXUH RXW ZKDW WKH LQWHQVLW\ RI WKH OLJKW DIWHU WKH LQWHUIHURPHWHU LV� ZH KDYH WR RYHU�
ODS WKH HOHFWULF ILHOG RI WKH ZDYH IURP RQH DUP ZLWK WKH ILHOG RI WKH RWKHU DUP WDNLQJ
LQWR DFFRXQW WKHLU FRUUHVSRQGLQJ SDWK OHQJWKV DQG WKHQ VTXDUH WKH WRWDO ILHOG� 7R PDNH
IRUPDOO\ VRPH SURJUHVV ZH DVVXPH WR KDYH D ODVHU EHDP ZLWK D IL[HG IUHTXHQF\ f DQG
ILHOG DPSOLWXGHE0� 7KH HOHFWULF ILHOG RI WKH ODVHU EHIRUH HQWHULQJ WKH V\VWHP LV WKHQ JLYHQ
E\ E(t) = E0 FRV(2⇡ft) ZKHUH ZH RPLWWHG WKH VSDFLDO SDUW RI WKH ZDYH �WKH kx WHUP�
ZKLFK ZH ZLOO UHLQWURGXFH ZLWK D VLPSOHU IRUP ODWHU� 7KH ILHOG LQ WKH WZR DUPV DUH FRUUH�
VSRQGLQJO\

E1(t) =
E0
p
2
FRV(2⇡ft)

E2(t) =
E0
p
2
FRV(2⇡ft+ �0)

ZKHUH �0 LV DQRWKHU SKDVH WKDW PLJKW KDSSHQ GXH WR DV\PPHWULHV LQ WKH EHDP VSOLWWHU���
7KH IDFWRU 1/

p
2 WDNHV FDUH RI HQHUJ\ FRQVHUYDWLRQ� 7KH HQHUJ\ LV SURSRUWLRQDO WR WKH

��6RRQHU RU ODWHU ZH KDYH WR WDNH LQWR DFFRXQW VXFK D SKDVH� RWKHUZLVH ZH ZRXOG YLRODWH HQHUJ\ FRQVHUYD�
WLRQ� 7KH DFWXDO YDOXH RI WKH SKDVH GHSHQGV RQ WKH EHDP VSOLWWHU EXW LQ DQ\ FRQILJXUDWLRQ ZH FDQQRW DYRLG
VXFK D SKDVH�

���
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LQWHQVLW\ ZKLFK LV SURSRUWLRQDO WR WKH ILHOG VTXDUHG DQG ZH DVVXPH WKDW WKH LQWHQVLW\ JHWV
HYHQO\ GLVWULEXWHG LQ WKH WZR DUPV� )RU WKH ILHOG DIWHU WKH VHFRQG EHDP VSOLWWHU� ZH WDNH
DJDLQ LQWR DFFRXQW WKH VSDWLDO SDUW� 6LQFH RQO\ WKH SDWK GLIIHUHQFH LV UHOHYDQW DQG QRW WKH
DFWXDO SDWK LWVHOI� ZH VHW WKH SDWK OHQJWK RI DUP � DV ]HUR DQG RQO\ FRQVLGHU WKH SDWK OHQJWK
RI WKH VHFRQG DUP DV �s� 6R WKH ILHOGV DIWHU WKH VHFRQG EHDP VSOLWWHU DUH

E1t(t) =
E0

2
FRV(2⇡ft+ �t)

E1r(t) =
E0

2
FRV(2⇡ft+ �r)

E2t(t) =
E0

2
FRV(2⇡ft+ �0t + 2⇡f�s/c)

E2r(t) =
E0

2
FRV(2⇡ft+ �0r + 2⇡f�s/c)

ZKHUH WKH VXEVFULSW t UHIHUV WR WUDQVPLVVLRQ DQG r WR UHIOHFWLRQ DW WKH VHFRQG EHDP VSOLWWHU
DQG WKHUH PLJKW EH DGGLWLRQDO SKDVHV GXH WR WKH UHFRPELQLQJ EHDP VSOLWWHU� /HW·V KDYH
D ORRN DW WKH LQWHQVLW\ WKDW LV WUDQVPLWWHG IURP DUP � DQG UHIOHFWHG IURP DUP �� $JDLQ�
RQO\ WKH UHODWLYH SKDVH GLIIHUHQFH ZLOO EH UHOHYDQW� VR ZH RQO\ FRQVLGHU DQ RYHUDOO SKDVH
GLIIHUHQFH�� = �0r � �t DQG ZH HQG XS ZLWK D WRWDO ILHOG DQG LQWHQVLW\

E(t) = E1t(t) + E2r(t)

=
E0

2
FRV(2⇡ft) +

E0

2
FRV(2⇡ft+��+ 2⇡f�s/c)

= E0 FRV
✓
2⇡ft+

��+ 2⇡f�s/c

2

◆
FRV
✓
��+ 2⇡f�s/c

2

◆

I ⇠ E2 = I0 FRV
✓
��+ 2⇡f�s/c

2

◆2

ZKHUH I0 LV WKH LQWHQVLW\ DW WKH HQWUDQFH RI WKH LQWHUIHURPHWHU� )RU WKH FRPSXWDWLRQ RI WKH
LQWHQVLW\ ZH RPLWWHG WKH IDVW RVFLOODWLQJ SDUW FRV(2⇡ft) DV LW LV WRR IDVW WR EHPHDVXUDEOH �DW
OHDVW QRW IRU RSWLFDO OLJKW ZKHUH WKH SHULRG LV LQ WKH RUGHU RI D IHZ IHPWR VHFRQGV� IRU UDGLR
ZDYHV LW LV SRVVLEOH�� :H VHH WKDW GHSHQGLQJ RQ WKH SKDVH�� DQG WKH SDWK GLIIHUHQFH�s
WKH LQWHQVLW\ LV HTXDO WR WKH LQLWLDO LQWHQVLW\ LI��+ 2⇡f�s/c DUH D PXOWLSOH RI 2⇡� 7KLV
LV FDOOHG FRQVWUXFWLYH LQWHUIHUHQFH EHWZHHQ WKH WZR EHDPV� 2U LW FDQ UHDFK ]HUR LQWHQVLW\
LI��+ 2⇡f�s/c LV DQ RGG PXOWLSOH RI ⇡ ZKLFK LV FDOOHG GHVWUXFWLYH LQWHUIHUHQFH� $QG
LQ EHWZHHQ� DOO YDOXHV DUH SRVVLEOH�
)URP HQHUJ\ FRQVHUYDWLRQ RU D ULJRURXV FRPSXWDWLRQ RI WKH SKDVHV ZH JHW IRU WKH RWKHU

���
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GHWHFWRU WKH LQWHQVLW\

I ⇠ I0

 
1� FRV

✓
��+ 2⇡f�s/c

2

◆2
!
.

,QWHUIHURPHWHUV KDYH VHYHUDO DSSOLFDWLRQV� IRU H[DPSOH WKH\ FDQ EH XVHG WR PHDVXUH WKH
ZDYHOHQJWK RI D ODVHU E\ PHDVXULQJ KRZ IRU RQH KDV WR PRYH WKH VWDJH WR UHDFK RQH
FRQVWUXFWLYH LQWHUIHUHQFH DIWHU DQRWKHU RQH� 2U LQWHUIHURPHWHUV SOD\HG D FUXFLDO UROH LQ
XQGHUVWDQGLQJ WKH H[LVWHQFH RI WKH HOHFWURPDJQHWLF SURSHUW\ RI OLJKW ZKLFK WKHQ OHDG WR
UHODWLYLW\�

����� 'LIIUDFWLRQ DW D VOLW

$IWHU GLVFXVVLQJ WKH VLPSOH � GLPHQVLRQDO FDVH RI LQWHUIHUHQFH ZH ZDQW WR KDYH D ORRN
DW ZKDW KDSSHQV LI D OLJKW EHDP KLWV D WLJKW VOLW� )RU WKLV FRQVLGHU WKH ZLGWK RI WKH VOLW d
WR EH PXFK VPDOOHU WKDQ WKH VL]H RI WKH EHDP VXFK WKDW ZH FDQ DVVXPH WR KDYH D SODQDU
ZDYH KLWWLQJ WKH VOLW� VHH ILJXUH ����� 'XH WR WKH +X\JHQV²)UHVQHO·V SULQFLSOH� ZH FDQ
FRPSXWH WKH QHZO\ FUHDWHG ZDYH DV WKH LQWHUIHUHQFH RI F\OLQGULFDO ZDYHV DW WKH VOLW� 6LQFH
WKH JHQHUDO FRPSXWDWLRQ LV D ELW FXPEHUVRPH ZH ORRN DW WKH PRVW UHOHYDQW FDVH DQG DVN
RXUVHOYHV WKH TXHVWLRQ ZKHWKHU WKHUH LV D GLUHFWLRQ ' DW ZKLFK WKH LQWHQVLW\ LV ]HUR� ,Q
RUGHU IRU WKLV WR KDSSHQ� DOO WKHVH F\OLQGULFDO ZDYHV KDYH WR LQWHUIHUH GHVWUXFWLYHO\ ZLWK
HDFK RWKHU� 7KLV KRZHYHU LPSOLHV� WKDW WKH SDWK GLIIHUHQFH EHWZHHQ WKH F\OLQGULFDO ZDYH
RXWJRLQJ DW RQH HQG RI WKH VOLW FRPSDUHG WR WKH RWKHU HQG RI WKH VOLW LV H[DFWO\ D PXOWLSOH RI
� EHFDXVH WKHQ WKHUH LV DQ\ SKDVH LQ EHWZHHQ DOVR VFDWWHULQJ DQG GHVWUXFWLYHO\ LQWHUIHULQJ�
:LWK VRPH WULJRQRPHWU\ ZH ILQG WKDW

VLQ(') =
�

d

ZKHUH � LV WKH ZDYHOHQJWK� )LUVW RI DOO ZH QRWH WKDW IRU VOLWV WKDW DUH VPDOOHU WKDQ � WKH
ZDYH FDQQRW SDVV WKRXJK LW� 2WKHUZLVH WKLV GHIOHFWLRQ RI WKH ZDYH FUHDWLQJ DQ LQWHUIHUHQFH
SDWWHUQ LV FDOOHG GLIIUDFWLRQ�
7KH IRUPXOD GHULYHG DERYH LV YDOLG IRU D VOLW WKDW KDV D ORQJ H[WHQVLRQ LQ RQH GLUHFWLRQ�
:KHQ ORRNLQJ DW D FLUFXODU DSHUWXUH �L�H� D URXQG KROH�� WKH EDVLF SULQFLSOH LV WKH VDPH�
7KH ILQDO GLIIUDFWLRQ SDWWHUQ LV D VXSHUSRVLWLRQ RI VSKHULFDO ZDYHV ZKLFK DUH JHQHUDWHG DW
HDFK SRLQW DW WKH DSHUWXUH� +RZHYHU WKH GHULYDWLRQ RI D IRUPXOD IRU WKH DQJOH ' RI WKH
ILUVW PLQLPXP LV PXFK PRUH GLIILFXOW DQG RXW RI VFRSH� VR ZH MXVW JLYH WKH IRUPXOD�

VLQ(') ⇡ 1.22
�

D

ZKHUH � LV DJDLQ WKH ZDYHOHQJWK DQG WKH D WKH GLDPHWHU RI WKH DSHUWXUH�

���
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'

'

�

IDU DZD\

DUULYDO RI WKDW UD\

)LJXUH ����� 3ODQH ZDYHV LPSLQJH D VOLW IURP WKH OHIW� $W HDFK SRLQW LQ WKH VOLW F\OLQGULFDO
ZDYHV HPHUJH� 7KH LQWHUIHUHQFH RI WKHVH F\OLQGULFDO ZDYHV OHDGV WR D SDWWHUQ VKRZQ RQ
WKH ULJKW �LQWHQVLW\ GLVWULEXWLRQ DV IXQFWLRQ RI WKH SRVLWLRQ DV RQH ZRXOG VHH IDU DZD\ RQ
D VFUHHQ�� ,I WKH SDWK GLIIHUHQFH RI RQH FRUQHU RI WKH VOLW WR WKH RWKHU LV D PXOWLSOH RI
D ZDYHOHQJWK� WKH LQWHUIHUHQFH RI DOO F\OLQGULFDO ZDYHV LV GHVWUXFWLYH DQG D PLQLPXP LV
YLVLEOH� 7KLV VLWXDWLRQ LV VNHWFKHG DW WKH VOLW�

����� 'LIIUDFWLRQ DQG 5D\OHLJK &ULWHULRQ

$V ZH VHH LQ WKH FDVH RI D VOLW RU DQ DSHUWXUH� WKH FRQILQHPHQW RI WKH OLJKW OLPLWV WKH
GHVFULSWLRQ RI UD\ RSWLFV� )RU H[DPSOH WKH OLJKW HPLWWHG E\ D VLQJOH SRLQW JHWWLQJ GLIIUDFWHG
DW D VOLW GRHV QRW SURSDJDWH DV D UD\ DQ\PRUH EXW JHWV VRPH GLIIUDFWLRQ SDWWHUQ ZLWK VHYHUDO
PLQLPD DQG PD[LPD� &RQVLGHU IRU H[DPSOH WKH VLWXDWLRQ YLVXDOL]HG LQ ILJXUH �����
,I ZH KDYH WZR SRLQW OLNH OLJKW VRXUFHV WKH OLJKW IURP HDFK VRXUFH JHWV GLIIUDFWHG DW WKH VOLW�
7KH OLJKW SDVVLQJ VWUDLJKW WKRXJK WKH VOLW EXLOGV WKH SHDN RI WKH GLIIUDFWLRQ SDWWHUQ� WKH ILUVW
PLQLPXP LV JLYHQ E\ WKH GLIIUDFWLRQ FRQGLWLRQ GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ �������� ,I
WKH SHDNV DUH WR FORVH WR HDFK RWKHU� LW LV LPSRVVLEOH WR GLVWLQJXLVK WKHP� &RUUHVSRQGLQJO\
ZH FDQQRW GLVWLQJXLVK WKH WZR OLJKW VRXUFHV� WKH\ DSSHDU DV RQH�
7KH 5D\OHLJK FULWHULRQ VWDWHV WKDW WKH WZR SRLQWV FDQ EH GLVWLQJXLVKHG LI WKH SHDN RI WKH
GLIIUDFWLRQ SDWWHUQ IDOOV LQWR WKH ILUVW PLQLPXP RI WKH RWKHU �DQG YLFH YHUVD� RU LV HYHQ
IXUWKHU DZD\� )RU D VOLW ZLWK ZLGWK d WKLV PHDQV WKDW WZR SRLQWV HPLWWLQJ WKH ZDYHOHQJWK
� DUH GLVWLQJXLVKDEOH LI WKH\ DUH DW OHDVW VHSDUDWHG E\ DQ DQJOH ' E\

' �
�

d
.

7KH DFWXDO GLVWDQFH EHWZHHQ WKH WZR SRLQWV WKHQ GHSHQGV RQ WKH GLVWDQFH IURP WKH VOLW�
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)LJXUH ����� 7KH OLJKW RI WZR OLJKW VRXUFHV �EODFN GRWV RQ WKH OHIW VLGH� JHW GLIIUDFWHG
DW D VOLW� 7KH UD\ SDVVLQJ VWUDLJKW WKRXJK WKH VOLW FRUUHVSRQGV WR WKH SHDN SRVLWLRQ RI
WKH GLIIUDFWLRQ SDWWHUQ� 7KH XSSHU LPDJH VKRZV WKH VLWXDWLRQ ZKHQ WKH WZR VRXUFHV DUH
IDU DZD\ IURP HDFK RWKHU� KHQFH WKH WZR SHDNV DUH FOHDUO\ VHSDUDWHG� 7KH ORZHU LPDJH
VKRZV WKH GLIIUDFWLRQ OLPLW ZKHUH WKH SHDNV OLH DW WKH ILUVW PLQLPXP RI WKH RWKHU OLJKW
VRXUFH� &RUUHVSRQGLQJO\ WKH GLVWDQFH EHWZHHQ WKH WZR SHDNV LV VR VPDOO� WKDW RQH FDQ
KDUGO\ GLVWLQJXLVK WKH WZR OLJKW VRXUFHV�

$V ZH ZRXOG H[SHFW� IRU D ELJ VOLW WKH DQJOH LV YHU\ VPDOO� VR WKH GLIIUDFWLRQ LV QRW UHDOO\
OLPLWLQJ� +RZHYHU WKH GLIIUDFWLRQ DW D VPDOO VOLW OHDGV WR D EURDG GLIIUDFWLRQ SDWWHUQ DQG
FRQVHTXHQWO\ WKH DQJOH EHWZHHQ WKH WZR SRLQWV QHHGV WR EH ELJ �KHQFH WKHLU GLVWDQFH� WR
EH GLVWLQJXLVKDEOH�
)RU D URXQG DSHUWXUH� ZH DJDLQ KDYH WR LQVHUW WKLV IDFWRU 1.22 DQG JHW

' � 1.22
�

d

ZKHUH d LV WKH GLDPHWHU RI WKH DSHUWXUH�
7KH LPSRUWDQFH RI WKH GLIIUDFWLRQ ZDV DOUHDG\PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ DERXW WKH
WHOHVFRSH DQG WKHPLFURVFRSH� 6LQFH WKH OHQVHV KDYH D ILQLWH GLDPHWHU� GLIIUDFWLRQ RFFXUV DW
DQ\ OHQV� 7KLV OLPLWV WKH TXDOLW\ RI DQ RSWLFDO LQVWUXPHQW RU LQ RWKHU ZRUGV� D JRRG RSWLFDO
LQVWUXPHQW QHHGV ELJ RSWLFV� )RU WHOHVFRSHV WKLV XVXDOO\ PHDQV WKDW WKHLU GLDPHWHU KDYH WR
EH KXJH� ,Q FDVH RI PLFURVFRSHV RQH LV RIWHQ OLPLWHG E\ WKH ZDYHOHQJWK� LW LV LPSRVVLEOH
WR LPDJH VWUXFWXUHV WKDW DUH VPDOOHU WKDQ WKH ZDYH OHQJWK� KHQFH LW LV LPSRVVLEOH WR ORRN DW
VWUXFWXUHV VPDOOHU WKDQ 1�P ZLWK RSWLFDO PLFURVFRSHV� 7R RYHUFRPH WKLV OLPLW� HOHFWURQ
PLFURVFRSHV DUH XVHG� ZKHUH HOHFWURQV�� DUH XVHG�

��,Q WHUPV RI TXDQWXP PHFKDQLFV� HOHFWURQV FDQ DOVR EH GHVFULEHG DV ZDYHV EXW WKHLU ZDYHOHQJWK LV PXFK
PXFK VPDOOHU WKDQ WKH RQH IURP YLVLEOH OLJKW�
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����� *UDWLQJ

,Q WKH ODVW WZR VHFWLRQV ZH GLVFXVVHG KRZ OLJKW JHWV GLIIUDFWHG DW D VLQJOH VOLW� 1RZ OHW·V
JR RQH VWHS IXUWKHU DQG FRQVLGHU PDQ\ VOLWV DQG LQYHVWLJDWH KRZ WKH OLJKW JHWV GLIIUDFWHG
IURP WKHP� )RU WKLV DVVXPH WR KDYH DQ DUUD\ RI VOLWV� 7KH GLVWDQFH EHWZHHQ WZR VOLWV VKDOO
EH d� WKH ZLGWK RI WKH VOLWV LV QRW LPSRUWDQW IRU WKH IROORZLQJ FRQVLGHUDWLRQV� VHH DOVR �����

d

'

�

'

�s

)LJXUH ����� $ SODQH ZDYH LV LQFLGHQW IURP WKH OHIW RQ WKH JUDWLQJ� ZKHUH WKH OLJKW FDQ
SHULRGLFDOO\ SDVV WKURXJK DQG JHWV EORFNHG LQ EHWZHHQ �WKLFN EODFN OLQHV�� /RRNLQJ DW
DQ DQJOH ' IURP WKH JUDWLQJ QRUPDO� WKH OLJKW LV FRQVWUXFWLYH LI WKH FRQWULEXWLRQV RI WKH
GLIIHUHQW VLWV DUH FRQVWUXFWLYHO\ LQWHUIHULQJ� L�H� DQ LQWHJHU PXOWLSOH RI WKH ZDYHOHQJWK ��

2SSRVLWH WR WKH FDVH ZLWK WKH VOLW �ZKHUH ZH ORRNHG DW WKH PLQLPXP�� ZH FDQ ILQG D
FRQGLWLRQ IRU FRQVWUXFWLYH LQWHUIHUHQFHV� &RQVLGHU RQO\ D FHUWDLQ ZDYHOHQJWK � RI OLJKW
�RU WKLQN DERXW D ODVHU EHDP ZLWK D IL[HG IUHTXHQF\�� ,Q RUGHU IRU WKH OLJKW RI WKH GLIIHUHQW
VOLWV WR LQWHUIHUH FRQVWUXFWLYHO\� WKH GLIIHUHQFH RI WKH SDWK �s RI WZR VOLWV QHHGV WR EH DQ
LQWHJHU PXOWLSOH RI WKH ZDYHOHQJWK �VHH JUD\ WULDQJOH LQ ����� RU IRUPDOO\

�s = VLQ(')d = n�, n 2 Z.

7KH LQWHJHU n LV XVXDOO\ FDOOHG WKH RUGHU RI GLIIUDFWLRQ� 7KH ]HUR RUGHU n = 0 FRUUHVSRQGV
WR WKH VWUDLJKW SDVVLQJ RI WKH OLJKW WKRXJK WKH JUDWLQJ DV ZH ZRXOG H[SHFW IRU D WUDQVSDUHQW
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SLHFH RI JODVV� 1RWH WKDW LQ JHQHUDO WKH OLJKW JHWV VFDWWHUHG LQ DOO SRVVLEOH n 2 Z� KRZ�
HYHU WKH KLJKHU RUGHUV |n| > 1 DUH XVXDOO\ YHU\ ZHDN DQG QHJOLJLEOH� /LJKW WKDW FRQWDLQV
GLIIHUHQW ZDYHOHQJWK �IRU H[DPSOH VXQ OLJKW� JHWV GLIIUDFWHG DW WKH JUDWLQJ VXFK WKDW WKH
GLIIHUHQW ZDYHOHQJWK VHSDUDWH� L�H� HDFK RQH OHDYHV WKH JUDWLQJ LQ D GLIIHUHQW GLUHFWLRQ�
7KH JUDWLQJ ZH GLVFXVVHG LV D WUDQVPLVVLRQ JUDWLQJ� WKH OLJKW SDVVHV WKRXJK WKH JUDWLQJ
DQG JHWV GLIIUDFWHG� 7KHUH DUH DOVR UHIOHFWLRQ JUDWLQJV ZKLFK KDYH SHULRGLF VWULSHV EHLQJ
UHIOHFWLQJ DQG QRQ�UHIOHFWLQJ� 7KH PDLQ SULQFLSOH VWD\V WKH VDPH DV ZHOO DV WKH IRUPXOD�

����� 3RODULVDWLRQ

7KLV 6HFWLRQ LV EDVHG PDLQO\ RQ >��� &KDSWHU ������@ DQG >��� &KDSWHU ,9���@�
/LJKW FRQVLVWV RI HOHFWURPDJQHWLF �(0� ZDYHV� ZKLFK DUH WUDQVYHUVDO ZDYHV� PHDQLQJ WKDW
WKH HOHFWULF DQG PDJQHWLF ILHOGV RVFLOODWH SHUSHQGLFXODUO\ WR WKH GLUHFWLRQ RI SURSDJDWLRQ
�VHH DOVR &KDSWHU ������� $OVR� WKH HOHFWULF DQG PDJQHWLF ILHOGV DUH SHUSHQGLFXODU WR HDFK
RWKHU DV ZH ZLOO VHH LQ &KDSHU �������
,I WKH HOHFWULF ILHOG RVFLOODWHV LQ RQH VSHFLILF GLUHFWLRQ IRU DOO (0 ZDYHV LQ D OLJKW EHDP�
WKLV EHDP LV OLQHDUO\ SRODUL]HG� 6XQ OLJKW� RU OLJKW HPLWWHG E\ ODPSV LV XVXDOO\ XQSRODULVHG�
EHFDXVH LW FRQVLVWV RI PDQ\ ZDYH SDFNHWV ZLWK WKH HOHFWULF ILHOG SRLQWLQJ LQ UDQGRP GLUHF�
WLRQV� 7R FUHDWH OLQHDUO\ SRODUL]HG OLJKW� RQH FDQ VHQG LW WKURXJK D SRODULVLQJ ILOWHU� 6XFK
ILOWHUV DUH IRU H[DPSOH PDGH RI ORQJ� HOHFWULFDOO\ FRQGXFWLQJ PROHFXOHV ZKLFK DUH DUUDQJHG
WR SRLQW LQ WKH VDPH GLUHFWLRQ� OLNH D JUDWLQJ� ,I DQ (0 ZDYH ZDQWV WR SDVV WKURXJK WKH
ILOWHU� WKH PROHFXOHV DEVRUE WKH FRPSRQHQW RI WKH HOHFWULF ILHOG ZKLFK LV SDUDOOHO WR WKHP�
7KH H[LWLQJ OLJKW ZLOO EH SRODUL]HG LQ WKH GLUHFWLRQ SHUSHQGLFXODU WR WKH PROHFXOH D[LV�
1RZ ZH SODFH WZR SRODUL]LQJ ILOWHUV EHKLQG HDFK RWKHU� ,I WKH SRODUL]DWLRQ D[HV RI ERWK
ILOWHUV DJUHH� DOO WKH OLJKW SDVVLQJ WKURXJK WKH ILUVW ILOWHU DOVR SDVVHV WKURXJK WKH VHFRQG
RQH� ,I WKH VHFRQG ILOWHU LV URWDWHG E\ 90�� QR OLJKW ZLOO SDVV� ,Q JHQHUDO� LI WKH VHFRQG
ILOWHU LV URWDWHG E\ DQ DQJOH ✓� RQO\ D IUDFWLRQ FRV ✓ RI WKH HOHFWULF ILHOG FDQ SDVV� 6LQFH
WKH LQWHQVLW\ RI DQ (0 ZDYH LV SURSRUWLRQDO WR WKH HOHFWULF ILHOG DPSOLWXGH VTXDUHG �VHH
&KDSWHU ������ ZH REWDLQ

0DOXV·V ODZ�
I2 = I1 FRV2 ✓,

ZKHUH I1, I2 DUH WKH LQWHQVLWLHV DIWHU WKH ILUVW DQG VHFRQG ILOWHU� UHVSHFWLYHO\� DQG
✓ LV WKH DQJOH EHWZHHQ WKH SRODUL]DWLRQ D[HV RI WKH WZR ILOWHUV�

6RPH ODVHUV HPLW SRODUL]HG OLJKW� 3RODUL]DWLRQ RI OLJKW DOVR RFFXUV LQ QDWXUH� IRU LQVWDQFH
VFDWWHUHG DQ UHIOHFWHG OLJKW RIWHQ KDSSHQV WR EH SRODUL]HG� )RU UHIOHFWLRQV DW WUDQVSDUHQW
PDWHULDOV� WKH IROORZLQJ LV JRRG WR NQRZ�
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�B

Incident ray
(unpolarised)

Reflected ray
(polarised)

Refracted ray
(slightly polarised)

)LJXUH ����� $ OLJKW UD\ KLWV D WUDQVSDUHQW PHGLXP ZLWK DQ DQJOH VXFK WKDW WKH UHIUDFWHG
DQG UHIOHFWHG UD\V DUH SHUSHQGLFXODU WR HDFK RWKHU� 7KH FRUUHVSRQGLQJ LQFLGHQW DQJOH LV
FDOOHG ✓B � 7KH LQFLGHQW OLJKW FDQ EH WKRXJKW RI DV D VXP RI ZDYHV SRODUL]HG LQ WKH SODQH
RI WKH VNHWFK �DUURZV� DQG ZDYHV SRODUL]HG SHUSHQGLFXODUO\ WR WKH SODQH �GRWV�� 7KH OLJKW
ZKLFK LV SRODUL]HG LQ WKH SODQH RI WKH VNHWFK JHWV UHIUDFWHG DQG QRW UHIOHFWHG DW DOO� 7KH
OLJKW ZKLFK LV SRODUL]HG LQ WKH GLUHFWLRQ SHUSHQGLFXODU WR WKH SODQH LV SDUWLDOO\ UHIUDFWHG
DQG SDUWLDOO\ FDXVHV D UHIOHFWHG EHDP ZLWK WKH VDPH SRODUL]DWLRQ� 7KLV ILJXUH LV WDNHQ IURP
>��@�

%UHZVWHU·V ODZ� ,I WKH UHIUDFWHG DQG UHIOHFWHG EHDPV IRUP D 90� DQJOH� WKH
UHIOHFWHG OLJKW LV FRPSOHWHO\ SRODUL]HG DV VNHWFKHG LQ )LJXUH ����� 7KH FRUUH�
VSRQGLQJ DQJOH RI LQFRPLQJ OLJKW ✓B LV FDOOHG %UHZVWHU DQJOH� ,W IROORZV IURP
6QHOO·V ODZ ����� WKDW

WDQ(✓B) =
n2

n1
,

ZKHUH n1 DQG n2 DUH WKH UHIUDFWLYH LQGLFHV RI WKH LQLWLDO PHGLXP DQG WKH VHFRQG
PHGLXP� UHVSHFWLYHO\�

7KH SKHQRPHQRQ FDQ EH TXDOLWDWLYHO\ H[SODLQHG DV IROORZV� 7KH LQFRPLQJ OLJKW H[FLWHV WKH
PROHFXOHV LQ WKH WUDQVSDUHQW PHGLXP� ZKLFK WKHQ HPLW WKH UHIOHFWHG EHDP� 7KH PROHFXOHV
LQ WKH PHGLXP FDQ EH PRGHOOHG DV GLSROHV SRLQWLQJ LQ WKH GLUHFWLRQ RI WKH SRODUL]DWLRQ RI
WKH OLJKW EHDP� 7KH GLSROHV HPLW ZDYHV SHUSHQGLFXODUO\ WR WKHLU D[HV� ,QFRPLQJ OLJKW ZLWK
SRODUL]DWLRQ SHUSHQGLFXODU WR WKH SODQH RI WKH VNHWFK ���� �GRWV� ZLOO FDXVH UHIOHFWHG OLJKW
ZLWK WKH VDPH SRODUL]DWLRQ� ,QFRPLQJ OLJKW ZLWK SRODUL]DWLRQ LQ WKH SODQH RI WKH VNHWFK

���
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�DUURZV� ZLOO DOVR FUHDWH GLSROH H[FLWDWLRQV� KRZHYHU WKH\ DUH SRLQWLQJ LQ WKH GLUHFWLRQ RI
WKH UHIOHFWHG UD\ DQG QRW HPLWWLQJ DQ\ ZDYHV LQ WKLV GLUHFWLRQ� 7KHUHIRUH� WKH UHIOHFWHG OLJKW
GRHV QRW FRQWDLQ DQ\ OLJKW SRODUL]HG LQ WKH SODQH DQG LV IXOO\ SRODUL]HG SHUSHQGLFXODUO\ WR
WKH SODQH�
$SDUW IURP OLQHDU SRODUL]DWLRQ� WKHUH H[LVWV DOVR FLUFXODU DQG HOOLSWLF SRODUL]DWLRQ� 7KLV
JRHV EH\RQG WKH VFRSH RI WKLV VFULSW� EXW \RX FDQ ILQG PRUH LQIRUPDWLRQ RQ WKH LQWHUQHW�

����� &RQQHFWLRQ 5D\ DQG :DYH 2SWLFV

,Q WKLV ODVW VHFWLRQ RI WKH FKDSWHU DERXW RSWLFV OHW·V KDYH D ORRN ZK\ WKH UD\ RSWLFV DFWXDOO\
ZRUN DOWKRXJK OLJKW IXQGDPHQWDOO\ LV D ZDYH DQG KRZ WKH WZR FRQFHSWV DUH UHODWHG� 7KLV
ODVW VHFWLRQ LV EH\RQG WKH VFRSH RI WKLV OHFWXUH QRWHV DQG QRW UHOHYDQW RU UHDOO\ XVHIXO IRU
VROYLQJ SUREOHPV� +RZHYHU LW JLYHV QLFH LQVLJKWV LQWR WKH SK\VLFV� ,Q SDUWLFXODU VLQFH
WKHUH LV D VLPLODU UHODWLRQ EHWZHHQ TXDQWXP PHFKDQLFV DQG FODVVLFDO PHFKDQLFV�
7R PDNH WKH FRQQHFWLRQ EHWZHHQ UD\ DQG ZDYH RSWLFV� ZH KDYH WR LQWURGXFH )HUPDW·V
SULQFLSOH� 7KLV SULQFLSOH VWDWHV WKDW WKH OLJKW DV D ZDYH WDNHV DOO SRVVLEOH SDWKV IURP WKH
SRLQW ZKHUH LW LV JHQHUDWHG WR WKH SRLQW ZKHUH LW LV PHDVXUHG RU HQGV �IRU H[DPSOH VLPSO\
LOOXPLQDWLQJ D ZDOO�� )LJXUH ���� VKRZV VRPH SRVVLEOH SDWKV� 7KH OLJKW WKDW LV PHDVXUHG LV
WKHQ D VXSHUSRVLWLRQ RI DOO WKH SDWKV�

S

P

�

yp

)LJXUH ����� /LJKW LV HPLWWHG DW D VRXUFH S DQG UHDFKHV D ZDOO� 7KH LQWHQVLW\ DW WKH SRLQW
P LV WKH VXSHUSRVLWLRQ RI WKH OLJKW WDNLQJ DOO SRVVLEOH SDWKV� 6RPH SRVVLEOH SDWKV DUH GUDZ�
7KH VWUDLJKW RQH LV WKH GLUHFW OLQH �ZKLFK LV WKH OLJKW UD\�� 7KH GRWWHG RQHV DUH MXVW DUELWUDU\
SDWKV� 7KH GDVKHG SDWKV DUH VRPH H[DPSOHV RI SDWKV WKDW DUH FORVH WR WKH VWUDLJKW SDWK�
7KH GDVKHG�GRWWHG SDWK ZLWK WKH SRLQW yP GHQRWHV D SDWK FRQVLVWLQJ RI WZR VWUDLJKW OLQHV
ZLWK D NLQN�

$OWKRXJK WKH OLJKW WDNHV DOO SRVVLEOH SDWKV� WKHUH DUH VRPH WKDW DUH PXFK PRUH UHOHYDQW
DQG LW ZLOO WXUQ RXW WKDW PRVWO\ WKH SDWKV WKDW DUH YHU\ FORVH WR WKH VWUDLJKW SDWK �WKH OLJKW
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UD\� ZLOO FRQWULEXWH WR WKH PHDVXUHG LQWHQVLW\� 6LQFH WKH JHQHUDO GHULYDWLRQ LV GHILQLWHO\
RXW RI VFRSH� OHW·V WKLQN DERXW D VLPSOHU H[DPSOH� :H RQO\ FRQVLGHU SDWKV WKDW FRQQHFW
S DQG P DQG FRQVLVW RI WZR VWUDLJKW OLQHV ZLWK D NLQN LQ WKH PLGGOH� ,I ZH FRPSXWH WKH
SDWK OHQJWK RI WKHVH SDWKV DV D IXQFWLRQ RI WKH NLQN GLVWDQFH WR WKH VWUDLJKW SDWK� ZH JHW
D FXUYH WKDW LV VKRZ LQ ILJXUH �����

)LJXUH ����� 3DWK OHQJWK s(yP ) IRU SDWKV WKDW FRQVLVW RI WZR VWUDLJKW OLQHV ZLWK D NLQN �VHH
DOVR ����� QRUPDOL]HG WR WKH VWUDLJKW OLQH� 7KH x�D[LV LV WKH GLVWDQFH RI WKH NLQN IURP WKH
VWUDLJKW SDWK DQG WKH y�D[LV WKH FRUUHVSRQGLQJ SDWK OHQJWK� 7KH GLIIHUHQW FRORUV �RU JUD\
VKDGLQJV� GHQRWH LQ SKDVH RU RXW RI SKDVH FRQWULEXWLRQV ZLWK UHVSHFW WR WKH VWUDLJKW UD\�

/RRNLQJ DW WKLV FXUYH ZH VHH WKDW WKHUH LV D EURDG PLQLPDO SDWK OHQJWK ZLWK LV ORFDWHG
DURXQG WKH VWUDLJKW OLQH �yP = 0�� )RU WRR ELJ NLQN GLVWDQFHV� WKH SDWK OHQJWK GLIIHUV E\
�/2 IURP WKH VWUDLJKW SDWK� $QG IRU HYHQ ELJJHU yP YDOXHV WKH SDWK GLIIHUHQFH LV HYHQ �
DQG VR RQ DQG VR IRUWK� %XW WKH FRQWULEXWLRQV IURP SDWK OHQJWKV FORVH WR �(1/2+n), n 2

N LQWHUIHUH GHVWUXFWLYHO\ ZLWK WKH RQHV EHLQJ DQ LQWHJHU PXOWLSOH RI � VR WKH\ FDQFHO HDFK
RWKHU DQG FDQ EH QHJOHFWHG DV VXFK� +RZHYHU DW WKH PLQLPXP WKHUH LV D YHU\ EURDG
UDQJH RI NLQN GLVWDQFHV WKDW KDYH PRUH RU OHVV WKH VDPH SDWK OHQJWK DQG KHQFH LQWHUIHUH

���
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FRQVWUXFWLYHO\� 7KHUHIRUH WKH\ FDQQRW EH QHJOHFWHG� L�H� WKHVH SDWKV FRQWULEXWH WR WKH OLJKW
WKDW DUULYHV DW P � 7KDW·V ZK\ RQO\ WKH SDWK RI WKH OLJKW UD\ DQG PD\EH WKH SDWKV YHU\ FORVH
WR LW DUH UHOHYDQW IRU WKH SURSDJDWLRQ RI WKH OLJKW�
1RWH WKDW WKLV DUJXPHQW LQFOXGHV WKH ZDYHOHQJWK �� )RU ORQJ ZDYHOHQJWK WKH UDQJH � RI
yP YDOXHV �VHH ����� WKDW FRQWULEXWH FRQVWUXFWLYHO\ WR WKH VWUDLJKW UD\ LV ELJJHU WKDQ IRU
VKRUW ZDYHOHQJWKV� $V D FRQVHTXHQFH WKH DSSUR[LPDWLRQ RI WUHDWLQJ OLJKW DV D UD\ LV EHWWHU
IRU VKRUW ZDYHOHQJWK� )RU H[DPSOH YLVLEOH OLJKW FDQ LQ PDQ\ FDVHV �DW OHDVW LQ HYHU\GD\ OLIH�
EH WUHDWHG ZLWK UD\V ZKHUHDV IRU PLFURZDYHV RU UDGLR�ZDYHV WKH ZDYH QDWXUH JHWV PXFK
PRUH REYLRXV DQG UD\ RSWLFV PLJKW IDLO�
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+RZ GR \RX VLQN D VXEPDULQH PDQQHG
E\ PDWKHPDWLFLDQV" -XVW NQRFN�
VRPHRQH ZLOO VXUHO\ RSHQ WKH KDWFK�

7RLOHWV RQ VXEPDULQHV DUH VLPLODUO\
GDQJHURXV� 6HDUFK IRU 8������

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� :KDW LV IOXLG G\QDPLFV DERXW" � � � � � � � � � � � � � � � � ���
����� +RZ FDQ ZH PRGHO VXFK D IOXLG" � � � � � � � � � � � � � � � ���

��� 1RWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 3UHVVXUH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� &RPSUHVVLEOH DQG LQFRPSUHVVLEOH IOXLGV � � � � � � � � � � ���
����� +\GURVWDWLF SUHVVXUH � � � � � � � � � � � � � � � � � � � � � � ���
����� %XR\DQF\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &RQWLQXLW\ HTXDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� %HUQRXOOL·V HTXDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 'HULYDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 6XUIDFH WHQVLRQ� HQHUJ\ DQG FDSLOODU\ SUHVVXUH � � � � � � � � � � ���
��� )ULFWLRQ LQ IOXLGV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���
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,Q WKLV FKDSWHU ZH GLVFXVV WKH EHKDYLRXU RI IOXLGV PDFURVFRSLFDOO\� 0DFURVFRSLFDOO\
PHDQV WKDW ZH GR QRW ORRN DW WKH LQGLYLGXDO SDUWLFOHV IRUPLQJ WKDW IOXLG EXW WKH IOXLG DV
FRQWLQXRXV V\VWHP RI SDUWLFOHV� 7KLV ZLOO WKHQ OHDG WR LPSRUWDQW FRQFHSWV VXFK DV K\GUR�
VWDWLF SUHVVXUH RU EXR\DQF\� )XUWKHUPRUH ZH ZLOO HQFRXQWHU YHU\ IXQGDPHQWDO HTXDWLRQV
VXFK DV WKH FRQWLQXLW\ HTXDWLRQ RU %HUQRXOOL·V HTXDWLRQ�

��� ,QWURGXFWLRQ

:H ZLOO ILUVW H[SODLQ WKH EDVLF DVVXPSWLRQV KHUH DQG WKHQ SUHVHQW VRPH LPSRUWDQW UHVXOWV
LQ WKH QH[W VHFWLRQV�

����� :KDW LV IOXLG G\QDPLFV DERXW"

)OXLG G\QDPLFV GHVFULEHV WKH G\QDPLF SURSHUWLHV RI IOXLGV� '\QDPLF SURSHUWLHV �RU V\V�
WHPV� DUH WKRVH ZKR FDQ FKDQJH LQ WLPH� DV RSSRVHG WR VWDWLF RQHV�� 7KH RWKHU SDUW RI
WKH QDPH LV IOXLG� $ IOXLG LV JHQHUDOO\ VRPHWKLQJ ZKLFK FDQ IORZ� �L�H� LW LV D JDV RU D
OLTXLG�� +RZHYHU WKH GLVWLQFWLRQ EHWZHHQ D IOXLG DQG D VROLG LV QRW WKDW HDV\ LQ JHQHUDO�
DV VRPHWKLQJ PD\ ORRN VROLG LI ZH RQO\ ORRN DW LW IRU D VKRUW WLPH EXW LW IORZV RQ ODUJHU
WLPHVFDOHV �H�J� D JODFLHU RU WKH SLWFK GURS H[SHULPHQW � JRRJOH LW��

����� +RZ FDQ ZH PRGHO VXFK D IOXLG"

7KH ILUVW IRUPDO FRQFHSW XVHG LV WKDW RI D WUDMHFWRU\� ,QWXLWLYHO\ WKLV LV WKH SDWK RI VRPH
VPDOO SDUWLFOH SXW LQWR WKH IOXLG� H�J� D OHDI LQ D VWUHDP� )RU HDFK SRLQW LQ VSDFH ZH FDQ ILQG
H[DFWO\ RQH WUDMHFWRU\ SDVVLQJ WKURXJK WKLV SRLQW �DW DQ\ JLYHQ SRLQW LQ WLPH�� 7KH VHFRQG
� PRUH LPSRUWDQW � FRQFHSW LV WKDW RI D YHORFLW\ ILHOG� ZKLFK LV MXVW D IXQFWLRQ JLYLQJ XV
WKH YHORFLW\ RI D IOXLG DW HDFK SRLQW LQ VSDFH DQG WLPH �VHH ILJXUH ����� ,I ZH KDYH VXFK D
YHORFLW\ ILHOG ZH FDQ GHILQH IORZ OLQHV �DQDORJRXVO\ WR ILHOG OLQHV LQ HOHFWURG\QDPLFV�� 7KLV
OLQHV DUH VXFK WKDW WKH\ DUH WDQJHQW WR WKH YHFWRUV RI WKH YHFWRU ILHOGV DW HDFK SRLQW� ,Q
WKH FDVHV ZH ORRN DW KHUH� WKH\ DUH LGHQWLFDO WR WKH WUDMHFWRULHV��

�1RUPDOO\ VWDWLF V\VWHPV DUH VHHQ DV DQ �PRVWO\� HDVLHU VSHFLDO FDVH RI WKH FRUUHVSRQGLQJ G\QDPLF V\VWHPV�
,�H� ZH ZLOO DOVR ORRN DW VWDWLF SURSHUWLHV LQ WKLV FKDSWHU�

�7HFKQLFDOO\ VSHDNLQJ� ZH FRXOG VD\ WKDW LQ FRQWUDU\ WR D VROLG� LQ D IOXLG WZR LQLWLDOO\ QHLJKERXULQJ SDUWLFOHV
FDQ PRYH DUELWUDULO\ IDU DZD\ IURP HDFK RWKHU�

�,Q JHQHUDO WKH\ DUH QRW� QDPHO\ LI WKH YHORFLW\ ILHOG GHSHQGV H[SOLFLWO\ RQ WLPH�

���
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)LJXUH ���� $ YHORFLW\ ILHOG DQG D IORZOLQH �GDVKHG��

��� 1RWDWLRQ

%HIRUH ZH VWDUW D VKRUW VXPPDU\ RI QRWDWLRQV XVHG WKURXJKRXW WKLV FKDSWHU�

9HORFLW\ ~v� WKH YHORFLW\ RI WKH IOXLG DW VRPH SRLQW �LQ VSDFH DQG WLPH��

6SHHG v = |~v|� WKH DEVROXWH YDOXH RI WKH YHORFLW\�

3UHVVXUH p� IRUFH DSSOLHG SHU XQLW DUHD�

'HQVLW\ ⇢� WKH GHQVLW\ RI D IOXLG �LQ PDVV SHU YROXPH��

���
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��� 3UHVVXUH

3UHVVXUH LQ IOXLG G\QDPLFV LV WKH VDPH FRQFHSW DV LQ WKHUPRG\QDPLFV� ,W LV D IRUFH SHU
DUHD ZKLFK DFWV RQ DQ\ VXUIDFH D IOXLG WRXFKHV� 7KH IRUFH LV DOZD\V SHUSHQGLFXODU WR WKH
VXUIDFH RQ ZKLFK LW DFWV�

1RWH� ,Q FRQWUDVW WR WKHUPRG\QDPLFV� WKH SUHVVXUH KHUH FDQ DOVR GHSHQG RQ WKH SRVLWLRQ
LQ WKH IOXLG �VHH EHORZ��

����� &RPSUHVVLEOH DQG LQFRPSUHVVLEOH IOXLGV

2QH ELJ GLIIHUHQFH EHWZHHQ ZDWHU DQG DLU LV WKH FRPSUHVVLELOLW\� :H VD\ DLU LV FRPSUHVV�
LEOH� WKDW PHDQV ZH FDQ FKDQJH WKH GHQVLW\ RI LW H�J� E\ DSSO\LQJ SUHVVXUH� :H FDQQRW
GR WKLV ZLWK ZDWHU�� 7R EH DEOH WR GHVFULEH WKLV ZH ZRXOG QHHG VRPH HTXDWLRQ UHODWLQJ
SUHVVXUH DQG GHQVLW\� 2QH H[DPSOH ZRXOG EH WKH LGHDO JDV ODZ �H[FHUFLVH� ZK\"�� %XW ZH
ZLOO QRW FDOFXODWH FRPSUHVVLEOH IORZV�

����� +\GURVWDWLF SUHVVXUH

6XSSRVH ZH KDYH D ORQJ YHUWLFDO SLSH ZLWK UDGLXV r� FORVHG DW WKH ERWWRP ZLWK D OLG �VHH
ILJ� ����� ,I ZH QRZ ILOO LW ZLWK ZDWHU XS WR VRPH KHLJKW h� WKH WRWDO YROXPH RI ZDWHU
DERYH WKH OLG LV V = ⇡r2h� 7KH IRUFH RI DOO WKH ZDWHU SXVKLQJ RQ WKH OLG LV WKXV JLYHQ
E\ F = V ⇢ZDWHUg� ZKHUH g = 9.81P·V�2 LV WKH JUDYLWDWLRQDO DFFHOHUDWLRQ� 7KH SUHVVXUH
RQ WKH OLG LV QRZ JLYHQ E\ WKH IRUFH GLYLGHG E\ WKH DUHD� ZKLFK OHDGV WR p = ⇢gh� 7KH
DVWRQLVKLQJ WKLQJ LV WKDW WKH DUHD RI WKH OLG FDQFHOV� 7KLV PHDQV WKDW WKH SUHVVXUH DW VRPH
GHSWK d �PHDVXUHG IURP WKH ZDWHU VXUIDFH� LV LQGHSHQGHQW RI WKH IRUP RI WKH WXEH� ,W DOVR
PHDQV WKDW LI ZH KDYH FRQQHFWHG WXEHV WKH SUHVVXUH DW DQ\ KHLJKW h VKRXOG EH WKH VDPH
LQ HYHU\ WXEH��

����� %XR\DQF\

%XR\DQF\ LV D SKHQRPHQRQ ZKLFK LV GXH WR WKH GHSWK�GHSHQGHQFH RI WKH K\GURVWDWLF
SUHVVXUH� 7KLV DOVR PHDQV WKDW ZH QHHG D IRUFH OLNH JUDYLW\ DFWLQJ RQ RXU IOXLG WR KDYH
EXR\DQF\� 7R ILQG D IRUPXOD IRU WKLV HIIHFW� FRQVLGHU D VPDOO FXEH RI VLGH OHQJWK a IXOO\
VXEPHUVHG LQ ZDWHU �ILJ� ����� $VVXPH WKH WRS DQG ERWWRP RI WKH FXEH DUH SHUSHQGLFXODU
WR WKH JUDYLWDWLRQDO ILHOG� 1RZ ZH ORRN DW WKH IRUFHV GXH WR WKH SUHVVXUH� %\ V\PPHWU\�
WKH WZR IRUFHV IRU WKH VLGHV �IURQW�EDFN� DQG �OHIW�ULJKW� FDQFHO� $VVXPH WKH WRS LV DW D

�2I FRXUVH ZH FDQ� EXW WKH HIIHFWV DUH PXFK VPDOOHU WKDQ LQ DLU� DQG ZH QHJOHFW WKHP KHUH�
�7DNLQJ WXEHV ZLWK RSHQ WRSV� ZH FDQ GHGXFH WKDW WKH\ KDYH WKH VDPH ZDWHU OHYHO�

���
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h

r

~J

)LJXUH ���� $ SLSH ILOOHG ZLWK ZDWHU�

GHSWK d WKHQ WKH IRUFH RQ WKH WRS LV FWRS = pa2 = ⇢gda2� 7KH ERWWRP LV DW GHSWK d+ a
DQG WKH IRUFH LV FERWWRP = ⇢g(d + a)a2� 6R WKH WRWDO �XSZDUG� EXR\DQF\ IRUFH RQ WKH
FXEH LV JLYHQ E\ FXS = FWRS�FERWWRP = ⇢gaa2 = ⇢gVd� :KHUH Vd LV WKH 9ROXPH RI WKH
ZDWHU GLVSODFHG E\ WKH FXEH�� ,I WKH FXEH LV RQO\ SDUWLDOO\ VXEPHUVHG� ZH MXVW VHW FWRS = 0
DQG DUULYH DW WKH VDPH HTXDWLRQ� 7KH VDPH IRUPXOD KROGV DOVR IRU RWKHU ERGLHV �L�H� ERDWV��
LQWXLWLYHO\ MXVW WKLQN RI WKHP DV EHLQJ EXLOW IURP VPDOO FXEHV� WKHQ DOVR WKH VDPH IRUPXOD
KROGV�� $ ERG\ FDQ QRZ IORDW LQ ZDWHU LI FXS > Fg = mg� :H FDQ WUDQVODWH WKLV LQWR DQ
HTXDWLRQ RI WKH GHQVLWLHV� QDPHO\ D KRPRJHQHRXV ERG\ IORDWV LI ⇢ERG\ < ⇢ZDWHU�

�$V ORQJ DV WKH FXEH LV IXOO\ VXEPHUVHG� WKLV LV WKH YROXPH RI WKH FXEH�
�<RX FRXOG DOVR GR VXUIDFH LQWHJUDOV RYHU WKH ZKROH ERG\� ZKLFK LV PXFK PRUH WHGLRXV WR GR DQG OHDGV

WR WKH VDPH UHVXOWV�

���
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~)ERWWRP

~)WRS

~)OHIW ~)ULJKW

d+ a

d

~J

)LJXUH ���� $ FXEH VXEPHUVHG LQ ZDWHU�

��� &RQWLQXLW\ HTXDWLRQ

7KH FRQWLQXLW\ HTXDWLRQ LV D FRQVHTXHQFH IURP WKH FRQVHUYDWLRQ RI PDVV� ,Q D ILUVW VWHS
DVVXPH ZH KDYH ZDWHU IORZLQJ WKURXJK D WXEH� :H WDNH WKH WXEH WR KDYH GLIIHUHQW FURVV�
VHFWLRQ DUHDV� VD\ A DW SRLQW a DQG B DW SRLQW b� 7KH WRWDO PDVV SDVVLQJ SRLQW a LQ D
WLPH LQWHUYDO �t LV JLYHQ E\� vaA⇢�t� $QG DQDORJRXVO\ DW b� &RQVHUYDWLRQ RI PDVV
PHDQV QRZ� WKDW WKRVH WZR TXDQWLWLHV QHHG WR EH HTXDO� L�H� vaA⇢�t = vbB⇢�t� 7LPH
FDQFHOV RQ ERWK VLGHV DQG ZH DUH OHIW ZLWK�� vaA⇢a = vbB⇢b� 1RZ ZH ORRN DW D GLIIHUHQW
V\VWHP� /HWV VD\ ZH KDYH VRPH VRUW RI ERWWOH �RI FRQVWDQW YROXPH� DQG ILOO LW ZLWK DLU�
:H FDQ DJDLQ ORRN DW WKH WRWDO PDVV IORZLQJ LQWR WKH ERWWOH LQ VRPH�t� ZKLFK LV JLYHQ E\
�M = vA⇢LQFRPLQJ�t� $V WKH DLU FDQQRW HVFDSH� WKH PDVV LQVLGH WKH ERWWOH LQFUHDVHV DQG
VR GRHV WKH GHQVLW\� �M = �⇢V � :H VHW WKLV HTXDO WR WKH LQFRPLQJ PDVV �FRQVHUYDWLRQ
RI PDVV� DQG JHW �⇢V = vA⇢LQFRPLQJ�t� :H FDQ VLPSOLI\ WKLV E\ LQWURGXFLQJ WKH WLPH
GHULYDWLYH RI ⇢� G⇢

Gt = vA
V ⇢LQFRPLQJ� :H QHHG WR EH D ELW FDUHIXO KHUH� DV WKH GHQVLW\ RI

�:H DVVXPH v WR EH FRQVWDQW RYHU WKH ZKROH FURVV�VHFWLRQ�
�
⇢ ZRXOG DOVR FDQFHO KHUH� EXW DV ZH DOVR ZDQW WR ORRN DW JDVHV� LQ JHQHUDO ⇢ LV QRW WKH VDPH DW a DQG b�

���
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WKH LQFRPLQJ IOXLG ⇢LQFRPLQJ LV LQGHSHQGHQW RI WKH FKDQJH RI GHQVLW\ LQVLGH WKH ERWWOH G⇢
Gt �

&RPELQLQJ WKH WZR SDUWV� L�H� ORRNLQJ DW D WXEH ZLWK FKDQJLQJ GHQVLW\ EHWZHHQ WZR SRLQWV
a DQG b ZH ILQG�

vaA⇢a � vbB⇢b = Vab
G⇢
Gt

, �����

ZKHUH Vab LV WKH YROXPH EHWZHHQ WKH FURVV�VHFWLRQV A DQG B�

��� %HUQRXOOL·V HTXDWLRQ

/HW XV MXVW VWDUW ZLWK WKH IXOO HTXDWLRQ DQG WKHQ H[SODLQ ZKDW LW VD\V�

v2

2
⇢+ ⇢gh+ p = const. �����

7KLV HTXDWLRQ UHODWHV WKH YHORFLW\� WKH JUDYLWDWLRQDO SRWHQWLDO DQG WKH SUHVVXUH� 1RWH KRZ�
HYHU WKDW LW LV RQO\ YDOLG IRU LQFRPSUHVVLEOH IOXLGV DQG WKDW const. QHHGV WR EH WDNHQ DORQJ
RQH IORZ OLQH �EXW LQ PRVW SUREOHPV KHUH WKLV FRQVWDQW ZLOO EH WKH VDPH IRU DOO IORZ OLQHV��

����� 'HULYDWLRQ

$VVXPH ZH KDYH D WXEH ZLWK D SLVWRQ DW HDFK HQG� ILOOHG ZLWK ZDWHU �VHH ILJXUH ����� 'HQRWH
WKH WZR HQGV DQG DOO TXDQWLWLHV WKHUH ZLWK a DQG b UHVSHFWLYHO\� 6XSSRVH SLVWRQ i KDV DQ
DUHD RI Ai DQG LV DW KHLJKW hi DERYH JURXQG� /HW WKH ZDWHU KDYH SUHVVXUH pi DW WKH SLVWRQ�
,I ZH QRZ GLVSODFH SLVWRQ a E\ D VPDOO GLVWDQFH da� SLVWRQ b ZLOO PRYH db = Aa

Ab
da = V

Ab
�

7KH ZRUN QHHGHG WR GLVSODFH SLVWRQ a LVWa = daAapa = V pa DQG IRU SLVWRQ b� Wb =
�dbAbpb = �V pb� ZKHUH WKH PLQXV VLJQ FRPHV IURP WKH IDFW WKDW WKH IRUFH FRPLQJ
IURP SUHVVXUH QRZ SRLQWV LQWR WKH RWKHU GLUHFWLRQ �FRPSDUHG WR SLVWRQ a�� 6R WKH WRWDO
ZRUN ZH SXW LQWR WKH V\VWHP LV JLYHQ E\WWRW = Wa +Wb = V (da � db)� ,I ZH ORRN DW
WKH HQHUJ\ RI WKH IOXLG� ZH ILQG WZR HIIHFWV� :H GLVSODFH D YROXPH V RI ZDWHU IURP ha WR
hb� WKLV JLYHV D FKDQJH LQ SRWHQWLDO HQHUJ\ RI�ESRW = ⇢V g(hb�ha)� 7KH VHFRQG HIIHFW
LV WKH LQFUHDVH LQ NLQHWLF HQHUJ\ �ENLQ = ⇢V

2 (v2b � v2a�� ,I ZH QRZ FRPELQH HYHU\WKLQJ
WWRW = �ESRW+�ENLQ GLYLGH E\ V DQG UHDUUDQJH WKH WHUPV ZH JHW %HUQRXOOL·V HTXDWLRQ�

��� 6XUIDFH WHQVLRQ� HQHUJ\ DQG FDSLOODU\ SUHVVXUH

6XUIDFH WHQVLRQ FRPHV IURP WKH IDFW WKDW PROHFXOHV DW WKH VXUIDFH RI D OLTXLG KDYH QR
PROHFXOHV ·DERYH· WKHP DQG DUH DWWUDFWHG E\ WKRVH EHORZ� 6R WKHUH LV D IRUFH DFWLQJ RQ
WKHP ZKLFK QHHGV WR EH FRPSHQVDWHG �H�J� E\ SUHVVXUH� WR KDYH D VWDWLF VXUIDFH� $VVXPH
WKDW ZH LQFUHDVH WKH VXUIDFH RI D OLTXLG E\ D VPDOO DUHD �A �H�J� E\ EXOJLQJ LW RXW MXVW D

���



� )OXLG '\QDPLFV

Aa

Ab
da

ha

pa

db

hb

pb

)LJXUH ���� 'HULYDWLRQ RI %HUQRXOOL·V HTXDWLRQ >��@�

OLWWOH ELW�� ,Q JHQHUDO ZH QHHG WR GR VRPH ZRUN �E WR DFKLHYH WKLV� 7KH VXUIDFH WHQVLRQ
LV QRZ JLYHQ E\ � = �E

�A � &DSLOODU\ SUHVVXUH LV WKH SUHVVXUH IRUFLQJ ZDWHU XS D WKLQ WXEH
ZLWK UDGLXV a� 7KLV LV DOVR D VXUIDFH HIIHFW� DV WKH ZDWHU PROHFXOHV QHHG OHVV HQHUJ\ ZKHQ
WKH\ DUH DW WKH VXUIDFH WR WKH ZDOO FRPSDUHG WR VRPHZKHUH LQ WKH OLTXLG �L�H� WKH\ VWLFN WR
WKH ZDOO�� 7KLV SUHVVXUH LV JLYHQ E\�

pc =
2� FRV(⇥)

a
�����

ZKHUH � LV WKH VXUIDFH WHQVLRQ UHODWLYH WR WKH ZDOO DQG ⇥ LV WKH FRQWDFW DQJOH� 7R JHW WKH
KHLJKW WKH OLTXLG ULVHV WR� HTXDWH WKLV SUHVVXUH ZLWK WKH K\GURVWDWLF SUHVVXUH DQG VROYH IRU
h�

���
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��� )ULFWLRQ LQ IOXLGV

$V IRU QRZ ZH VLOHQWO\ DVVXPHG WKDW RXU IORZV GR QRW KDYH IULFWLRQ� $V IULFWLRQ LV LQ JHQ�
HUDO YHU\ FRPSOLFDWHG� ZH ZLOO RQO\ VWDWH WZR DSSUR[LPDWH UHVXOWV ZKLFK KROG IRU REMHFWV
PRYLQJ WKURXJK D IOXLG �H�J� D VXEPDULQH� D EDOO� D FDU�� 7KHUH DUH WZR W\SHV RI IORZV�
ODPLQDU DQG WXUEXOHQW� ZKLFK KDYH GLIIHUHQW IRUPXODV IRU IULFWLRQ� ,Q WKH ODPLQDU FDVH ZH
JHW D IRUFH SURSRUWLRQDO WR WKH YHORFLW\� $Q H[DFW IRUPXOD �RQO\ YDOLG IRU D VSKHUH ZLWK
UDGLXV R��� LV�

Fr = 6⇡⌘Rv �����

ZKHUH v LV WKH YHORFLW\ DQG ⌘ LV WKH G\QDPLF YLVFRVLW\� 7KH WXUEXOHQW IULFWLRQ LV JLYHQ E\�

Fr = cWA⇢
v2

2
�����

:KHUH cW LV WKH GUDJ FRHIILFLHQW �D FRQVWDQW GHSHQGLQJ RQ WKH PDWHULDO DQG IRUP RI WKH
REMHFW� DQG A LV WKH DUHD RI WKH REMHFW SHUSHQGLFXODU WR WKH YHORFLW\ �L�H� WKH DUHD \RX VHH
LI \RX ORRN LQ WKH GLUHFWLRQ RI IORZ RI WKH IOXLG��

��$ IDUPHU ZDQWV WR LPSURYH WKH PLON SURGXFWLRQ RI KLV FRZV� +H DVNV D ELRORJLVW� DQ HFRQRPLVW DQG D
SK\VLFLVW WR KHOS KLP� $OO WKUHH RI WKHP FRPH WR KLV IDUP DQG REVHUYH HYHU\WKLQJ� $IWHU D GD\ WKH HFRQRPLVW
JLYHV WKH DGYLFH WR ILUH DOO FRZV DQG RXWVRXUFH WKH IDUP WR &KLQD WR LPSURYH WKH SURGXFWLRQ E\ 2�� 7KH
IDUPHU GRHVQ·W OLNH WKLV VXJJHVWLRQ DQG ZDLWV IRU WKH RWKHU WZR� $IWHU D ZHHN WKH ELRORJLVW SUHVHQWV WKH LGHD
RI UHSODFLQJ WKH FRZV E\ JHQH PDQLSXODWHG DOJDH WR SURGXFH 10�PRUH PLON� 7KH IDUPHU GHFLGHV WR ZDLW IRU
WKH SK\VLFLVW� $IWHU VHYHUDO ZHHNV� WKH SK\VLFLVW DSSHDUV ZLWK WRQV RI SDSHUZRUN DQG FODLPV WR KDYH IRXQG DQ
LGHD WR LPSURYH WKH SURGXFWLRQ E\ RYHU 60�� 7KH IDUPHU LV UHDOO\ LQWHUHVWHG DQG DVNV WKH SK\VLFLVW WR H[SODLQ
KLV LGHD LQ PRUH GHWDLO� 7KH ODWWHU VWDUWV� µ$VVXPH FRZV WR EH VSKHULFDO DQG LQ D YDFXXP �VHH ILJ� �����µ

)LJXUH ���� $ FRZ LQ D YDFXXP�

���
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(/(&752� $1'0$*1(7267$7,&6

,I LW ZHUHQ·W IRU HOHFWULFLW\� ZH·G DOO EH
ZDWFKLQJ WHOHYLVLRQ E\ FDQGOHOLJKW�

*HRUJH *REHO

���� (OHFWURVWDWLFV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ &RXORPE )RUFH � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ (OHFWURVWDWLF ILHOG � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 6XSHUSRVLWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ &RQWLQXRXV FKDUJH GLVWULEXWLRQV � � � � � � � � � � � � � � � ���
������ *DXVV· ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ ([DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� 3RWHQWLDO DQG 9ROWDJH � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ (OHFWULF SRWHQWLDO � � � � � � � � � � � � � � � � � � � � � � � � ���
������ (OHFWULF SRWHQWLDO RI D SRLQW FKDUJH � � � � � � � � � � � � � ���
������ 3RWHQWLDO RI PXOWLSOH FKDUJHV � � � � � � � � � � � � � � � � � ���
������ 9ROWDJH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 3RWHQWLDO DQG FRQGXFWLQJ PDWHULDO � � � � � � � � � � � � � ���
������ &DSDFLW\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ ([DPSOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ &RPELQLQJ &DSDFLWRUV � � � � � � � � � � � � � � � � � � � � � ���

���� &XUUHQW DQG PDJQHWLF ILHOG � � � � � � � � � � � � � � � � � � � � � � ���
������ &XUUHQW DQG FRQVHUYDWLRQ RI FKDUJH � � � � � � � � � � � � � ���
������ 0DJQHWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0DJQHWV DQG HOHFWULF FXUUHQW � � � � � � � � � � � � � � � � � ���
������ /RUHQW] IRUFH � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���



�� (OHFWUR� DQG 0DJQHWRVWDWLFV

(OHFWULF DWWUDFWLRQ DQG UHSXOVLRQ LV D IXQGDPHQWDO SURSHUW\ RI FKDUJHG SDUWLFOHV� ,W LV
GHVFULEHG E\ WKH HOHFWULF ILHOG� :KHQ FKDUJHG SDUWLFOHV PRYH WKH\ JHQHUDWH DQ DGGLWLRQDO
ILHOG� WKH PDJQHWLF ILHOG�� 7KH WKHRU\ DERXW HOHFWURG\QDPLFV GHVFULEHV WKHVH ILHOGV DQG
KRZ WKH\ LQWHUDFW EHWZHHQ HDFK RWKHU RU ZLWK FKDUJHV DQG DOVR KRZ WKH\ HYROYH LQ WLPH�
6LQFH WKH JHQHUDO FDVH RI WLPH GHSHQGHQW V\VWHPV LV SUHWW\ FRPSOLFDWHG� ZH ZLOO IRFXV RQ
VWDWLF VHWXSV� 7KLV PHDQV WKDW WKH FKDUJHV� ZLUHV RU ZKDWHYHU ZH DUH ORRNLQJ DW GR QRW
PRYH DQG KDYH DOZD\V WKH VDPH SRVLWLRQ� 7KH PDLQ VRXUFHV IRU WKLV FKDSWHU DUH >��@ DQG
>��@�

���� (OHFWURVWDWLFV

7KLV FKDSWHU H[DPLQHV WKH LQWHUDFWLRQ EHWZHHQ SRLQW FKDUJHV DQG KRZ WKLV LQWHUDFWLRQ FDQ
EH GHVFULEHG� .QRZLQJ WKH SK\VLFV RI SRLQW FKDUJHV RQH FDQ HDVLO\ GHULYH WKH SK\VLFV IRU
FKDUJH GLVWULEXWLRQV�

������ &RXORPE )RUFH

7KH EDVLF H[SHULPHQWDO REVHUYDWLRQ RI HOHFWURG\QDPLFV LV WKDW WKHUH H[LVW µWKLQJVµ WKDW
FDQ DWWUDFW RU UHSHO HDFK RWKHU LQ D ZD\ WKDW LV QRW GXH WR JUDYLW\� 7KHVH µWKLQJVµ ZH
FDOO FKDUJHV DQG WKH DWWUDFWLQJ RU UHSHOOLQJ IRUFH HOHFWULF IRUFH RU &RXORPE IRUFH� 2QH
REVHUYHV WKDW WKHUH H[LVW WZR W\SHV RI FKDUJHV� ZH FDOO WKHP SRVLWLYH DQG QHJDWLYH FKDUJH�
$ FKDUJH ZKLFK KDV D YHU\ VPDOO VSUHDGLQJ FRPSDUHG WR WKH GLVWDQFH WR RWKHU FKDUJHV ZH
FDOO D SRLQW FKDUJH� $Q LGHDO SRLQW FKDUJH LV MXVW D SRLQW LQ VSDFH ZLWK D FKDUJH�
,I ZH WDNH WZR SRLQW FKDUJHV q1 DQG q2 ZKLFK DUH VHSDUDWHG E\ D FRQVWDQW GLVWDQFH r ZH
PHDVXUH D IRUFH ~F DFWLQJ RQ q2� 7KLV IRUFH LV UHODWHG WR WKH FKDUJHV DFFRUGLQJ WR

~F12 = k
q1q2
r2

~er ������

ZKHUH ~er = ~r
|~r| LV WKH YHFWRU WKDW SRLQWV IURP q1 WR q2 DQG KDV OHQJWK 1� 6XFK D YHFWRU

ZLWK OHQJWK 1 ZH FDOO XQLW YHFWRU� k LV D FRQVWDQW ZKLFK GHSHQGV KRZ ZH GHILQH WKH EDVLF
XQLW RI WKH HOHFWURG\QDPLF WKHRU\� 7KHUH H[LVW GLIIHUHQW V\VWHPV RI XQLWV DQG DV D FRQ�
VHTXHQFH k LV GLIIHUHQW LQ HDFK RI WKRVH XQLW V\VWHPV� :H XVH WKH 6, V\VWHP� ZKHUH WKH
FXUUHQW DQG WKH WLPH DUH GHILQHG DQG WKHUHIRUH DOVR WKH FKDUJH �VHH �������� 7KH XQLW RI
FKDUJH LV &RXORPE & �VHH H[DFW GHILQLWLRQ LQ VHFWLRQ �������� 2QH HOHFWURQ KDV D FKDUJH

�,Q UHODWLYLW\� WKH HOHFWULF DQG PDJQHWLF ILHOG DUH QRW WZR LQGHSHQGHQW ILHOGV� WKH\ KDYH D VWURQJ UHODWLRQ
WR HDFK RWKHU� 7KDW LV ZK\ LW LV RIWHQ FDOOHG WKH HOHFWURPDJQHWLF ILHOG� 7KH UHODWLYLVWLF WUHDWHPHQW LV RXW RI
VFRSH IRU WKLV FRXUVH�
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RI 1.602 · 10�19&� :H WKHQ JHW k = 1
4⇡✏0

ZKHUH ✏0 = 8.85 · 10�12 )P�1� 7KH UHDVRQ
ZK\ k FRQWDLQV D IDFWRU 4⇡ LV H[SODLQHG LQ FKDSWHU �������

7KH LPSRUWDQW SURSHUWLHV ZH OHDUQ IURP WKLV IRUPXOD DUH�

� 7KH FRXORPE IRUFH DOZD\V SRLQWV LQ WKH GLUHFWLRQ RI WKH FRQQHFWLQJ OLQH RI WKH WZR
FKDUJHV� 7KH IRUFH DFWLQJ RQ q1 KDV WKH VDPH DPRXQW EXW RSSRVLWH GLUHFWLRQ WR WKH
IRUFH DFWLQJ RQ q2 ZKLFK DJUHHV WR 1HZWRQV DFWLR HTXDO UHDFWLR�

� ,I ERWK FKDUJHV DUH SRVLWLYH RU QHJDWLYH WKH WZR FKDUJHV UHSHO HDFK RWKHU� LI WKH
FKDUJHV DUH GLIIHUHQW WKH\ DWWUDFW HDFK RWKHU�

� 7KH IRUFH KDV D 1/r2 GHSHQGHQFH DV ZH NQRZ LW IURP JUDYLW\ �VHH DOVR ��������

� 2SSRVLWH WKH JUDYLWDWLRQ IRUFH� WKHUH LV DOVR UHSXOVLRQ SRVVLEOH� $V D FRQVHTXHQFH
LW LV SRVVLEOH WR VKLHOG D FKDUJH IURP WKH LQIOXHQFH RI RWKHU FKDUJHV�

������ (OHFWURVWDWLF ILHOG

,Q WKH ��WK DQG ��WK FHQWXU\� ZKHQ WKH WKHRU\ DERXW HOHFWUR�PDJQHWLVP ZDV GHYHORSHG�
WKHUH ZDV D ELJ GLVFXVVLRQ KRZ WKH IRUFH GHVFULEHG E\ HTXDWLRQ ������ FDQ DFW RYHU GLV�
WDQFHV� 2QH SRLQW RI YLHZ ZDV WKDW WKH IRUFH DFWV GLUHFWO\ DQG WKDW WKH WZR FKDUJHV LQWHUDFW
LPPHGLDWHO\� 7KLV YLHZ FRQWUDGLFWV ZLWK VRPH VWDWHPHQWV IURP UHODWLYLW\ ZKLFK VWDWH WKDW
LQIRUPDWLRQ FDQ PD[LPDO SURSDJDWH ZLWK VSHHG RI OLJKW� )DUDG\ VXFFHVVIXOO\ GHVFULEHG WKH
&RXORPE IRUFH E\ LQWURGXFLQJ WKH HOHFWULF ILHOG� 7KH VSDFH KDV DQ DGGLWLRQDO SURSHUW\� WKH
HOHFWULF ILHOG� ZKLFK LV LQIOXHQFHG E\ WKH SUHVHQFH RI FKDUJHV DQG WKH FKDUJHV LQWHUDFW ZLWK
WKH ILHOG� ,I ZH DSSO\ WKLV ILHOG WKHRU\ WR WKH H[DPSOH DERYH ZLWK WKH WZR SRLQW FKDUJHV
ZH JHW WKDW D FKDUJH� IRU H[DPSOH q1 LQIOXHQFHV WKH ILHOG LQ VXFK D ZD\ WKDW WKH LQWHUDFWLRQ
EHWZHHQ q2 DQG WKH ILHOG DW WKH SRVLWLRQ RI q2 UHVXOWV LQ WKH &RXORPE IRUFH� 7KH VLPSOHVW
ZD\ WR GHVFULEH WKLV LQWHUDFWLRQ LV GHILQLQJ WKH HOHFWULF ILHOG ~E DV TXRWLHQW RI )RUFH ~F DQG
FKDUJH q2

~Eq1 =
~F12

q2
=

q1
4⇡✏0r2

~er ������
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�� (OHFWUR� DQG 0DJQHWRVWDWLFV

7R JHW WKH HOHFWULF ILHOG ~E(~r) DW WKH SRVLWLRQ ~r RI D JLYHQ VHWXS� RQH FDOFXODWHV WKH IRUFH
~F WKDW ZRXOG DFW RQ D YHU\ VPDOO FKDUJH q0 DW WKH SRVLWLRQ ~r DQG GLYLGHV WKH IRUFH WKURXJK
WKH FKDUJH

~E(~r) =
~F (~r)

q0

7KH UHDVRQ ZK\ q0 KDV WR EH YHU\ VPDOO LV EHFDXVH RWKHUZLVH LW PLJKW LQIOXHQFH WKH RWKHU
FKDUJHV DQG WKHUHIRUH WKH HOHFWULF ILHOG� 7KLV JHWV LPSRUWDQW LI RQH ORRNV DW WLPH GHSHQ�
GHQW ILHOGV ZKLFK ZH GR QRW WUHDW KHUH�

)LHOGV DUH RIWHQ GUDZQ E\ ILHOG OLQHV� VHH ILJXUH ����� 3XWWLQJ D YHU\ VPDOO FKDUJH LQ D ILHOG
OLQH SLFWXUH WKH IRUFH RQ WKH VPDOO FKDUJH SRLQWV DOZD\V LQ WKH GLUHFWLRQ RI WKH ILHOG OLQH�
7KHUHIRUH LQ D ILHOG OLQH SLFWXUH WKH ILHOG LV DOZD\V WDQJHQWLDO WR WKH ILHOG OLQHV DQG WKH
VWUHQJWK RI WKH ILHOG LV SURSRUWLRQDO WR WKH GHQVLW\ RI WKH ILHOG OLQHV� (OHFWULF ILHOG OLQHV
KDYH WKH IROORZLQJ TXDOLWDWLYH SURSHUWLHV� 7KH\ VWDUW DQG HQG DW WKH VRXUFHV� LQ WKH HOHFWULF
FDVH WKH\ VWDUW DW WKH SRVLWLYH FKDUJH RU LQ LQILQLW\ DQG HQG DW WKH QHJDWLYH FKDUJHV RU DW
LQILQLW\� $GGLWLRQDOO\ ILHOG OLQHV ZDQW WR EH DV VKRUW DV SRVVLEOH EXW WKH\ UHSHO HDFK RWKHU�
7KLV DWWUDFWLRQ LQ OHQJWK DQG UHSXOVLRQ RI HDFK RWKHU GHILQHV D VWDEOH VWDWH IRU WKH ILHOG
OLQHV ZKLFK WKH\ ZLOO WDNH� 2I FRXUVH WKLV LV PRUH D TXDOLWDWLYH UHDVRQ IRU KRZ WKH ILHOG
ORRNV OLNH EXW RIWHQ RQH JHWV D ILUVW LQWXLWLRQ IRU D SUREOHP�
7KH DGYDQWDJH RI GHVFULELQJ WKH LQWHUDFWLRQ RI FKDUJHV E\ D ILHOG LV WKDW LW LV SRVVLEOH WR
GHVFULEH WKH FKDQJLQJ RI WKH ILHOG ZLWK D ILQLWH VSHHG� 7KHUHIRUH WZR FKDUJHV LQWHUDFW RQO\
ZLWK WKH VSHHG RI OLJKW DQG QRW LPPHGLDWHO\�

������ 6XSHUSRVLWLRQ

7KH &RXORPE IRUFH DOORZV XV DOVR WR H[DPLQH WKH ILHOG RI PXOWLSOH FKDUJHV EHFDXVH HYHU\
SDLU RI FKDUJHV LQWHUDFWV DFFRUGLQJ WR HTXDWLRQ ������� 7KHUHIRUH WKH WRWDO IRUFH RQ D
FKDUJH q LV WKH VXP RI DOO IRUFHV EHWZHHQ q DQG WKH RWKHU FKDUJHV q1���qN � 7KH GHILQLWLRQ
RI WKH HOHFWULF ILHOG LV VWLOO WKH VDPH DV GHILQHG LQ HTXDWLRQ ������ DQG ZH JHW

~E =
~F

q
=

PN
j=1

qjq
4⇡✏0r2j

~erj

q
=

NX

j=1

qj
4⇡✏0r2j

~erj ������

ZKHUH ~erj LV WKH XQLW YHFWRU SRLQWLQJ IURP qj WR q�
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)LJXUH ����� )LHOG OLQHV RI WZR FKDUJHV� DW WKH OHIW ERWK SRVLWLYH� DW WKH ULJKW RQH QHJDWLYH
DQG RQH SRVLWLYH� $W WKH OHIW SLFWXUH VRPH YHFWRUV RI WKH HOHFWULF ILHOG DUH GUDZQ ZKLFK
DUH WDQJHQW WR WKH ILHOGOLQHV� $W WKH ULJKW SLFWXUH WKH HOHFWULF ILHOG LQ WKH RYDO ZLWK WKH
FRQWLQXRXV OLQH LV PXFK VWURQJHU WKDQ LQ WKH RQH ZLWK WKH GDVKHG OLQH EHFDXVH LQ WKH RYDO
ZLWK WKH FRQWLQXRXV OLQH WKH ILHOG OLQHV DUH PXFK GHQVHU WR HDFK RWKHU� >��@�

������ &RQWLQXRXV FKDUJH GLVWULEXWLRQV

:KHQ WKHUH DUH D ORW RI SRLQW FKDUJHV LQYROYHG �1& = 6.2 · 1018 HOHFWURQV� LW LV XVHIXO
WR XVH WKH FKDUJH GHQVLW\ ⇢ = q

V LQVWHDG RI GHVFULELQJ WKH HOHFWULF ILHOG RI HYHU\ SRLQW
FKDUJH� 7KH FKDUJH GHQVLW\ FRQWDLQV WKH LQIRUPDWLRQ KRZ PXFK FKDUJH q D YROXPH V
FRQWDLQV� 7KHUHIRUH WKH FKDUJH LQ WKH YROXPH LV JLYHQ E\ q = ⇢V LI ⇢ LV FRQVWDQW DOO RYHU
V � ,W FDQ DOVR KDSSHQ� WKDW WKH GHQVLW\ GHSHQGV RQ WKH SRVLWLRQ ~y� ZH WKHQ ZULWH ⇢(~y)�
7R FRPSXWH WKH HOHFWULF ILHOG DW WKH SRVLWLRQ ~x ZH WUHDW WKH FKDUJH WKDW LV LQ D YHU\ VPDOO
YROXPH GV (~y) DV SRLQW FKDUJH ORFDWHG DW WKH SRVLWLRQ ~y� :H WKHQ LQWHJUDWH WKH FKDUJH
RYHU DOO WKHVH GV (~y) ZKLFK DUH ORFDWHG LQVLGH WKH WRWDO YROXPH V �VR ~y LV LQVLGH V �� 7KLV
OHDGV WR WKH IRUPXOD

~E(~x) =

˚
V

⇢(~y)

4⇡✏0|~x� ~y|2
~x� ~y

|~x� ~y|
GV (~y) ������

ZKHUH WKH ⇢(~y) V\PEROLVHV WKDW RQH KDV WR WDNH WKH FKDUJH GHQVLW\ DW WKH ORFDWLRQ ZKHUH WKH
GV (~y) LV� ,W LV QRW LPSRUWDQW WR EH DEOH WR FDOFXODWH WKH HOHFWULF ILHOG IRU D GLIILFXOW FKDUJH
GLVWULEXWLRQ� ,W LV PRUH LPSRUWDQW WR XQGHUVWDQG WKH FRQFHSW �VHH DSSOLFDWLRQ ��������
2IWHQ WKH SUREOHPV KDYH VRPH QLFH V\PPHWULHV ZKLFK PDNHV LW HDVLHU WR VROYH�
7KHUH PLJKW DOVR EH WZR GLPHQVLRQDO VXUIDFH FKDUJH GLVWULEXWLRQV RU RQH GLPHQVLRQDO
FKDUJH GLVWULEXWLRQV ZKLFK FDQ EH WUHDWHG DQDORJRXVO\ WR WKH WKUHH GLPHQVLRQDO FDVH GLV�
FXVVHG DERYH �VHH ��������

���



�� (OHFWUR� DQG 0DJQHWRVWDWLFV

������ *DXVV· ODZ

7KH 1/r2 GHSHQGHQFH LQ WKH &RXORPE ODZ ������ KDV DQ LPSRUWDQW FRQVHTXHQFH� :KHQ
ZH ORRN DW D SRLQW FKDUJHQ DURXQG ZKLFK ZH SODFH DQ LPDJLQDU\ VSKHUH� ZH REVHUYH WKDW
WKH QXPEHU RI ILHOG OLQHV WKDW SDVV WKURXJK WKH VSKHUH GRHV QRW GHSHQG RQ WKH UDGLXV RI
WKH VSKHUH EHFDXVH ILHOG OLQHV VWDUW DQG HQG DW FKDUJHV RU LQ LQILQLW\� /HW·V IRUPXODWH WKLV
PRUH PDWKHPDWLFDOO\� 7KH HOHFWULF IOX[  IRU D KRPRJHQHRXV HOHFWULF ILHOG ~E LV GHILQHG
DV = ~E · ~A ZKHUH ~A LV WKH VXUIDFH YHFWRU IRU D SODQH VXUIDFH� 7KH VXUIDFH YHFWRU SRLQWV
SHUSHQGLFXODU WR WKH VXUIDFH� 7KH OHQJWK RI WKH YHFWRU LV HTXDO WR WKH DUHD RI WKH VXUIDFH�
,I WKH VLJQ RI LV SRVLWLYH� WKH HOHFWULF ILHOG JRHV WKURXJK WKH VXUIDFH LQ WKH VDPH VHQVH DV
WKH VXUIDFH YHFWRU LV SRLQWLQJ� LI LW·V QHJDWLYH LQ WKH RSSRVLWH VHQVH� 9LVXDOO\ VSRNHQ WKH
IOX[ LQGLFDWHV KRZ PDQ\ ILHOG OLQHV SDVV WKURXJK WKH VXUIDFH� ,I ZH QRZ KDYH D FXUYHG
VXUIDFH� DV LW LV WKH FDVH DW D VSKHUH� ZH KDYH WR VSOLW WKH VXUIDFHA RI WKH VSKHUH LQWR VPDOO
SLHFHV G~S DQG ZH JHW D VPDOO DPRXQW RI WKH IOX[ E\ G = ~E · G~S �VHH ILJXUH ������

)LJXUH ����� &XUYHG VXUIDFH ZLWK D VPDOO VXUIDFH YHFWRU G~S DQG WKH HOHFWULF ILHOG ~E JRLQJ
WKURXJK WKH VXUIDFH >��@�

6LQFH WKH VXUIDFH A RI WKH VSKHUH LV DOZD\V SHUSHQGLFXODU WR WKH UDGLXV YHFWRU� ~E DQG G~S
DUH SDUDOOHO DQG WKH IOX[ LV VLPSO\ G = ±EGS� ZKHUH E DQG GS DUH WKH DEVROXWH YDOXHV
RI ~E DQG G~S �WKH ± LQGLFDWHV WKDW RQH KDV WR WDNH LQWR DFFRXQW ZHDWKHU WKH ILHOG OLQHV JR
LQWR WKH VSKHUH ZKLFK LV WKH FDVH LI Q < 0 RU LI WKH ILHOG OLQHV JR RXW RI WKH VSKHUH IRU
Q > 0�� $V ZH VWDWHG WKH ZKROH IOX[ WKURXJK WKH VSKHUH VKRXOG EH LQGHSHQGHQW RI WKH
UDGLXV DQG LQGHHG� WKH FDOFXODWLRQ DOVR VWDWHV WKLV�
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4⇡✏0r2
4⇡r2 =

Q

✏0
������

7KH WZR LQWHJUDO V\PEROV LQGLFDWH WKDW WKH LQWHJUDO LV RYHU D WZR GLPHQVLRQDO VXUIDFH DQG
WKH FLUFOH LQ WKH LQWHJUDO V\PEROL]HV WKDW WKH DUHD LV FORVHG �LW LV WKH VXUIDFH RI D YROXPH��
7KH VWHS IURP WKH VHFRQG ODVW WR WKH ODVW OLQH LV ULJKW VLQFH WKH HOHFWULF ILHOG LV HYHU\ZKHUH
RQ WKH VXUIDFH SDUDOOHO WR G~S DQG KDV WKH VDPH VWUHQJWK E = Q

4⇡✏0r2
�EHFDXVH RQ WKH

VSKHUH WKH GLVWDQFH WR WKH FKDUJH LV HYHU\ZKHUH WKH VDPH�� WKHUHIRUH LW GRHV QRW GHSHQG
RQ GS DQG ZH FDQ WDNH LW RXW RI WKH LQWHJUDO� 7KH ODVW LQWHJUDO LV VLPSO\ WKH LQWHJUDO RI WKH
VPDOO VXUIDFH DUHDV GS DOO RYHU A DQG WKHUHIRUH VLPSO\ A = 4⇡r2 LWVHOI�
)ROORZLQJ WKH LGHD RI ILHOG OLQHV LW LV DOVR FOHDU WKDW LQ DQ\ YROXPH V WKDW KDV QR FKDUJH LQ
LW WKH QXPEHU RI ILHOG OLQHV WKDW HQWHU WKH YROXPH LV WKH VDPH DV WKH QXPEHU RI ILHOG OLQHV
WKDW OHDYH WKH YROXPH� ,Q PDWKHPDWLFDO QRWDWLRQ WKLV PHDQV WKDW WKH WRWDO IOX[ LV ]HUR�

 =

‹
@V

~EG~S = 0 ������

ZKHUH @V LV WKH VXUIDFH RI WKH YROXPH� ,I ZH QRZ FRPELQH LW ZLWK WKH UHVXOW IURP
HTXDWLRQ ������ ZH JHW WKDW LQGHSHQGHQW RI WKH YROXPH WKH IOX[ RQO\ GHSHQGV RQ WKH
DPRXQW RI FKDUJH WKDW LV LQVLGH WKH YROXPH�

 =

‹
@V

~EG~S =
Qin

✏0
=

1

✏0

˚
V
⇢(~y)GV (~y) ������

7KLV IRUPXOD LV FDOOHG *DXVV ODZ DQG LWV VWDWHPHQW LV WKDW WKH IOX[ WKURXJK D FORVHG VXUIDFH
RQO\ GHSHQGV RQ WKH HOHFWULF FKDUJH LQVLGH WKDW YROXPH DQG QRW RQ WKH IRUP RI WKH VXUIDFH�
2QH FDQ FRQFOXGH WKDW WKH ILHOG OLQHV DUH SURGXFHG E\ WKH FKDUJHV� ,W LV SUHWW\ XVHIXO IRU
H[DPSOH WR FDOFXODWH WKH HOHFWULF ILHOG LQ V\PPHWULF SUREOHPV �VHH ������� RU WR ILQG RXW
KRZ FKDUJH LV GLVWULEXWHG�
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������ ([DPSOHV

:H ZDQW QRZ XVH WKH ODZV DERYH WR FDOFXODWH WKH HOHFWULF ILHOG RI VRPH FRQILJXUDWLRQV�

,QILQLWH 3ODLQ

/HW·V DVVXPH WKHUH LV D WKLQ �KHLJKW= 0� SODWH ZLWK D VXUIDFH FKDUJH GHQVLW\ � �FKDUJH SHU
DUHD� DW WKH [�\ SODQH �VHH ILJXUH ������ :H DJDLQ XVH *DXVV ODZ ������ E\ XVLQJ D VPDOO
F\OLQGHU ZKLFK KDV DERYH DQG XQGHU WKH [�\ SODQH D VXUIDFH SDUDOOHO WR WKH [�\ SODQH ZLWK
DUHD S HDFK�

)LJXUH ����� ,QILQLWH SODWH ZLWK WKH F\OLQGHU >��@�

6LQFH WKH SODQH LV LQILQLWH DQG WKH FKDUJH GHQVLW\ LV XQLIRUP� WKH HOHFWULF ILHOG KDV QR
FRPSRQHQW WKDW SRLQWV SDUDOOHO WR WKH [�\ SODQH VR WKH ILHOG RQO\ SRLQWV LQ ]�GLUHFWLRQ�
7KHUHIRUH WKH ZKROH IOX[ WKURXJK WKH VXUIDFH RI WKH YROXPH JRHV WKURXJK WKH VXUIDFH
DERYH DQG XQGHU WKH SODQH DQG XVLQJ *DXVV ODZ RQH JHWV

Qin
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7KHUHIRUH WKH HOHFWULF ILHOG LV ~E = ±
�
2✏0

~ez � 7KH ± GHSHQGV ZKHWKHU RQH FDOFXODWHV WKH
HOHFWULF ILHOG DERYH RU XQGHU WKH SODWH�
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,QILQLWH /RQJ :LUH

/HW·V DVVXPH WKHUH LV DQ LQILQLWH ORQJ� VWUDLJKW ZLUH RQ WKH ]�D[LV ZKLFK KDV D FRQVWDQW
FKDUJH GHQVLW\ �SHU OHQJWK� �� 7KH JRDO LV WR FDOFXODWH WKH HOHFWULF ILHOG DW HYHU\ SRLQW�
:H·OO XVH WZR GLIIHUHQW DSSURDFKHV�

$W WKH ILUVW DSSURDFK ZH XVH *DXVV ODZ ������ DQG VRPH V\PPHWULHV WR FDOFXODWH WKH
HOHFWULF ILHOG� 7R XVH *DXVV ODZ ZH QHHG VRPH YROXPH DQG VLQFH WKH SUREOHP LV URWDWLRQV
V\PPHWULF DURXQG WKH z�D[LV ZH FKRRVH D F\OLQGHU ZLWK OHQJWK l DQG UDGLXV r DURXQG WKH
ZLUH �VHH ILJXUH ������ 6LQFH WKH ZLUH LV LQILQLWHO\ ORQJ WKHUH LV QR PLGSRLQW RI WKH ZLUH DQG
DV D FRQVHTXHQFH WKH HOHFWULF ILHOG PXVW SRLQW UDGLDO� $V D FRQVHTXHQFH WKH IOX[ WKURXJK
WKH OHIW DQG ULJKW FLUFOH S �VHH ILJXUH ����� LV ]HUR� )XUWKHUPRUH WKH HOHFWULF ILHOG KDV WKH
VDPH VWUHQJWK HYHU\ZKHUH RQ WKH VLGH RI WKH F\OLQGHU DQG LV SRLQWLQJ RXWVLGH� SDUDOOHO WR
WKH VXUIDFH YHFWRU� 7KHUHIRUH WKH VFDODU SURGXFW LV WKH VDPH DV WKH PXOWLSOLFDWLRQ RI WKH
DEVROXWH YDOXHV RI WKH VXUIDFH YHFWRU GS DQG WKH HOHFWULF ILHOG E� 1RZ XVLQJ *DXVV ODZ
RQH JHWV
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ZKHUH A LV WKH DUHD RI WKH VLGH RI WKH F\OLQGHU ZLWK A = 2⇡rl�
7KH HOHFWULF ILHOG LV WKHUHIRUH
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✏02⇡r
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✏02⇡(x2 + y2)
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@
x
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1

A

7KH VHFRQG DSSURDFK XVHV WKH VXSHUSRVLWLRQ SULQFLSOH IRU FRQWLQXRXV GLVWULEXWLRQ �VHH
������� DQG LV PRUH FRPSOLFDWHG� 6LQFH WKH ZKROH SUREOHP LV URWDWLRQ V\PPHWULF DURXQG
WKH z�D[LV DQG DOVR WUDQVODWLRQ LQYDULDQW DORQJ WKH z�D[LV WKH HOHFWULF ILHOG RQO\ GHSHQGV
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)LJXUH ����� &\OLQGHU DURXQG WKH ZLUH� 7KH ZLUH LV DORQJ WKH z�D[LV�

RQ WKH GLVWDQFH r IURP WKH ZLUH DQG WR VLPSOLI\ WKH FDOFXODWLRQ ZH ORRN DW WKH HOHFWULF
ILHOG DW WKH SRLQW x = z = 0 DQG y = r� 7KH GHQVLW\ LQ WKLV SUREOHP LV SHU XQLW OHQJWK
WKHUHIRUH WKH GV LV UHSODFHG E\ D Gz LQ IRUPXOD �������L�H� ZH RQO\ LQWHJUDWH ORQJ WKH ZLUH
�WKH ZLUH KDV QR H[WHQG LQ x RU y GLUHFWLRQ�� 6R WKH LQWHJUDO ORRNV OLNH
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z�D[LV
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4⇡✏0
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A Gz
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A Gz

6R ZH FDQ ORRN DW WKH z DQG y FRPSRQHQW RI WKH ~E ILHOG VHSDUDWHO\� )RU WKH z &RPSRQHQW
ZH JHW 0 EHFDXVH zp

z2+y2
3 LV DQ RGG IXQFWLRQ �LW LV SRLQW V\PPHWULF WR WKH RULJLQ� DQG WKH

LQWHJUDO IURP DQ RGG IXQFWLRQ RYHU D V\PPHWULF LQWHUYDO LV DOZD\V ]HUR� 3K\VLFDOO\ WKLV FDQ
EH LQWHUSUHWHG WKH IROORZLQJ ZD\� ZKHQ ZH FRPSXWH WKH FRQWULEXWLRQ WR WKH HOHFWULF ILHOG
IURP D SRLQW RQ WKH ZLUH DW z0 ZH ILQG D SRLQW�z0 ZKLFK FRQWULEXWHV WKH VDPH DPRXQW WR
WKH z�GLUHFWLRQ RI WKH HOHFWULF ILHOG EXW LQ RSSRVLWH GLUHFWLRQ� 6R WKH FRQWULEXWLRQV IURP
z0 DQG �z0 WR WKH z�FRPSRQHQW FDQFHO RXW� 1RZ OHW·V FDOFXODWH WKH y�FRPSRQHQW RI WKH
HOHFWULF ILHOG ZKLFK ZH KDYH WR GR E\ VROYLQJ WKH LQWHJUDO� 6LQFH � LV FRQVWDQW RYHU WKH
ZKROH ZLUH ZH FDQ WDNH LW RXW RI WKH LQWHJUDO
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Ey =
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:H QRZ DSSO\ WKH VXEVWLWXWLRQ z = r VLQK(u) DQG Gz = r FRVK(u)Gu DQG ZH JHW
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7KLV LV WKH VDPH UHVXOW DV ZH JRW DW WKH ILUVW DSSURDFK�

���� 3RWHQWLDO DQG 9ROWDJH

$Q HOHFWULF ILHOG SURGXFHV D IRUFH RQ D FKDUJHG SDUWLFOH� ,I RQH GLVSODFHV WKH SDUWLFOH ZRUN
KDV WR EH GRQH� 7KLV FKDSWHU ORRNV DW WKLV ZRUN DQG WKH HQHUJHWLF SURSHUWLHV RI WKH HOHFWULF
ILHOG�

������ (OHFWULF SRWHQWLDO

7KH IRUFH ~F RQ D FKDUJHG SDUWLFOH q LQ DQ HOHFWULF ILHOG ~E LV JLYHQ E\ ~F = q ~E� ,I RQH ZDQWV
WR PRYH WKH SDUWLFOH IURP RQH SRVLWLRQ P1 WR DQ RWKHU SRVLWLRQ P2 RQH KDV WR RYHUFRPH
WKH IRUFH ~F WKHUHIRUH RQH KDV WR DSSO\ WKH IRUFH ~Fext = �~F = �q ~E� 0RYLQJ q DORQJ D
SDWK S RQH KDV WR HIIRUW WKH ZRUNW

W =

P2ˆ

P1

~Fext · G~s = �

P2ˆ

P1

~F · G~s = �q

P2ˆ

P1

~E · G~s

7KH � VLJQ FDXVHV WKH ZRUN WR EH SRVLWLYH LI RQH GUDJV D SRVLWLYH FKDUJH q > 0 DJDLQVW
WKH HOHFWULF ILHOG� WKHUHIRUH RQH KDV WR DSSO\ ZRUN �DFWLYHO\�� ,I RQH SXOOV D FKDUJH q > 0
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LQ GLUHFWLRQ RI WKH HOHFWULF ILHOG RQH JHWV HQHUJ\� 7KHUHIRUH LI WKH ZRUN IURP P1 WR P2

LV SRVLWLYH WKH FKDUJH KDV DW P2 D KLJKHU SRWHQWLDO HQHUJ\ WKDQ DW WKH SRVLWLRQ P1� ,I WKH
HQHUJ\ DW WKH UHIHUHQFH SRLQW P1 LV FKRVHQ WR EH E0 WKHQ WKH HQHUJ\ DW WKH SRLQW P2 WKH
HQHUJ\ LV H[DFWO\Ep = W +E0� 6LQFH RQO\ WKH HQHUJ\ GLIIHUHQFH EHWZHHQ WKH WZR SRLQWV
FDQ EH XVHG� E0 FDQ EH VHW WR ]HUR ZLWKRXW FKDQJLQJ WKH EHKDYLRXU RI WKH V\VWHP� $V D
FRQVHTXHQFH WKH HQHUJ\ DW P2 LV SURSRUWLRQDO WR WKH FKDUJH DQG ZH GHILQH D QHZ SURSHUW\�
WKH HOHFWURVWDWLF SRWHQWLDO '(P2) �RIWHQ RQO\ FDOOHG HOHFWULF SRWHQWLDO� ZKLFK LV GHILQHG DV

'(P2) =
Ep

q
= �

P2ˆ

P1

~E · G~s �������

7KLV IRUPXOD LV RQO\ WUXH LQ WKH HOHFWURVWDWLF FDVH� IRU WKH G\QDPLF FDVH RQH FDQ DOVR
GHILQH DQ HOHFWULF SRWHQWLDO EXW RQH KDV WR SD\ DWWHQWLRQ WR PRUH WKLQJV� 7KH HOHFWURVWDWLF
SRWHQWLDO GHVFULEHV WKH LQIOXHQFH RI WKH HOHFWULF ILHOG WR WKH HQHUJ\ RI D FKDUJHG SDUWLFOH q�

������ (OHFWULF SRWHQWLDO RI D SRLQW FKDUJH

,I ZH XQGHUVWDQG WKH HOHFWULF SRWHQWLDO RI D SRLQW FKDUJH ZH FDQ HDVLO\ JHQHUDOL]H LW WR
PXOWLSOH SRLQW FKDUJHV RU HYHQ WR D JHQHUDO FKDUJH GLVWULEXWLRQ�

/HW Q EH D SRLQW FKDUJH DW WKH RULJLQ RI WKH ��GLPHQVLRQDO FRRUGLQDWH V\VWHP DQG q DQ
RWKHU SRLQW FKDUJH ZKLFK ZH PRYH� :H ZDQW WR H[DPLQH WKH SRWHQWLDO HQHUJ\ RI q GH�
SHQGLQJ RQ LWV SRVLWLRQ� /HWV ILUVW PRYH q IURP D SRLQWP1 WR D SRLQWP2 ZKHUH ERWK SRLQWV
KDYH WKH VDPH GLVWDQFH r IURP WKH RULJLQ� $V SDWK S ZH FKRVH D SDWK ZKHUH ZH KDYH DO�
ZD\V WKH VDPH GLVWDQFH r IURPQ �ZKLFK LV DW WKH RULJLQ�� 7KHUHIRUH ZH QHYHU PRYH UDGLDO
DQG WKHUHIRUH DOZD\V SHUSHQGLFXODU WR WKH HOHFWULF ILHOG VLQFH WKH HOHFWULF ILHOG SRLQWV UDGLDO
�WKLV PHDQV LQ WKH VDPH GLUHFWLRQ DV WKH FRQQHFWLQJ OLQH RI Q DQG q� VHH FKDSWHU ��������
7R FDOFXODWH WKH SRWHQWLDO DW P2 ZH LQWHJUDWH DFFRUGLQJ WR HTXDWLRQ ������� DQG VLQFH WKH
HOHFWULF ILHOG DQG WKH SDWK DUH DOZD\V SHUSHQGLFXODU WR HDFK RWKHU WKH VFDODU SURGXFW LV ]HUR
DQG DV D FRQVHTXHQFH WKH ZKROH LQWHJUDO� 7KHUHIRUH WKH HQHUJ\ RI q RQO\ GHSHQGV RI WKH
GLVWDQFH WR Q� ZKLFK LV UHDVRQDEOH VLQFH WKH ZKROH SUREOHP LV VSKHULF V\PPHWULF�
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/HW·V QRZ H[DPLQH WKH GHSHQGHQFH RI r RQ '� 7KH SRLQW P1 VKDOO KDYH WKH GLVWDQFH r1
DQG P2 WKH GLVWDQFH r2 IURP WKH RULJLQ� 7KHQ WKH SRWHQWLDO GLIIHUHQFH LV
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6LQFH WKH UHIHUHQFH HQHUJ\ FDQ EH FKRVHQ IUHHO\� LW LV DOVR SRVVLEOH WR FKRRVH WKH UHIHUHQFH
SRLQW r1 IUHHO\ DQG WKH VLPSOHVW ZD\ LV WR FKRRVH r1 = 1 DQG ZH JHW�
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,I ZH ZDQW WR FDOFXODWH WKH SRWHQWLDO GLIIHUHQFH �' EHWZHHQ WZR GLVWDQFHV r1 DQG r2 ZH
FDQ XVH HTXDWLRQ �������
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ZKLFK PDNHV LW HDV\ WR FDOFXODWH SRWHQWLDO GLIIHUHQFHV RI SRLQW FKDUJHV�
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������ 3RWHQWLDO RI PXOWLSOH FKDUJHV

:H ZDQW WR H[DPLQH WKH SRWHQWLDO HQHUJ\ Ep RI D SRLQW FKDUJH q DW SRVLWLRQ ~r LQ D V\VWHP
RI n FKDUJHV q1���qn DW WKH SRVLWLRQV ~r1��� ~rn� ZKHUH LQILQLW\ KDV SRWHQWLDO HQHUJ\ ]HUR� 6LQFH
WKH IRUFH DW DQ\ SRLQW LV WKH VXP RI WKH IRUFHV EHWZHHQ q DQG RQH RI WKH RWKHU FKDUJHV
WKH WRWDO SRWHQWLDO HQHUJ\ LV DOVR WKH VXP RI WKH HQHUJ\ EHWZHHQ q DQG HDFK RWKHU FKDUJH�
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ZKHUH r0j = |~r � ~rj | LV WKH GLVWDQFH EHWZHHQ q DQG qj � 7KH VWHS IURP WKH VHFRQG ODVW WR
WKH ODVW OLQH LV SRVVLEOH EHFDXVH LQVLGH WKH VXP ZH WUHDW WKH LQWHUDFWLRQV VHSDUDWHO\ DQG ZH
FDQ WKHUHIRUH DSSO\ HTXDWLRQ �������� 7KHUHIRUH WKH SRWHQWLDO RI WKH n FKDUJHV LV JLYHQ E\

'(~r) =
nX

j=1

qj
4⇡✏0r0j

:H DOVR ILQG WKH SRWHQWLDO RI D FRQWLQXRXV FKDUJH GLVWULEXWLRQ ⇢ LQ D YROXPH V E\ DSSO\LQJ
WKH VDPH DUJXPHQW DV ZKHQ ZH ORRNHG DW WKH HOHFWULF ILHOG LQ FKDSWHU ������ DQG ZH ILQG
WKH SRWHQWLDO DW WKH SRVLWLRQ ~r E\

'(~r) =
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V

⇢(~y)

4⇡✏0|~r � ~y|
GV (~y)

ZKHUH ~y LV WKH SRVLWLRQ RI WKH LQILQLWH VPDOO FKDUJH Gq = ⇢(~y)GV (~y) LQVLGH WKH YROXPH�
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������ 9ROWDJH

$ SRWHQWLDO GLIIHUHQFH LV FDOOHG YROWDJH� 7KH YROWDJH EHWZHHQ WZR SRLQWV LQGLFDWHV KRZ
PXFK HQHUJ\ SHU FKDUJH D FKDUJH JDLQV LI LW PRYHV IURP RQH SRLQW WR WKH RWKHU� 7KH XQLW
RI WKH YROWDJH LV YROW 9�
,I RQH FRXORPE LV PRYHG EHWZHHQ WZR SRLQWV ZLWK RQH YROW WKHQ WKLV FRXORPE FKDUJH
JDLQV RQH MRXOH HQHUJ\� 7KHUHIRUH RQH YROW LV GHILQHG DV 19 = 1-/1&� 2QFH WKH YROW LV
GHILQHG RQH FDQ DOVR GHILQH D QHZ HQHUJ\ XQLW� 7KH HQHUJ\ RQH HOHFWURQ JDLQV SDVVLQJ RQH
YROW LV FDOOHG RQH HOHFWURQYROW H9�
7KH TXDQWLW\ YROW SOD\V DQ LPSRUWDQW UROH LQ HOHFWULF FLUFXLWV �VHH FKDSWHU ����

7KH IDFW WKDW WKH SRWHQWLDO LV RQO\ D IXQFWLRQ RI WKH SODFH DOORZV XV WR PDNH DQ LPSRUWDQW
VWDWHPHQW DERXW WKH HOHFWULF ILHOG� ,I ZH FDOFXODWH WKH HQHUJ\ W ZH KDYH WR DSSO\ WR
PRYH D FKDUJH q IURP D VWDUWLQJ SRLQW ~r0 RYHU D FORVHG SDWK � ZLWK HQG SRLQW HTXDO WR
WKH VWDUWLQJ SRLQW ~r0 ZH VHH WKDW WKH DSSOLHG HQHUJ\ LV ]HUR W = 0 VLQFH WKH SRWHQWLDO
GLIIHUHQFH EHWZHHQ ~r0 DQG ~r0 LV ]HUR� 6LQFHW LV SURSRUWLRQDO WR WKH FKDUJH q WKH LQWHJUDO
RI WKH HOHFWULF ILHOG DORQJ WKH SDWK PXVW EH ]HUR�

˛
�

~E · G~s = 0 �������

7KLV SURSHUW\ PDNHV WKH HOHFWULF ILHOG DQ LUURWDWLRQDO ILHOG �RSSRVLWH WR WKH PDJQHWLF ILHOG�
VHH FKDSWHU �������� 7KH VWDWHPHQW WKDW WKH HOHFWULF ILHOG LV DQ LUURWDWLRQDO ILHOG LV RQO\ WUXH
IRU WKH VWDWLF HOHFWULF ILHOG� 7KHUHIRUH WKH HOHFWURVWDWLF ILHOG LV DQ LUURWDWLRQDO VRXUFH ILHOG
ZKLFK PHDQV WKDW HTXDWLRQ ������� KROGV DQG WKDW WKH HOHFWULF ILHOG EHJLQV DQG HQGV DW
VRXUFHV ZKLFK ZH FDOOHG FKDUJH�

������ 3RWHQWLDO DQG FRQGXFWLQJ PDWHULDO

,I D ERG\ PDGH RI FRQGXFWLQJ PDWHULDO LV SODFHG LQ DQ H[WHUQDO HOHFWULF ILHOG WKH FKDUJHV
LQ WKDW PDWHULDO ZLOO PRYH DFFRUGLQJ WR WKH HOHFWULF ILHOG� $W WKH HQG WKHUH ZLOO EH D VWDEOH
VWDWH ZLWK VRPH LQWHUHVWLQJ SURSHUWLHV�

�� 7KH WRWDO HOHFWULF ILHOG �VXP RI H[WHUQDO ILHOG DQG ILHOG RI PRYHG FKDUJHV LQ WKH FRQ�
GXFWLQJ PDWHULDO� SRLQWV SHUSHQGLFXODU WR WKH VXUIDFH DW HYHU\ SRLQW RQ WKH VXUIDFH�
%HFDXVH LI WKHUH ZRXOG DOVR EH D SDUDOOHO FRPSRQHQW WKH FKDUJH ZRXOG DFFHOHUDWH
LQ WKLV GLUHFWLRQ DQG LW ZRXOG QRW EH D VWDEOH VWDWH�

�� ,QVLGH WKH ERG\ WKHUH LV QR HOHFWULF ILHOG� 2WKHUZLVH DJDLQ FKDUJH ZRXOG EH DFFHO�
HUDWHG ZKDW FRQWUDGLFWV WR WKH DVVXPSWLRQ RI WKH VWDEOH VWDWH�

���
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�� 6LQFH WKH HOHFWULF ILHOG LQVLGH WKH ERG\ LV ]HUR WKH SRWHQWLDO DOO RYHU WKH ERG\ LV
WKH VDPH� %HFDXVH LI ZH ORRN DW WZR SRLQWV RI WKH ERG\ DQG ZDQW WR FDOFXODWH WKH
SRWHQWLDO GLIIHUHQFH ZH KDYH WR DSSO\ HTXDWLRQ ������� DQG VLQFH ~E = 0 ZH JHW WKDW
WKH SRWHQWLDO GLIIHUHQFH LV ]HUR

�� ,QVLGH WKH ERG\ WKHUH LV QR QHW FKDUJH �WKLV PHDQV SRVLWLYH DQG QHJDWLYH FKDUJH
KDYH WKH VDPH GHQVLW\�� 2WKHUZLVH LW LV QRW SRVVLEOH WR KDYH HYHU\ZKHUH LQ DQG RQ
WKH ERG\ WKH VDPH SRWHQWLDO� 7KHUHIRUH DOO FKDUJH LV RQ WKH VXUIDFH RI WKH ERG\�

������ &DSDFLW\

/HW·V WDNH WZR ERGLHV PDGH RI FRQGXFWLQJ PDWHULDO ZKLFK KDYH QR QHW FKDUJH RQ HDFK RI
WKHP� :H FDOO WKHP HOHFWULF QHXWUDO �VR WKH QHJDWLYH DQG SRVLWLYH FKDUJH KDYH WKH VDPH
DPRXQW�� ,I ZH WDNH VRPH FKDUJH IURP WKH ILUVW ERG\ DQG SXW LW RQ WKH VHFRQG ERG\ WKHUH
ZLOO EH D SRWHQWLDO GLIIHUHQFH �U EHWZHHQ WKLV ERGLHV� 7DNLQJ D YHU\ VPDOO FKDUJH q �VR
VPDOO WKDW LW GRHV QRW LQIOXHQFH WKH SRWHQWLDO RU WKH HOHFWULF ILHOG� DQG PRYLQJ LW IURP
WKH RQH WR WKH RWKHU ERG\ ZH UHFRJQL]H WKDW QR PDWHU ZKLFK ZD\ ZH WDNH� WKH DEVROXWH
YDOXH RI WKH HQHUJ\ LV DOZD\V |�Uq|� 7KHUHIRUH WKH FKDUJH RQ HDFK ERG\ LV GLVWULEXWHG
LQ D YHU\ SDUWLFXODU ZD\ VXFK WKDW WKH YROWDJH EHWZHHQ WZR SRLQWV RQ WKH WZR ERGLHV LV
DOZD\V �U � ,I ZH SXW PRUH FKDUJH IURP WKH ILUVW WR WKH VHFRQG ERG\ WKH YROWDJH ZLOO EH
ELJJHU EXW WKH HQHUJ\ JDLQ GLVSODFLQJ q IURP RQH ERG\ WR WKH RWKHU LV VWLOO LQGHSHQGHQW RQ
WKH SDWK� 7KLV PHDQV WKDW WKH ZD\ WKH FKDUJH LV GLVWULEXWHG LV WKH VDPH EXW ZLWK D ELJJHU
DPRXQW RI FKDUJH� 7KHUHIRUH WKH GLUHFWLRQ RI WKH HOHFWULF ILHOG GRHV QRW GHSHQG RQ KRZ
PXFK FKDUJH ZDV SXW IURP WKH ILUVW RQ WKH VHFRQG ERG\� RQO\ WKH VWUHQJWK RI WKH HOHFWULF
ILHOG GHSHQGV RQ WKLV DPRXQW DQG WKH VHQVH �LI LW LV SRLQWLQJ LQ RQH RU WKH RWKHU GLUHFWLRQ�
GHSHQGV RQ WKH VLJQ RI WKH FKDUJH ZH GLVSODFHG�� 6LQFH WKH HOHFWULF ILHOG LV SURSRUWLRQDO
WR WKH FKDUJH �Q GLVSODFHG IURP WKH ILUVW ERG\ WR WKH VHFRQG� ZH KDYH D SURSRUWLRQDO
GHSHQGHQFH EHWZHHQ WKH FKDUJH RQ WKH ERGLHV DQG WKH YROWDJH EHWZHHQ WKHP�

C ·�U = �Q

ZKHUH C LV WKH SURSRUWLRQDO FRQVWDQW ZKLFK LV FDOOHG FDSDFLW\� 7KH FDSDFLW\ RQO\ GHSHQGV
RQ WKH JHRPHWU\ RI WKH WZR ERGLHV� 7KHUH DUH HOHFWULFDO GHYLFHV WKDW DUH GHVLJQHG WR KDYH
D ELJ FDSDFLW\�� 7KH\ DUH FDOOHG FDSDFLWRU� W\SLFDO YDOXHV DUH 1�) = 1 · 10�6&·9�1 ZKHUH
WKH XQLW RI WKH FDSDFLW\ LV )DUDG� QDPHG DIWHU 0LFKDHO )DUDGD\�

�,Q SULQFLSOH DOPRVW HYHU\ GHYLFH KDV D QRQ ]HUR FDSDFLW\� KRZHYHU LW XVXDOO\ FDQ EH QHJOHFWHG�

���



����� 327(17,$/ $1' 92/7$*(

������ ([DPSOH

/HW·V ORRN DW VRPH H[DPSOHV WR JHW XVHG WR WKH WKHRU\�

3ODWH FDSDFLWRU

3XWWLQJ WZRPHWDOOLF SODWHV ZLWK DUHDA HDFK DQG ERWK SDUDOOHO WR WKH \�] SODQH LQ D GLVWDQFH
d �d ⌧ A� ZH JHW D SODWH FDSDFLWRU �VHH ILJXUH ������ /HW XV WDNH WKH FKDUJH Q IURP WKH
OHIW SODWH DQG SXW LW RQ WKH ULJKW SODWH� 6LQFH d ⌧ A ZH PRGHO WKH HOHFWULF ILHOG RI WKLV
VHWXS DV RQH RI LQILQLWH VSUHDG SODWHV� 7KLV PHDQV WKH HOHFWULF ILHOG EHWZHHQ WKH SODWHV KDV
HYHU\ZKHUH WKH VDPH VWUHQJWK DQG WKH VDPH GLUHFWLRQ�� 6XFK D ILHOG LV FDOOHG KRPRJHQHRXV
ILHOG� $GGLWLRQDOO\ ZH GHILQH WKH FKDUJH GHQVLW\ � E\ � = Q

A �

)LJXUH ����� 3ODWH FDSDFLWRU >��@�

:H NQRZ IURP FKDSWHU ������ WKH HOHFWULF ILHOG LV SHUSHQGLFXODU WR WKH SODWHV DQG KDV
HYHU\ZKHUH WKH VDPH VWUHQJWK� 7KHUHIRUH ZH JHW WKH YROWDJH U EHWZHHQ WKH WZR SODWHV E\

�7KLV LV EHFDXVH WKH SODWHV DUH LQILQLWH VSUHDG RXW� 7KHUHIRUH WKH HOHFWULF ILHOG PXVW HYHU\ZKHUH ORRN WKH
VDPH �WUDQVODWLRQ DQG URWDWLRQ V\PPHWU\��
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U =

ULJKW SODWHˆ

OHIW SODWH

~EtotG~s

=

ULJKW SODWHˆ

OHIW SODWH

~EOHIW SODWHG~s+

ULJKW SODWHˆ

OHIW SODWH

~EULJKW SODWHG~s

= EOHIW SODWHd� EULJKW SODWHd

=
Q
A

2✏0
d�

�Q
A

2✏0
d =

Qd

A✏0

7KHUHIRUH WKH FDSDFLW\ C LV JLYHQ E\

C =
Q

U
=

A✏0
d

.

7KLV SUREOHP ZDV HDV\ WR VROYH EHFDXVH RI WKH KRPRJHQHRXV HOHFWULF ILHOG� %HFDXVH LQ
FDVH RI DQ KRPRJHQHRXV HOHFWULF ILHOG WKH YROWDJH EHWZHHQ WZR SRLQWV ~r1 DQG ~r2 LV VLPSO\
JLYHQ E\ U = ~E · (~r2 � ~r1)� ,I WKH FRQQHFWLRQ OLQH RI WKH WZR SRLQWV OLHV SDUDOOHO WR WKH
HOHFWULF ILHOG WKLV VLPSOLILHV HYHQ PRUH WR U = | ~E|d ZKHUH d LV WKH GLVWDQFH EHWZHHQ WKH
WZR SRLQWV�

$GGLWLRQDOO\ ZH FDQ FDOFXODWH WKH HQHUJ\ ESRW VWRUHG LQ WKH FDSDFLWRU� ,Q SULQFLSOH WKH
HQHUJ\ LV JLYHQ DV ESRW = QU � %XW ZH KDYH WR SD\ DWWHQWLRQ EHFDXVH LI ZH ORDG WKH
FDSDFLWRU� WKH YROWDJH DQG WKH FKDUJH FKDQJHV DQG ZH KDYH WR DGG WKH SRWHQWLDO HQHUJ\ RI
WKH GLIIHUHQW VWDJHV RI WKH FKDUJLQJ FDSDFLWRU E\ WDNLQJ WKH LQWHJUDO

ESRW =

Q̂

0

U(q) Gq

=

Q̂

0

q

C
Gq =


q2

2C

�Q

0

=
Q2

2C

ZKHUH ZH XVHG WKH UHODWLRQ EHWZHHQ WKH YROWDJH DQG WKH FKDUJH JLYHQ E\ C = Q
U � ,QVWHDG

RI LQWHJUDWLQJ ZLWK UHVSHFW WR WKH FKDUJH ZH FDQ DOVR GR LW ZLWK UHVSHFW WR WKH YROWDJH DQG
ZH JHW
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ESRW =

Û

0

Q(u) Gu

=

Û

0

Cu Gu =
C

2
U2 =

Q2

2C
.

7KHUH LV DQRWKHU DSSURDFK WR FDOFXODWH WKH HQHUJ\ VWRUHG LQ WKH FDSDFLWRU� $VVXPH ZH
KDYH WZR FKDUJHG SODWHV ZLWK FKDUJH Q RQ HDFK� $VVXPH WKH\ DUH VHSDUDWHG E\ D VPDOO
GLVWDQFH �� 7KH IRUFH IURP RQH SODWH RI WKH RWKHU LV F = EQ = Q

2✏0A
Q ZKHUH A LV WKH

DUHD RI WKH SODWHV� :H QRZ FDQ FRPSXWH WKH HQHUJ\ WR SXOO RQH SODWH WR WKH GLVWDQFH d WR
WKH RWKHU SODWH� 7KLV HQHUJ\ LV JLYHQ DV

ESRW =

dˆ

�

F Gs

=

dˆ

�

Q2

2✏0A
Gs =

Q2

2✏0A
(d� �).

,I ZH QRZ VHW � = 0 DQG XVH C = A✏0
d ZH UHFRYHU WKH VWRUHG HQHUJ\ IURP DERYH�

ESRW =
Q2

2C �

3RWHQWLDO RI DQ LQILQLWHO\ ORQJ ZLUH

$V ZH KDYH VHHQ LQ FKDSWHU ������ WKH HOHFWULF ILHOG RI DQ LQILQLWH ORQJ ZLUH ZLWK FKDUJH
GHQVLW\ � LV ~E = �

2⇡✏0r
~er ZLWK ~er WKH XQLW YHFWRU SRLQWLQJ UDGLDO DZD\ IURP WKH ZLUH� 7R

FDOFXODWH WKH YROWDJH EHWZHHQ WZR GLVWDQFHV R1 DQG R2 ZH LQWHJUDWH UDGLDOO\ IURP R1 WR
R2 �DV D FRQVHTXHQFH ~E DQG G~r DUH SRLQWLQJ SDUDOOHO��
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'(r) =

R2ˆ

R1

~EG~r

=

R2ˆ

R1

EGr

=

R2ˆ

R1

�

2⇡✏0r
Gr

=
�

2⇡✏0
[OQ(r)]R2

R1
=

�

2⇡✏0
(OQ(R2)� OQ(R1))

������ &RPELQLQJ &DSDFLWRUV

$IWHU KDYLQJ LQWURGXFHG WKH FRQFHSW RI FDSDFLW\ DQG KDYLQJ VHHQ VRPH H[DPSOHV� OHW·V
SURFHHG DQG FRQVLGHU WKH FDVH ZKHUH ZH HLWKHU FRQQHFW WZR FDSDFLWRUV �C1 DQG C2� LQ
SDUDOOHO RU LQ VHULHV DQG FRPSXWH WKH WRWDO FDSDFLW\ RI WKH FRPELQDWLRQ� VHH ����� 7KLV LV
YHU\ PXFK LQ DQDORJ\ WR FRQQHFWLQJ WZR UHVLVWRUV LQ VHULHV RU SDUDOOHO� VHH �����

C1 C2

C1

C2

)LJXUH ����� /HIW� WZR FDSDFLWRUV FRQQHFWHG LQ SDUDOOHO� 5LJKW� WKH\ DUH FRQQHFWHG LQ VHULHV

3DUDOOHO &DSDFLWRUV

&RQQHFWLQJ WZR FDSDFLWRUV LQ SDUDOOHO DQG DSSO\LQJ D YROWDJH U PHDQV WKDW HDFK FDSDFLWRU
JHWV FKDUJHG ZLWK WKH FKDUJH Qi = UCi ZLWK i = 1, 2� +HQFH WKH WRWDO FKDUJH LV Q =
Q1 + Q2 = U(C1 + C2)� &RUUHVSRQGLQJO\ WKH WRWDO FDSDFLW\ RI WKH SDUDOOHO FRQQHFWHG
FDSDFLWRUV LV

���
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CWRW =
Q

U
= C1 + C2

,Q FDVH RI WZR SODWH FDSDFLWRUV ZLWK VDPH GLVWDQFH d EHWZHHQ WKH SODWHV EXW SRVVLEO\ WZR
GLIIHUHQW SODWH DUHDV A1 DQG A2� WKHUH LV D YHU\ LQWXLWLYH LQWHUSUHWDWLRQ� &RQQHFWLQJ WKHP
LQ SDUDOOHO� WKH WRWDO DUHD LVA1+A2 DQG VLQFH WKH FDSDFLW\ LV SURSRUWLRQDO WR WKH DUHD� WKH
FDSDFLW\ RI WKH WZR DGGV XS�

6HULDO &RQQHFWHG &DSDFLWRUV

,Q FDVH RI WZR FDSDFLWRUV EHLQJ FRQQHFWHG LQ VHULHV� ERWK FDSDFLWRUV JHW FKDUJHG ZLWK WKH
VDPH FKDUJHQ� 7KH FRUUHVSRQGLQJ YROWDJH GURS LV Ui = Q/Ci DQG FRUUHVSRQGLQJO\ WKH
WRWDO YROWDJH LV UWRW = U1 + U2� &RPSXWLQJ WKH WRWDO FDSDFLW\ OHDGV WR

1

CWRW
=

Utot

Q
=

1

C1
+

1

C2

���� &XUUHQW DQG PDJQHWLF ILHOG

&XUUHQW LV EDVLFDOO\ PRYLQJ FKDUJH� $ FXUUHQW SURGXFHV DQ DGGLWLRQDO ILHOG� FDOOHG PDJ�
QHWLF ILHOG ZKLFK FDQ EH PHDVXUHG� 7KH H[LVWHQFH RI WKH PDJQHWLF ILHOG FDQ EH SUHGLFWHG
XVLQJ UHODWLYLW\ EXW WKH FDOFXODWLRQ LV IDU EH\RQG WKH VWXII IRU WKLV FKDSWHU VR ZH PDNH D
SKHQRPHQRORJLFDO DSSURDFK�

������ &XUUHQW DQG FRQVHUYDWLRQ RI FKDUJH

,I FKDUJH LV PRYLQJ RQH VSHDNV RI D FXUUHQW� 7KH XQLW RI WKH FXUUHQW I LV $PSHUH $� 7KH
SUHFLVH GHILQLWLRQ RI WKH FXUUHQW LV I = GQ

Gt :KHUHQ LV WKH FKDUJH WKDW SDVVHV DW D FHUWDLQ
SRLQW�

$Q LPSRUWDQW FRQFHSW RI HOHFWURG\QDPLFV LV WKH FRQVHUYDWLRQ RI FKDUJH� 7KLV PHDQV WKDW
WKH WRWDO FKDUJH RI D FORVHG V\VWHP FDQ QRW FKDQJH� ,W LV IRU H[DPSOH SRVVLEOH WR KDYH D
FKDUJH QHXWUDO DWRP DQG WDNH DZD\ DQ HOHFWURQ� %XW WKHQ WKH DWRP LV SRVLWLYHO\ FKDUJHG
DQG WKH WRWDO FKDUJH LV VWLOO ]HUR� L�H� WKH VXP RI ERWK FKDUJHV� WKH HOHFWURQ DQG DWRP�
7KHUHIRUH WKH FKDUJH DW D SRLQW FDQ RQO\ FKDQJH LI D FXUUHQW IORZV WR WKDW SRLQW� 2Q WKH
RWKHU KDQG D FXUUHQW VWDUWV DQG HQGV DW SRLQWV ZKHUH WKH FKDUJH FKDQJHV RU WKH FXUUHQW LV
D FORVHG FLUFXLW�

���
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������ 0DJQHWV

(YHU\ERG\ KDV DOUHDG\ VHHQ D PDJQHW� ZKLFK ORRNV OLNH VPDOO SLHFHV RI PHWDO� 7KLV PDJ�
QHWV DUH FDOOHG SHUPDQHQW PDJQHWV VLQFH WKH\ DUH DOZD\V PDJQHWLF� 7KHUH H[LVW DOVR PDJ�
QHWV WKDW ZRUN ZLWK FXUUHQW DQG ZKLFK DUH FDOOHG HOHFWUR PDJQHWV �VHH �������� $ PDJQHW
SURGXFHV D PDJQHWLF ILHOG ZKLFK LV VRPHKRZ VLPLODU WR WKH HOHFWULF ILHOG EXW KDV VRPH YHU\
LPSRUWDQW GLIIHUHQFHV� $ PDJQHW KDV DOZD\V WZR SROHV� WKLV DUH WKH SDUWV RI WKH PDJQHW
ZKHUH WKH PDJQHWLF ILHOG OHDYHV RU HQWHUV WKH PDJQHW� 7KH QRUWK SROH LV WKH SDUW ZKHUH WKH
PDJQHWLF ILHOG OHDYHV WKH PDJQHW DQG WKH VRXWK SROH LV ZKHUH WKH PDJQHWLF ILHOG HQWHUV WKH
PDJQHW �VHH ILJXUH ������ ,QVLGH WKH PDJQHW WKH ILHOG OLQHV JR IURP WKH VRXWK WR WKH QRUWK
SROH� WKH\ EXLOG WKHUHIRUH FORVHG ILOHG OLQHV �VHH FKDSWHU ������ DQG HTXDWLRQ ��������� 7KH
QDPHV RI WKH SROHV FRPH IURP WKH IDFW WKDW WKH HDUWK KDV DOVR D PDJQHWLF ILHOG DQG WKH
QRUWK SROH RI D PDJQHW LV DWWUDFWHG E\ WKH JHRJUDSKLF QRUWK SROH DQG WKH VRXWK SROH RI
WKH PDJQHW LV DWWUDFWHG E\ WKH JHRJUDSKLF VRXWK SROH�

)LJXUH ����� 0DJQHW ZLWK WKH PDJQHWLF ILHOG ZKLFK OHDYHV WKH PDJQHW RQ WKH ULJKW� VLGH
ZKHUH WKH QRUWK SROH LV� DQG HQWHUV WKH PDJQHW RQ WKH OHIW VLGH� ZKHUH WKH VRXWK SROH LV
>��@�

$V ZH NQRZ IURP HOHFWURVWDWLFV ILHOG OLQHV ZDQW WR EH DV VKRUW DV SRVVLEOH DQG WKH\ UHSHO
HDFK RWKHU� ,I ZH QRZ SXW WZR PDJQHWV WRJHWKHU �VHH ILJXUH ������ ZH VHH IURP WKH WRWDO
PDJQHWLF ILHOG WKDW WKH VDPH SROHV UHSHO HDFK RWKHU DQG WZR GLIIHUHQW SROHV DWWUDFW HDFK
RWKHU� %HFDXVH LQ WKH ILUVW FDVH WKH ILHOG OLQHV UHSHO HDFK RWKHU DQG DV D FRQVHTXHQFH DOVR
UHSHO WKH WZR PDJQHWV� ,Q WKH VHFRQG FDVH WKH ILHOG OLQHV FDQ EXLOG QLFH FORVHG ORRSV ZKLFK
ZDQW WR JHW VKRUWHU DQG WKHUHIRUH DWWUDFW WKH PDJQHWV�
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)LJXUH ����� 7ZR PDJQHWV ZLWK WKH ILHOG OLQHV RI WKH WRWDO PDJQHWLF ILHOG� >��@�

:H ZDQW WR IRUPDOL]H WKH PDJQHWLF ILHOG D ELW� :KDW ZH FDOOHG PDJQHWLF ILHOG LV IRU�
PDOO\ WKH PDJQHWLF IOX[ GHQVLW\ ~B ZLWK XQLW 7HVOD 7� 7KH FRQQHFWLRQ WR RWKHU 6,�XQLWV LV
17 = 1NJ·$�1

·V�2 = 1:·V·$�1
·P�2� 2QH 7HVOD LV D SUHWW\ VWURQJ ILHOG� IRU H[DPSOH

WKH PDJQHWLF ILHOG RI WKH HDUWK LV DERXW 5 · 10�57 DQG D XVXDO PDJQHW SURGXFHV D ILHOG LQ
WKH RUGHU RI 0.17�

2QH LPSRUWDQW GLIIHUHQFH WR WKH HOHFWULF FKDUJH DQG ILHOG LV WKDW WKHUH H[LVW QR PDJQHWLF
PRQRSROHV� 7KLV PHDQV WKDW LW LV QRW SRVVLEOH WR VHSDUDWH WKH QRUWK IURP WKH VRXWK SROH�
WKH\ EXLOG DOZD\V DQ LQVHSDUDEOH SDLU �VHH FKDSWHU �������� %XW WKLV DOVR PHDQV WKDW PDJ�
QHWLF ILHOG OLQHV KDYH QR VWDUW DQG QR HQG� WKHUHIRUH WKH PDJQHWLF ILHOG LV D VRXUFH IUHH
URWDWLRQDO ILHOG� ,I ZH DGDSW WR *DXVV ODZ LQ HOHFWURVWDWLF �VHH FKDSWHU ������� ZH ILQG WKH
ODZ

‹
@V

~BG~S = 0 �������

���
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������ 0DJQHWV DQG HOHFWULF FXUUHQW

,I RQH SXWV D SHUPDQHQW PDJQHW ZKLFK LV IUHHO\ PRYHDEOH QHDU D ZLUH ZKHUH FXUUHQW IORZV
RQH FDQ REVHUYH WKDW WKH SHUPDQHQWPDJQHW RULHQW LWVHOI LQ D SDUWLFXODU ZD\ ZKLFK LV VKRZQ
LQ ILJXUH �����

)LJXUH ����� 3HUPDQHQW PDJQHWV RULHQWHG DORQJ D ZLUH ZKHUH D FXUUHQW IORZV� >��@�

,I ZH QRZ WKLQN WKH PDJQHWLF ILHOG EHLQJ VXFK WKDW WKH PDJQHWV DUH WDQJHQW WR WKH ILHOG
ZH JHW WKDW WKH PDJQHWLF ILHOG ORRNV OLNH LQ ILJXUH ������ 7KH UXOH LV WKH IROORZLQJ� ,I RQH
WDNHV WKH ULJKW KDQG DQG SODFHV WKH WKXPE LQ WKH GLUHFWLRQ RI WKH FXUUHQW WKHQ WKH RWKHU
IRXU ILQJHUV VKRZ WKH GLUHFWLRQ RI WKH ILHOG�

)LJXUH ������ 0DJQHWILHOG DURXQG D ZLUH� >��@�

���
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������ /RUHQW] IRUFH

3XWWLQJ D ZLUH LQ D KRPRJHQHRXV PDJQHWLF ILHOG DQG OHWWLQJ IORZ FXUUHQW WKURXJK WKH ZLUH�
WKH KRPRJHQHRXV PDJQHWLF ILHOG DQG WKH PDJQHWLF ILHOG RI WKH ZLUH VXSHUSRVH WR D WRWDO
PDJQHWLF ILHOG ZKLFK LV VKRZQ LQ ILJXUH ������

)LJXUH ������ 7KH KRPRJHQRXV ILHOG DQG WKH ILHOG IURP WKH ZLUH DUH LQGLFDWHG E\ WKH
GDVKHG OLQH� 7KH WRWDO ILHOG LV LQGLFDWHG E\ WKH FRQWLQXRXV OLQHV� 7KH FURVV RQ WKH ZLUH
VKRZV WKDW WR FXUUHQW IORZV LQWR WKH SDJH� >��@�

)URP WKH SLFWXUH LW LV REYLRXV WKDW RQ WKH OHIW VLGH RI WKH ZLUH WKH PDJQHWLF ILHOG LV SXVKHG
PRUH WRJHWKHU WKDQ RQ WKH ULJKW VLGH� 6LQFH PDJQHWLF ILHOG OLQHV UHSHO HDFK RWKHU WKHUH LV
D IRUFH SXVKLQJ RQ WKH OHIW VLGH RI WKH ZLUH� 2Q WKH RWKHU KDQG WKH ILHOG OLQHV RQ WKH ULJKW
VLGH DUH QRW VWUDLJKW OLQHV EXW D ELW FXUYHG� 6LQFH ILHOG OLQHV ZDQW WR EH DV VKRUW DV SRVVLEOH
WKH\ DWWUDFW WKH ZLUH� 7KLV IRUFH RQ WKH ZLUH LQ WKH ULJKW GLUHFWLRQ LV FDOOHG /RUHQW] IRUFH
~F � )RUPDOO\ LW LV GHVFULEHG E\ WKH IRUPXOD

~F = I~l ⇥ ~B �������

ZKHUH ~l LV WKH GLUHFWLRQ RI WKH FXUUHQW IORZLQJ LQ WKH ZLUH DQG ~B LV WKH PDJQHWLF ILHOG� ,I
ZH ZDQW WR FDOFXODWH WKH IRUFH RQ D VLQJOH FKDUJH q ZH XVH WKH PDWKHPDWLFDOO\ QRW UHDOO\
SUHFLVH EXW LQWXLWLYHO\ FRUUHFW HTXDWLRQ

I~l =
Gq
Gt
~l =

Gq~l
Gt

= q
G~l
Gt

= q~v

���
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ZKHUH ~v LV WKH YHORFLW\ RI WKH FKDUJH� 7KHUHIRUH ZH JHW WKDW WKH IRUFH RQ D PRYLQJ FKDUJH
LV

~F = q~v ⇥ ~B �������

,W LV LPSRUWDQW WKDW D FKDUJH ZKLFK LV QRW PRYLQJ KDV QR /RUHQW] IRUFH ZKLFK LV REYLRXV
VLQFH RQO\ D PRYLQJ FKDUJH KDV D PDJQHWLF ILHOG DQG D PDJQHWLF ILHOG FDQ RQO\ LQWHUDFW ZLWK
DQ RWKHU PDJQHWLF ILHOG DQG QRW ZLWK DQ HOHFWULF ILHOG� ,I RQH ORRNV DW HOHFWULF DQG PDJQHWLF
ILHOGV ZKLFK FKDQJH LQ WLPH WKHQ D FKDQJLQJ HOHFWULF ILHOG SURGXFHV D PDJQHWLF ILHOG DQG
D FKDQJLQJ PDJQHWLF ILHOG SURGXFHV DQ HOHFWULF ILHOG� 7KLV LV GHVFULEHG E\ WKH 0D[ZHOO
HTXDWLRQV ZKLFK DUH WRR FRPSOLFDWHG WR EH WUHDWHG KHUH� 7KHUHIRUH DQ HOHFWULF ILHOG FDQ
RQO\ LQWHUDFW ZLWK D PDJQHWLF ILHOG LI WKH HOHFWULF ILHOG FKDQJHV ZLWK WLPH VLQFH WKHQ WKH
HOHFWULF ILHOG SURGXFHV D PDJQHWLF ILHOG ZKLFK FDQ LQWHUDFW ZLWK DQ RWKHU PDJQHWLF ILHOG�
RU WKH PDJQHWLF ILHOG FKDQJHV DQG SURGXFHV DQ HOHFWULF ILHOG ZKLFK FDQ LQWHUDFW ZKLFK WKH
HOHFWULF ILHOG� 6LQFH ZH �QHDUO\� DOZD\V ORRN DW VWDWLF V\VWHPV �ZKLFK GR QRW FKDQJH ZLWK
WLPH� ZH ZLOO QRW QHHG WKH 0D[ZHOO HTXDWLRQV�

���



&KDSWHU ��

',5(&7 &855(17 &,5&8,76

5HVLVWDQFH LV IXWLOH

7KH %RUJ &ROOHFWLYH

���� 2KP·V ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� (TXLYDOHQW FLUFXLW � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

������ :LUH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 6HULHV FLUFXLW � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 3DUDOOHO FLUFXLW � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 5HVLVWLYLW\ DQG &RQGXFWLYLW\ � � � � � � � � � � � � � � � � � ���
������ 9ROWDJH VRXUFH � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� (OHFWULF SRZHU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� (OHFWULF FRPSRQHQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� .LUFKKRII·V FLUFXLW ODZ � � � � � � � � � � � � � � � � � � � � � � � � � ���

������ &XUUHQW ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 9ROWDJH ODZ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $SSO\LQJ .LUFKKRII·V ODZ � � � � � � � � � � � � � � � � � � � � ���

���� ([DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0D[LPDO SRZHU IURP D UHDO SRZHU VRXUFH � � � � � � � � � ���
������ &KDUJLQJ D FDSDFLWRU � � � � � � � � � � � � � � � � � � � � � � ���

���



�� 'LUHFW FXUUHQW FLUFXLWV

%HVLGHV WKH WKHRUHWLFDO WUHDWPHQW RI HOHFWULF DQG PDJQHWLF ILHOGV WKHUH LV DOVR D YHU\ SUDFWL�
FDO XVH� $OO WKH HOHFWURQLF GHYLFHV EDVH RQ WKH ODZV RI HOHFWURG\QDPLFV� 6LQFH WKH FDOFXOD�
WLRQ ZLWK WKH EDVLF HTXDWLRQV RI HOHFWURG\QDPLFV LV RIWHQ YHU\ FRPSOLFDWHG RQH VLPSOLILHV
WKH FDOFXODWLRQ RI HOHFWULF FLUFXLWV E\ LQWURGXFLQJ HOHFWULFDO FRPSRQHQWV� 7KH ODZV RI HOHF�
WURG\QDPLFV WKHQ GHILQH WKH EHKDYLRXU RI WKH FRPSRQHQWV �RYHUYLHZ VHH FKDSWHU ������
:H ZLOO QRZ ORRN DW HOHFWULFDO FLUFXLWV ZKLFK KDYH D FRQVWDQW YROWDJH �DQG PRVW DOVR D FRQ�
VWDQW FXUUHQW�� 7KLV VRUW RI FLUFXLWV DUH FDOOHG GLUHFW FLUFXLWV� 7KHUH H[LVW DOVR DOWHUQDWLQJ
FXUUHQW ZKHUH WKH YROWDJH DQG WKH FXUUHQW FKDQJH ZLWK WLPH EXW WKLV LV QRW WUHDWHG KHUH�

���� 2KP·V ODZ

$SSO\LQJ D YDULDEOH YROWDJH U WR D ERG\ WKH FXUUHQW I WKURXJK WKH ERG\ PLJKW GHSHQG
RQ PDQ\ LQIOXHQFHV DV WHPSHUDWXUH RU KXPLGLW\� 7KH TXRWLHQW U

I LV FDOOHG UHVLVWDQFH RI D
ERG\� 7KH VLPSOHVW �QRW WULYLDO� GHSHQGHQFH LV WKH SURSRUWLRQDO GHSHQGHQFH� 7KH FXUUHQW
LV SURSRUWLRQDO WR WKH YROWDJH ZLWK SURSRUWLRQDOLW\ FRQVWDQW R ZLWK U = RI � R LV FDOOHG
RKPLF UHVLVWDQFH� 7KH OLQHDULW\ LV MXVW D PRGHO ZKLFK LV YDOLG IRU PDQ\ PDWHULDOV DQG
ERGLHV� 0DWKHPDWLFDOO\ LW LV QRW FRPSOHWHO\ ZURQJ WR GHVFULEH WKH GHSHQGHQFH EHWZHHQ
U DQG I E\ D OLQHDU IXQFWLRQ EHFDXVH DQ\ �QLFH� IXQFWLRQ FDQ EH DSSUR[LPDWHG E\ D OLQHDU
IXQFWLRQ� %XW WKHUH H[LVW DOVR FRPSRQHQWV ZKLFK KDYH D QRQ OLQHDU GHSHQGHQFH DV WKH
OLJKW EXOE RU WKH GLRGH� 7KH OLJKW EXOE LV D W\SLFDO H[DPSOH RI WKH GHSHQGHQFH RI WKH
WHPSHUDWXUH RQ WKH UHVLVWDQFH RI D PDWHULDO� )RU PHWDOOLF PDWHULDOV WKH UHVLVWDQFH LV KLJKHU
LI WKH PHWDO LV ZDUPHU DQG VLQFH WKH ZLUH RI D OLJKW EXOE JHWV KRWWHU LI D KLJKHU YROWDJH LV
DSSOLHG RQH FDQ UHFRJQLVH WKDW WKH UHVLVWDQFH LV KLJKHU DW WKH KLJKHU YROWDJH�

���� (TXLYDOHQW FLUFXLW

6RPHWLPHV LW LV SRVVLEOH DQG XVHIXO WR GHVFULEH D FROOHFWLRQ RI FRPSRQHQWV E\ D VLQJOH
FRPSRQHQW� 6LQFH WKHUH DUH PDQ\ SRVVLEOH FRPELQDWLRQV ZH ZDQW WR ORRN DW WKH PRVW
LPSRUWDQW�

������ :LUH

$ UHDO ZLUH XVXDOO\ KDV D OLWWOH UHVLVWDQFH� 6LQFH WKLV UHVLVWDQFH LV VSUHDG DOO RYHU WKH ZLUH
LW LV FXPEHUVRPH WR GHVFULEH WKH ZLUH DV D FKDLQ RI OLWWOH RKPLF UHVLVWRUV� ,QVWHDG RQH
DGGV WR DQ LGHDO ZLUH �ZLWK QR UHVLVWDQFH� D VLQJOH RKPLF UHVLVWRU ZKLFK GHVFULEHV WKH WRWDO
UHVLVWDQFH RI WKH ZLUH� 6LQFH WZR ZLUHV DOVR KDYH D FDSDFLW\ RQH FRXOG DGGLWLRQDOO\ DGG

���
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D FDSDFLWRU WR D FORVHG FLUFXLW� $V RQH FDQ LPDJLQH LW LV QHDUO\ LPSRVVLEOH WR GHVFULEH DOO
HIIHFWV DQG LW LV RIWHQ QRW QHFHVVDU\ WR WDNLQJ DOO LQWR DFFRXQW EXW WR FRQVLGHU WKH UHOHYDQW
RQHV�

������ 6HULHV FLUFXLW

,I WZR RKPLF UHVLVWRUV DUH FRQQHFWHG RQH EHKLQG WKH RWKHU RQH WDONV DERXW D VHULDO FLUFXLW
�VHH ILJXUH ������ 6LQFH WKH FXUUHQW I WURXJK R1 DQG R2 LV WKH VDPH� WKH YROWDJH GURS
RYHU ERWK UHVLVWRUV LV U = R1I +R2I = I(R1+R2)� 7KHUHIRUH WKH UHVLVWDQFH RI ERWK
UHVLVWRUV LV R = R1 +R2�
%\ WKH VDPH DUJXPHQW RQH FDQ FDOFXODWH WKH WRWDO UHVLVWDQFH RWRW RI DQ DUELWUDU\ QXPEHU
RI UHVLVWRUV ZKLFK DUH DOO FRQQHFWHG LQ VHULHV� )RU n UHVLVWRUV R1, R2, ...Rn WKH WRWDO
UHVLVWDQFH LV JLYHQ E\ RWRW =

Pn
j=1Rj �

)LJXUH ����� /HIW� VHULDO FLUFXLW RI WZR UHVLVWRUV� 5LJKW� SDUDOOHO FLUFXLW RI WZR UHVLVWRUV�

������ 3DUDOOHO FLUFXLW

,I ZH SXW WZR UHVLVWRUV SDUDOOHO WR HDFK RWKHU ZH JHW D SDUDOOHO FLUFXLW �VHH ILJXUH ������ 7KH
YROWDJH U RYHU ERWK UHVLVWRUV LV WKH VDPH DQG WKH WRWDO FXUUHQW WKDW IORZV WKURXJK WKH WZR
UHVLVWRUV LV IWRW = U

R3
+ U

R4
� 7KHUHIRUH WKH WRWDO UHVLVWDQFH LV

R =
U

IWRW
=

1
1
R3

+ 1
R4

6LPLODUO\ WKH UHVLVWDQFH RI n SDUDOOHO FRQQHFWHG UHVLVWRUV LV JLYHQ E\

RWRW =

0

@
nX

j=1

1

Rj

1

A
�1

���



�� 'LUHFW FXUUHQW FLUFXLWV

������ 5HVLVWLYLW\ DQG &RQGXFWLYLW\

7KH �2KPLF� UHVLVWDQFHRZH LQWURGXFHG DERYH LV D SURSHUW\ RI D FRPSRQHQW� IRU H[DPSOH
FRQVLGHULQJ D ZLUH� WKH ZLUH DV DQ HQWLUH FRPSRQHQW KDV D UHVLVWDQFH� +RZHYHU� ZKHQ
ORRNLQJ DW WKH PDWHULDO IRUPLQJ WKH ZLUH �XVXDOO\ FRSSHU�� DQRWKHU EXW UHODWHG SURSHUW\
FDOOHG UHVLVWLYLW\ rho� :KLOH WKH UHVLVWLYLW\ LV LQGHSHQGHQW RI WKH VKDSH RI WKH ZLUH �FURVV
VHFWLRQ DUHD DQG OHQJWK�� ZKHUHDV WKH UHVLVWDQFH R DOVR GHSHQGV RQ WKH JHRPHWU\� 7KH
WZR TXDQWLWLHV DUH FRQQHFWHG DV

R = ⇢
l

A
ZKHUH l LV WKH OHQJWK RI WKH ZLUH DQG A LWV FURVV VHFWLRQ DUHD� &RSSHU KDV D UDWKHU ORZ
UHVLVWLYLW\ RI ⇢ = 1.7 · 10�8/⌦·P�1��
$QRWKHU FRPPRQ TXDQWLW\ LV WKH FRQGXFWLYLW\ � ZKLFK LV GHILQHG DV

� =
1

⇢
.

7KH FRQGXFWLYLW\ WHOOV \RX� KRZ ZHOO D PDWHULDO FRQGXFWV WKH FXUUHQW� LW LV DOVR D PDWHULDO
VSHFLILF TXDQWLW\�

������ 9ROWDJH VRXUFH

$Q LGHDO YROWDJH VRXUFH LV D GHYLFH ZKHUH LQGHSHQGHQW RI WKH FXUUHQW WKH YROWDJH LV DOZD\V
WKH VDPH� 6LQFH DOUHDG\ WKH ZLUHV OHDYLQJ WKH LGHDO YROWDJH VRXUFH KDYH D UHVLVWDQFH RQH
KDV WR DGG DQ DGGLWLRQDO UHVLVWDQFH RS LQ VHULHV WR WKH YROWDJH VRXUFH WR GHVFULEH D UHDO
YROWDJH VRXUFH� RS LV XVXDOO\ YHU\ VPDOO RQH FDQ RIWHQ QHJOHFW LW� 7DNLQJRS LQWR DFFRXQW
LV RQO\ LPSRUWDQW LI RQH ZDQWV WDNH RXW D ORW RI HQHUJ\ IURP WKH YROWDJH VRXUFH RU LI WKH
UHVW RI WKH HOHFWULFDO FLUFXLW KDV D YHU\ ORZ UHVLVWDQFH LQ WKH RUGHU RI RS �

���� (OHFWULF SRZHU

7KH YROWDJH GHVFULEHV KRZ PXFK HQHUJ\ RQH &RXORPE JHWV LI LW SDVVHV WKH YROWDJH� $
FXUUHQW GHVFULEHV KRZ PXFK FKDUJH SDVVHV SHU XQLW RI WLPH� 7KHUHIRUH WKH SURGXFW RI D
YROWDJH DQG D FXUUHQW GHVFULEHV KRZ PXFK FKDUJH JHWV DQ HQHUJ\ E\ WKH YROWDJH SHU XQLW
WLPH� WKHUHIRUH WKH SURGXFW WHOOV XV WKH SRZHU WKDW WKH FXUUHQW SHUIRUPV�

P = UI

ZKHUH P LV WKH SRZHU WKDW WKH FXUUHQW I HPLWV RYHU WKH YROWDJH GURS U �
�$ WDEOH FRQWDLQLQJ PRUH PHWDOV LV LQ WKH DSSHQGL[�

���
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���� (OHFWULF FRPSRQHQWV

7DEOH ���� JLYHV DQ RYHUYLHZ RYHU WKH PRVW FRPPRQ V\PEROV�

	

LGHDO ZLUH �ZLWK QR UHVLVWDQFH�

VZLWFK WR RSHQ DQG FORVH WKH HOHFWULF FLUFXLW
RKPLF UHVLVWRU

YDULDEOH RKPLF UHVLVWRU

�LGHDO� YROWDJH VRXUFH

JURXQG �UHIHUHQFH YROWDJH LQ LQILQLW\�� FRQQHFWHG WR WKH HDUWK

FDSDFLWRU �WR VWRUH FKDUJH�
LQGXFWRU �LQGXFWLYH UHVLVWRU� RIWHQ D FRLO�

OLJKW EXOE

/(' �OLJKW HPLWWLQJ GLRGH�

GLRGH �OHWV FXUUHQW RQO\ IORZ LQ GLUHFWLRQ RI WKH DUURZ�

KRUQ

7DEOH ����� 2YHUYLHZ RYHU GLIIHUHQW V\PEROV >��@

���



�� 'LUHFW FXUUHQW FLUFXLWV

���� .LUFKKRII·V FLUFXLW ODZ

7KHUH DUH WZR YHU\ LPSRUWDQW UXOHV ZKLFK FDQ EH XVHG WR GHWHUPLQH WKH FXUUHQW DQG YROWDJH
WKURXJK DQ\ FLUFXLW�

������ &XUUHQW ODZ

%HFDXVH WKHUH LV FRQVHUYDWLRQ RI FKDUJH ZH KDYH D UHVWULFWLRQ RQ WKH FXUUHQWV� $W DQ\
SRLQW ZKHUH QR FKDUJH LV VWRUHG WKH VXP RI DOO FXUUHQWV PXVW EH ]HUR� ,W LV LPSRUWDQW WR
FKRVH WKH FXUUHQWV WKDW IORZ WR WKDW SRLQW ZLWK RQH VLJQ �VR SRVLWLYH RU QHJDWLYH� DQG WKH
FXUUHQWV WKDW IORZ DZD\ ZLWK WKH RWKHU VLJQ �QHJDWLYH RU SRVLWLYH� �VHH ILJXUH ������

)LJXUH ����� .QRW ZKHUH PDQ\ FXUUHQWV IORZ WRJHWKHU� 7KH VXP I1 � I2 + I3 � I4 � I5
PXVW EH ]HUR� 7KH FXUUHQWV WKDW IORZ WR WKH NQRW KDYH SRVLWLYH VLJQ� WKH FXUUHQWV WKDW IORZ
DZD\ QHJDWLYH VLJQ�

������ 9ROWDJH ODZ

$V ZH KDYH VHHQ LQ FKDSWHU ������ WKH VXP RI DOO YROWDJHV LQ D FORVHG HOHFWULF FLUFOH LV ]HUR�
7KHUHIRUH ZH GHILQH D GLUHFWLRQ RI VXPPDWLRQ �LQ FORFN ZLVH RU DQWL FORFN ZLVH� DQG WDNH
WKH VXP RYHU DOO HOHFWULF FRPSRQHQWV RI WKH FLUFXLW �VHH ILJXUH �����

������ $SSO\LQJ .LUFKKRII·V ODZ

$ NQRW LV D SRLQW LQ WKH HOHFWULFDO FLUFXLW ZKHUH PRUH WKDQ WZR FXUUHQWV IORZ� )RU HYHU\
NQRW ZH DSSO\ WKH FXUUHQW ODZ� 7KLV JLYHV XV IRU k NQRWV k LQGHSHQGHQW HTXDWLRQV� )RU
HYHU\ FORVHG FLUFXLW RQH DSSOLHV WKH YROWDJH ODZ ZKLFK JLYHV IRU HYHU\ LQGHSHQGHQW FORVHG
FLUFXLW RQH PRUH HTXDWLRQ� 2QH KDV WR SD\ DWWHQWLRQ RQ WKH LQGHSHQGHQFH RI WKH FLUFXLWV
�VHH ILJXUH �����

���
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)LJXUH ����� +HUH WKH VHQFH RI VXPPDWLRQ LV FORFN ZLVH� )RU DOO WKH FRPSRQHQWV �ZKLFK
GRHV QRW QHFHVVDULO\ KDYH WR EH RKPLF UHVLVWRUV� ZH WDNH WKH SRWHQWLDO GLIIHUHQFH EHWZHHQ
WKH SRWHQWLDO DW WKH HQG RI WKH DUURZ PLQXV WKH SRWHQWLDO RQ WKH VWDUW RI WKH DUURZ� 7KLV
JLYHV XV WKH YROWDJH LQ GLUHFWLRQ RI WKH VXPPDWLRQ� 7KH VXP RI DOO WKHVH YROWDJHV PXVW EH
]HUR U1 + U2 + U3 + U4 + U5 = 0 >��@�

,I RQH KDV QRZ n HTXDWLRQV �IURP WKH FXUUHQW DQG YROWDJH ODZ� RQH KDV WR H[SUHVV WKH
YROWDJHV E\ WKH FXUUHQWV RUH YLFH YHUVD� 7KHQ RQH VKRXOG KDYHn HTXDWLRQV ZLWKn YDULDEOHV
ZKLFK VKRXOG EH VROYDEOH�
7KLV LV D YHU\ XVHIXO PHWKRG IRU FRPSOLFDWHG FLUFXLWV� )RU HDVLHU FLUFXLW RQH FDQ DSSO\
RWKHU PHWKRGV� IRU H[DPSOH VLPSOLI\ FRPSOLFDWHG V\VWHPV RI UHVLVWRUV E\ D VLQJOH UHVLVWRUV
�VHH ����� DQG WKHQ DSSO\ WKH .LUFKKRII·V YROWDJH ODZ E\ VD\LQJ WKDW WKH YROWDJH RYHU WKH
YROWDJH VRXUFH PXVW EH HTXDO WR WKH YROWDJH RYHU WKH VLQJOH UHVLVWRU�

���� ([DPSOHV

������ 0D[LPDO SRZHU IURP D UHDO SRZHU VRXUFH

/HW·V ORRN DW D UHDO YROWDJH VRXUFH ZLWK YROWDJH U0 DQG FRQQHFW LW WR DQ RKPLF UHVLVWRU �VHH
ILJXUH ������ 6LQFH WKH YROWDJH VRXUFH KDV DQ RKPLF UHVLVWDQFH LWVHOI LW LV QRW SRVVLEOH WR
JHW LQILQLWH SRZHU RXW RI WKH VRXUFH�

���



�� 'LUHFW FXUUHQW FLUFXLWV

)LJXUH ����� 7KHUH DUH WKUHH FORVHG FLUFXLWV� FLUFXLW �� $&'%� FLUFXLW �� $()% DQG FLUFXLW
�� &()'� %XW WKH WKUHH FLUFXLWV DUH QRW LQGHSHQGHQW EHFDXVH FLUFXLW � LV EDVLFDOO\ FLUFXLW
� PLQXV FLUFXLW �� 7KHUHIRUH WKH YROWDJH ODZ PXVW RQO\ EH DSSOLHG RQ WZR RI WKH WKUHH
FLUFXLWV �LW GRHV QRW GHSHQG RQ ZKLFK WZR�� 7R EH VXUH QRW GRLQJ DQ\WKLQJ ZURQJ� RQO\
WDNH WKH FORVHG FLUFXLWV ZKLFK DUH WKH VPDOOHVW SRVVLEOH FLUFXLWV� )RU H[DPSOH FLUFXLW � FDQ
EH FRQWUDFWHG WR FLUFLXW � E\ PDNLQJ D VKRUWFXW IURP % WR $�>��@�

:H ZDQW WR FDOFXODWH WKH PD[LPDO SRZHU WKDW RQH FDQ XVH DW WKH UHVLVWRU� 7KH SRZHU P
RQ WKH UHVLVWRU R LV P = UI = I2R� 7KH FXUUHQW LV JLYHQ E\I = U0

R+RS
� 7KHUHIRUH WKH

SRZHU LV U2
0

R
(R+RS)2

7R JHW WKH PD[LPDO SRZHU ZH FRQVLGHU WKH SRZHU DV IXQFWLRQ RI R
DQG VHW WKH GHULYDWLYH ]HUR�

0 =
GP
GR

= U0
(R+RS)2 � 2(R+RS)R

(R+RS)4

= R+RS � 2R

R = RS

7KHUHIRUH RQH FDQ WDNH WKH PD[LPDO SRZHU RXW RI D UHDO YROWDJH VRXUFH LI WKH UHVLVWRU LV
HTXDO WR WKH LQWHULRU UHVLVWRU RI WKH YROWDJH VRXUFH� 2I FRXUVH WKH VDPH DPRXQW RI SRZHU
DV RQH FDQ XVH DW WKH UHVLVWRU R LV KHDWLQJ XS WKH YROWDJH VRXUFH EHFDXVH RI RS �

���
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)LJXUH ����� $ UHDO YROWDJH VRXUFH FRQQHFWHG WR DQ RKPLF UHVLVWRU� 7KH UHDO YROWDJH VRXUFH
LV WKH JUD\ ER[�

������ &KDUJLQJ D FDSDFLWRU

$ FDSDFLWRU ZLWK FDSDFLW\ C LV FRQQHFWHG LQ VHULHV ZLWK D UHVLVWRU ZLWK UHVLVWDQFH R WR D
YROWDJH VRXUFH ZLWK YROWDJH U0� $W WKH WLPH t = 0 WKH VZLWFK FORVHV WKH FLUFXLW DQG WKH
FDSDFLW\ VWDUWV WR FKDUJH �VHH ILJXUH ������

)LJXUH ����� &LUFXLW WR FKDUJH D FDSDFLW\

:H ZDQW WR FDOFXODWH WKH YROWDJH RYHU WKH FDSDFLW\ VC DV D IXQFWLRQ RI WLPH� :H DSSO\
.LUFKKRII·V ODZ� U0 = UR + UC ZLWK UR = RI WKH YROWDJH RYHU WKH UHVLVWRU DQG
UC = Q

C ZLWK Q WKH FKDUJH LQ WKH FDSDFLWRU� 7DNLQJ WKH WLPH GHULYDWLYH ZH JHW

���
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U0 = RI +
Q

C
,

G
Gt

0 = R
GI
Gt

+
I

C

= RC
GI
Gt

+ I

�
1

RC
Gt =

GI
I

�
1

RC

tˆ

0

Gt0 =

I(t)ˆ

I0

GI
I

�
1

RC
t = OQ(

I(t)

I0
)

I(t) = I0e
�1
RC

t

:KHUH I0 LV WKH FXUUHQW ZKHQ WKH VZLWFK LV FORVHG DQG LW LV JLYHQ E\ I0 = U0
R EHFDXVH DW

WKH ILUVW PRPHQW QR YROWDJH GURSV RYHU WKH FDSDFLWRU �VLQFH LW LV HPSW\� DQG WKHUHIRUH DOO
WKH YROWDJH GURSV RYHU WKH UHVLVWRU� 7KHUHIRUH ZH JHW IRU WKH YROWDJH RYHU WKH FDSDFLWRU

UC(t) = U0 �RI(t)

= U0(1� e
�1
RC

t)

7KLV FRQWDLQV VRPH H[SHFWHG SURSHUWLHV� $W WKH EHJLQQLQJ ZKHQ WKHUH LV QR FKDUJH LQ WKH
FDSDFLWRU WKHUH LV QR YROWDJH GURS RYHU LW� )RU t YHU\ ELJ QHDUO\ DOO YROWDJH GURSV RYHU
WKH FDSDFLWRU ZKLFK LV DOVR FOHDU VLQFH WKH FDSDFLWRU LV DQ LQWHUUXSWLRQ RI WKH FLUFXLW IRU D
FRQVWDQW YROWDJH�
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/LNH (OHFWURVWDWLFV� EXW QRZ ZLWK H[WUD
PDWKV�

'RQ·W ZRUU\� LW PLJKW ORRN XJO\ LQ WKH
EHJLQQLQJ� EXW LW·V ZRUWK WKH VWUXJJOH�

���� 0DJQHWLVP � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0DJQHWLF )LHOG DQG )OX[ � � � � � � � � � � � � � � � � � � � � ���
������ $PSHUH·V /DZ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0DJQHWLF )LHOG RI D 0RYLQJ 3RLQW &KDUJH � � � � � � � � � � ���
������ ([DPSOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� ,QGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $SSURDFK DQG 'HILQLWLRQ � � � � � � � � � � � � � � � � � � � � ���
������ 6HOI LQGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ *HQHUDWRU � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 7UDQVIRUPHU � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� 'LVSODFHPHQW FXUUHQW � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� 0D[ZHOO·V HTXDWLRQV DQG WKHLU FRQFOXVLRQV � � � � � � � � � � � � � ���

������ 0D[ZHOO·V HTXDWLRQV � � � � � � � � � � � � � � � � � � � � � � ���
������ (OHFWURPDJQHWLF ZDYH � � � � � � � � � � � � � � � � � � � � � ���

���� (OHFWUR�PDJQHWLF ILHOG LQ 0DWHULDOV � � � � � � � � � � � � � � � � � � ���
������ 3RODUL]DELOLW\ DQG GLHOHFWULF FRQVWDQW � � � � � � � � � � � � ���
������ (OHFWULF GLVSODFHPHQW DQG 3RODULVDWLRQ � � � � � � � � � � � ���
������ &RQWLQXLW\ HTXDWLRQV DW LQWHUIDFHV � � � � � � � � � � � � � ���
������ 0DJQHWLF ILHOG � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0D[ZHOO·V HTXDWLRQV LQ 0DWHULDOV � � � � � � � � � � � � � � � ���
������ (OHFWURPDJQHWLF ZDYHV � � � � � � � � � � � � � � � � � � � � ���

���� (QHUJ\ RI WKH HOHFWURPDJQHWLF ILHOG � � � � � � � � � � � � � � � � � ���

���
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������ (QHUJ\ GHQVLW\ RI WKH HOHFWULF ILHOG � � � � � � � � � � � � � ���
������ (QHUJ\ GHQVLW\ RI WKH PDJQHWLF ILHOG � � � � � � � � � � � � ���
������ 3R\QWLQJ YHFWRU � � � � � � � � � � � � � � � � � � � � � � � � � ���
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,Q WKLV FKDSWHU ZH FRQWLQXH HOHFWURG\QDPLFV� )LUVW ZH ORRN DW PDJQHWLVP IURP D PRUH
IRUPDO SRLQW RI YLHZ� ZKLFK OHDGV WR $PSqUH·V /DZ DQG %LRW 6DYDUW·V /DZ� 7KHQ ZH
ORRN DW WLPH GHSHQGHQW ILHOGV DQG SKHQRPHQD UHODWHG WR WKHP� IRU H[DPSOH LQGXFWLRQ DQG
GLVSODFHPHQW FXUUHQW� 3XWWLQJ DOO WKHVH HTXDWLRQV WRJHWKHU OHDGV WR WKH IDPRXV 0D[ZHOO·V
HTXDWLRQV� ,Q D VHFRQG SDUW ZH ZLOO LQYHVWLJDWH WKH EHKDYLRU RI HOHFWURPDJQHWLVP LQ WKH
SUHVHQFH RI PDWWHU� $W WKH YHU\ HQG� HQHUJ\ FRQVLGHUDWLRQV RI WKH HOHFWURPDJQHWLF ILHOG
DUH GLVFXVVHG�

���� 0DJQHWLVP

,Q HOHFWURG\QDPLFV � ZH ORRNHG DW PDJQHWLVP PRUH IURP D SKHQRPHQRORJLFDO SRLQW RI
YLHZ ZLWKRXW IRUPDO UHODWLRQV� :H ZLOO FDWFK XS RQ WKLV QRZ� )LUVW ZH ZLOO KDYH D FORVHU
ORRN DW WKH PDJQHWLF ILHOG B LWVHOI DQG LQWURGXFH WKH PDJQHWLF IOX[� 7KHQ ZH ZLOO LQYHV�
WLJDWH DQ LPSRUWDQW SURSHUW\ RI WKH PDJQHWLF ILHOG� 5HPHPEHU WKDW D FXUUHQW �IORZLQJ
WKURXJK D ZLUH� FUHDWHV D PDJQHWLF ILHOG DURXQG WKH ZLUH �VHH �������� ,W LV D FLUFXODU ILHOG
ZKLFK QHHGV VRPH QHZ IRUPDOLVP WR GHVFULEH LW� $QG ILQDOO\ ZH ORRN DW WKH PDJQHWLF ILHOG
RI D SRLQW FKDUJH DQG VRPH PRUH H[DPSOHV�

������ 0DJQHWLF )LHOG DQG )OX[

,Q VHFWLRQ ������ ZH JDYH WKH PDJQHWLF ILHOG ~B DOUHDG\ D XQLW� QDPHO\ WKH 7HVOD� 7R EH
PRUH SUHFLVH ~B LV WKH PDJQHWLF ILHOG GHQVLW\�� ,Q D ILHOG OLQH SLFWXUH� WKH ILHOG GHQVLW\
LQGLFDWHV KRZ PDQ\ ILHOG OLQHV SDVV WKURXJK D FHUWDLQ DUHD� )RU D JLYHQ DUHD A� ZH FDQ
WKHUHIRUH GHILQH D TXDQWLW\ ZKLFK FRUUHVSRQGV WR WKH WRWDO QXPEHU RI ILHOG OLQHV WKURXJK
WKDW DUHD� 7KLV TXDQWLW\ LV FDOOHG IOX[ � DQG LW LV GHILQHG DV

� =

¨
A

~B · G ~A

ZKHUH WKH GLIIHUHQWLDO G ~A LV D VPDOO DUHD HOHPHQW SRLQWLQJ SHUSHQGLFXODU WR WKH VXUIDFH� VHH
ILJXUH ����� 7KH VFDODU SURGXFW ~B · G ~A LQGLFDWHV WKH IOX[ WKURXJK GA ZKLFK� VXPPHG�LQ�
WHJUDWHG XS IRU DOO VPDOO HOHPHQWV� JLYHV WKH WRWDO IOX[�

�7KHUH LV DOVR D PDJQHWLF ILHOG VWUHQJWK� DQDORJRXV WR WKH HOHFWULF ILHOG VWUHQJWK ~E� 7KLV SOD\V D OHVV
LPSRUWDQW UROH LQ SK\VLFV� VHH DOVR ������

���
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,I WKH DUHD LV QRW FXUYHG DQG WKH PDJQHWLF ILHOG LV KRPRJHQHRXV WKURXJK WKH ZKROH VXUIDFH
WKH IRUPXOD VLPSOLILHV WR

� = ~B · ~A

ZKHUH ~A LV WKH VXUIDFH YHFWRU SRLQWLQJ SHUSHQGLFXODU WR WKH VXUIDFH DQG LWV DEVROXWH YDOXH
LV HTXDO WR WKH DUHD RI WKH VXUIDFH�

������ $PSHUH·V /DZ

6LPLODU WR *DXVV·V ODZ �VHH FKDSWHU ������� ZKHUH WKH IOX[ DW WKH VXUIDFH RI D YROXPH
RQO\ GHSHQGV RQ WKH FKDUJH LQVLGH� ZH FDQ IRUPXODWH D ODZ ZLWK FXUUHQWV� %XW WKHUH LV D
YHU\ LPSRUWDQW GLIIHUHQFH EHWZHHQ WKH �VWDWLF� HOHFWULF DQG WKH �VWDWLF� PDJQHWLF ILHOG� 7KH
�VWDWLF� HOHFWULF ILHOG VWDUWV DQG HQGV RQ FKDUJHV� 6LQFH WKHUH DUH QR µPDJQHWLF FKDUJHVµ� WKH
PDJQHWLF ILHOG KDV QR VWDUWLQJ DQG QR HQGLQJ SRLQW� 7KHUHIRUH WKH PDJQHWLF ILHOG OLQHV DUH
DOZD\V FORVHG DQG ZH FDQ TXDQWLI\ WKHP XVLQJ WKLV SURSHUW\� ,QVWHDG RI WKH IOX[ WKRXJK
D FORVHG VXUIDFH ZH ORRN DW WKH PDJQHWLF ILHOG DORQJ D FORVHG SDWK �HQFORVLQJ D VXUIDFH
S�� )URP DQ LQWXLWLYH SRLQW RI YLHZ ZH KDYH WR UHODWH WKH FXUUHQW WKURXJK D ZLUH ZLWK WKH
PDJQHWLF ILHOG DURXQG WKH ZLUH�� ,I ZH KDYH D ZLUH ZKHUH D FXUUHQW I IORZV WKURXJK DQG
D VXUIDFH S �WKDW LV QRW FORVHG� ZH KDYH WKDW

˛
@S

~BG~l = µ0Iin =

¨
S
µ0~jG~S ������

ZKHUH @S LV WKH ERXQGDU\ OLQH RI WKH VXUIDFH S DQG G~l LV D LQILQLWHVLPDO VKRUW WDQJHQW
YHFWRU RQ WKDW ERXQGDU\ OLQH �VHH ILJXUH ������ Iin LV WKH FXUUHQW WKDW IORZV WKURXJK WKH
VXUIDFH S DQG ~j LV WKH FXUUHQW GHQVLW\ �FXUUHQW SHU DUHD� ZKLFK SRLQWV LQ WKH GLUHFWLRQ RI
WKH FXUUHQW IORZ� 7KH GLUHFWLRQ RI G~l LV JLYHQ E\ WKH ULJKW KDQG UXOH� LI WKH WKXPE RI
WKH ULJKW KDQG VKRZV LQ WKH GLUHFWLRQ RI WKH FXUUHQW WKHQ WKH RWKHU IRXU ILQJHUV VKRZ WKH
GLUHFWLRQ RI G~l DQG G~S VKRZV WKH GLUHFWLRQ RI WKH FXUUHQW �VHH DOVR ILJXUH �������
,W LV DJDLQ QRW LPSRUWDQW EHLQJ DEOH WR FDOFXODWH WKH LQWHJUDOV DERYH IRU DUELWUDU\ FDVHV EXW
LW LV YHU\ XVHIXO WR XQGHUVWDQG WKH IRUPXOD�

�7KLV LQ DQDORJ\ WR *DXVV·ODZ ZKHUH ZH UHODWH WKH FKDUJH LQ D YROXPH WR WKH IOX[ WKURXJK WKH VXUIDFH RI
WKH YROXPH� +HUH ZH UHODWH WKH FKDUJH IORZLQJ WKURXJK D VXUIDFH ZLWK WKH PDJQHWLF ILHOG DURXQG WKH VXUIDFH�
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I

S

~Gl

~B

)LJXUH ����� 7KH EODFN SRLQW ZLWK WKH FLUFOH DURXQG LW GHQRWHV WKH FXUUHQW ZKLFK IORZV
SHUSHQGLFXODU RXW RI WKH VKHHW� 7KH GDVKHG OLQH V\PEROL]HV WKH PDJQHWLF ILHOG� 7KH VKDGHG
DUHD LV S ZKHUH WKH FXUUHQW IORZV WKURXJK �QRWH LW GRHV QRW PDWWHU ZKHUH LW IORZV WKURXJK��
$ VPDOO SLHFH RI WKH LQWHJUDO DORQJ WKH ERXQGDU\ RI 6 LV GHQRWHG E\ G~l�

7KH LPSRUWDQW WKLQJ DERXW HTXDWLRQ ������ LV WKDW WKHUH H[LVWV D TXDQWLW\ FRQQHFWHG WR
WKH PDJQHWLF ILHOG �QDPHO\ WKH LQWHJUDO RQ WKH OHIW KDQG VLGH� ZKLFK RQO\ GHSHQGV RQ WKH
FXUUHQW� ,Q V\PPHWULF FDVHV WKLV LV YHU\ XVHIXO� VHH H[DPSOH �������

������ 0DJQHWLF )LHOG RI D 0RYLQJ 3RLQW &KDUJH

$Q RWKHU ZD\ WR FDOFXODWH WKH PDJQHWLF ILHOG RI D FXUUHQW LV WR ORRN DW WKH H[SOLFLW GHSHQ�
GHQFH RI WKH PDJQHWLF ILHOG RQ D PRYLQJ FKDUJH� $VVXPH D SRLQW FKDUJH ZLWK FKDUJH q
DW WKH SRVLWLRQ ~r0 LV PRYLQJ ZLWK YHORFLW\ ~v� :H ZDQW WR XQGHUVWDQG WKH IRUPXOD RI WKH
PDJQHWLF ILHOG DW D SRLQW ~r RI WKLV SRLQW FKDUJH� 7KH IRUPXOD LV

~B(~r) = k
q

|r � r0|2
~v ⇥

~r � ~r0

|~r � ~r0|
������

ZKHUH ~r � ~r0 LV WKH YHFWRU SRLQWLQJ IURP WKH SRLQW FKDUJH WR WKH SRLQW ~r DQG k LV D
FRQVWDQW� ,Q 6, XQLWV k = µ0

4⇡ ZKHQ µ0 = 4⇡ · 10�79·V·$�1
·P�1� 7KLV IRUPXOD VHHPV

H[WUHPHO\ FRPSOLFDWHG DW ILUVW EXW ORRNLQJ D ELW PRUH SUHFLVHO\ DQG FRPSDULQJ LW ZLWK WKH

���
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HOHFWULF ILHOG RI D SRLQW FKDUJH� LW JHWV D ORW VLPSOHU� 7KH ~B ILHOG KDV D q

|~r�~r0|2
GHSHQGHQFH

DV WKH ~E ILHQG LQ WKH FRXORPE ODZ� 7KLV LV SUHWW\ UHDVRQDEOH VLQFH DV PHQWLRQHG DERYH
WKH HOHFWULF ILHOG DQG WKH PDJQHWLF ILHOG KDYH D VWURQJ FRQQHFWLRQ�� 7KLV PHDQV WKDW ERWK
VKRXOG KDYH WKH VDPH GHSHQGHQFH RQ q DQG RQ WKH GLVWDQFH |~r � ~r0|� 7KH IDFWRU 4⇡ LV
SDUW RI WKH FRQVWDQW DQG LV VHSDUDWHG ZLWK D VLPLODU UHDVRQ DV LQ WKH HOHFWULF FDVH� ZKHUH
4⇡r2 LV WKH DUHD RI WKH VSKHUH ZLWK UDGLXV |~r| DURXQG WKH FKDUJH� $GGLWLRQDOO\ VRPH RWKHU
ODZV WDNH D QLFH IRUP� VHH HTXDWLRQ ������� 7KH ELJ GLIIHUHQFH EHWZHHQ WKH IRUPXOD RI WKH
HOHFWULF DQG WKH PDJQHWLF ILHOG LV WKH YHFWRU SURGXFW� %XW WKH YHFWRU SURGXFW IXOILOV H[DFWO\
WKH SURSHUWLHV RI WKH PDJQHWLF ILHOG ZH VWDWHG LQ FKDSWHU ������� 7KH YHFWRU SURGXFW
HQVXUHV WKDW WKH PDJQHWLF ILHOG DOZD\V SRLQWV WDQJHQW WR D FLUFOH DURXQG WKH GLUHFWLRQ RI
WKH FXUUHQW �ZKLFK KHUH LV ~v� DQG VLQFH WKH PDJQHWLF ILHOG VKRXOG EH ]HUR IRU ~r SDUDOOHO
WR ~v WKH DQJOH EHWZHHQ ~v DQG ~r�~r0 SOD\V DOVR D UROH DQG LV UHVSHFWHG LQ WKH YHFWRU SURGXFW�

7KH IRUPXOD DERYH LV QRW FRUUHFW ZLWK UHVSHFW WR UHODWLYLW\ EHFDXVH LQ WKH IRUPXOD LW LV
DVVXPHG WKDW WKH PRYLQJ SDUWLFOH KDV DQ LPPHGLDWH LQIOXHQFH DW WKH SRVLWLRQ ~r ZKLFK LV
QRW SRVVLEOH GXH WR UHODWLYLW\� %XW LI ZH FRQVLGHU |~v| ⌧ c� ZKHQ c LV WKH VSHHG RI OLJKW�
WKH PLVWDNH LV QHJOLJLEO\ VPDOO�

7R FDOFXODWH WKH PDJQHWLF ILHOG RI D FXUUHQW IORZLQJ WKURXJK D ZLUH ZH XVH HTXDWLRQ ������
DQG UHGHILQH VRPH TXDQWLWLHV� 7KH FKDUJH dq LQ D VKRUW SDUW RI WKH ZLUH ZLWK OHQJWK Gl LV
dq = ⇢Gl ZKHUH ⇢ LV WKH FKDUJH GHQVLW\ SHU XQLW OHQJWK� $VVXPH WKDW FKDUJH LV PRYLQJ
ZLWK D �PHDQ� VSHHG v� 7R SDVV WKH OHQJWK Gl WKH WLPH Gt LV QHHGHG� :H WKHUHIRUH KDYH D
FXUUHQW I = Gq

Gt = ⇢Gl
Gt = ⇢v� +HQFH ZH KDYH Gqv = ⇢Glv = IGl� 6LQFH WKH FKDUJH Gq LV

DVVXPHG WR EH VPDOO� DQG ORFDWHG DW D VPDOO VSRW� ZH FDQ XVH HTXDWLRQ ������ WR FDOFXODWH
WKH PDJQHWLF ILHOG G ~B FDXVHG E\ WKH FXUUHQW DW ~r0 WKURXJK WKH VPDOO SLHFH RI ZLUH G~l(~r0)�
:H WXUQHG WKH SDWK HOHPHQW Gl LQWR D YHFWRU LQ RUGHU WR FDOFXODWH WKH YHFWRU SURGXFW� 7KH
YHFWRU KDV WR SRLQW LQ WKH GLUHFWLRQ RI WKH FXUUHQW� 7KH IRUPXOD LV WKHQ JLYHQ DV

G ~B(~r) =
µ0

4⇡
I
G~l(~r0)⇥ (~r � ~r0)

|~r � ~r0|3
.

7KLV IRUPXOD LV FDOOHG %LRW�6DYDUW·V ODZ� 7KH WRWDO PDJQHWLF ILHOG DW WKH SRLQW ~r LV WKHQ WKH
LQWHJUDO RI DOO WKH G ~B RI DOO WKH ZLUH� QDPHO\

�7KLV JHWV REYLRXV LQ UHODWLYLW\�
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~B =

ˆ
ZLUH

G ~B =

ˆ
ZLUH

µ0

4⇡
I
G~l(~r0)⇥ (~r � ~r0)

|~r � ~r0|3
.

7KLV LQWHJUDO GRHV EDVLFDOO\ QRWKLQJ HOVH WKDQ VXP XS DOO WKH FRQWULEXWLRQV RI WKH GLIIHUHQW
SDUWV RI WKH ZLUH� ,I WKH FXUUHQW WKURXJK WKH ZLUH LV FRQVWDQW� WKH HTXDWLRQ DERYH LV DOVR
UHODWLYLVWLFDOO\ FRUUHFW� EHFDXVH WKH PDJQHWLF ILHOG LV FRQVWDQW LQ WLPH�

������ ([DPSOH

0DJQHWLF )LHOG RI DQ ,QILQLWHO\ 6WUDLJKW /RQJ :LUH

&RQVLGHU D ZLUH DORQJ WKH [�D[LV ZLWK D FXUUHQW I IORZLQJ LQ WKH SRVLWLYH [�GLUHFWLRQ� VHH
DOVR ILJXUH ����� 6LQFH WKH ZLUH LV LQILQLWHO\ ORQJ WKHUH LV QR FRPSRQHQW RI WKH PDJQHWLF
ILHOG SRLQWLQJ LQ WKH x�GLUHFWLRQ� $GGLWLRQDOO\ WKH SUREOHP LV URWDWLRQDO V\PPHWULF DURXQG
WKH x�D[LV� 7KHUHIRUH WKH VWUHQJWK RI WKH PDJQHWLF ILHOG DW D SRLQW RQO\ GHSHQGV RQ WKH
GLVWDQFH WR WKH ZLUH� :H LPDJLQH D FLUFOH DURXQG WKH [�D[LV ZLWK UDGLXVR� $V WKH PDJQHWLF
ILHOG DOVR PDNHV FLUFOHV DURXQG WKH ZLUH �VHH ILJXUH ������ WKH OLQH YHFWRU RI WKH ERXQGDU\
OLQH RI WKH FLUFOH DQG WKH ~B ILHOG SRLQW LQ WKH VDPH GLUHFWLRQ DQG WKHUHIRUH ~BG~s = BGs
ZKHUH B DQG s DUH WKH DEVROXWH YDOXHV RI WKH UHVSHFWLYH ILHOGV� 7KHUHIRUH HTXDWLRQ ������
OHDGV WR

µ0I =

˛
@S

~BG~s

=

˛
@S

BGs

= B

˛
@S
Gs

= B2⇡R

B =
µ0I

2⇡R
.

B FDQ EH WDNHQ RXW RI WKH LQWHJUDO VLQFH B LV FRQVWDQW DW D FRQVWDQW GLVWDQFH r IURP WKH
ZLUH�
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x
R

~B ~B

)LJXUH ����� ,QILQLWHO\ ORQJ ZLUH DORQJ WKH x D[LV� 7KH PDJQHWLF ILHOG �DW UDGLXV R� LV
LQGLFDWHG E\ WKH GDVKHG OLQH� WKH SDWK RI LQWHJUDWLRQ LV LQGLFDWHG E\ WKH VROLG OLQH�

)RUFH RQ 7ZR 3DUDOOHO ,QILQLWHO\ /RQJ :LUHV

/HW XV WDNH D ZLUH DORQJ WKH x�D[LV DQG RQH SDUDOOHO WR WKH x�D[LV WKURXJK WKH SRLQW y =
r > 0� $VVXPH WKH ZLUHV RQO\ OLH LQ WKH xy SODQH� $VVXPH WKDW FXUUHQWV I1 DQG I2 IORZ
WKURXJK WKH ILUVW DQG VHFRQG ZLUH� UHVSHFWLYHO\� :H WDNH WKHP WR EH SRVLWLYH LI WKH\ IORZ
LQ+x�GLUHFWLRQ� $FFRUGLQJ WR WKH H[DPSOH DERYH WKH ILUVW ZLUH SURGXFHV D PDJQHWLF ILHOG
DW WKH SRVLWLRQ RI WKH VHFRQG ZLUH

~B =
µ0I1
2⇡r

0

@
0
0
1

1

A .

7KHUHIRUH WKH IRUFH RQ D OHQJWK l RQ WKH VHFRQG ZLUH LV GXH WR WKH /RUHQW] IRUFH

~F = I2

0

@
l
0
0

1

A⇥ ~B

=
µ0I1I2
2⇡r

0

@
l
0
0

1

A⇥

0

@
0
0
1

1

A =
µ0I1I2l

2⇡r

0

@
0
�1
0

1

A .

$V D FRQVHTXHQFH WKH WZR ZLUHV DWWUDFW HDFK RWKHU LI ERWK FXUUHQWV IORZ LQ WKH VDPH
GLUHFWLRQ DQG UHSHO HDFK RWKHU LI WKH WZR FXUUHQWV IORZ LQ RSSRVLWH GLUHFWLRQ�
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7KH IRUPXOD DERYH LV DOVR XVHG WR GHILQH WKH 6,�XQLW IRU HOHFWURPDJQHWLVP ZKLFK LV WKH
FXUUHQW�
µ7KH DPSHUH LV WKDW FRQVWDQW FXUUHQW ZKLFK� LI PDLQWDLQHG LQ WZR VWUDLJKW SDUDOOHO FRQ�
GXFWRUV RI LQILQLWH OHQJWK� RI QHJOLJLEOH FLUFXODU FURVV�VHFWLRQ� DQG SODFHG � PHWUH DSDUW LQ
YDFXXP� ZRXOG SURGXFH EHWZHHQ WKHVH FRQGXFWRUV D IRUFH HTXDO WR 2 · 10�7 QHZWRQ SHU
PHWUH RI OHQJWK�µ >��@
7KLV GHILQLWLRQ LV DOVR WKH UHDVRQ WKDW µ0 = 4⇡ · 10�89·V·$�1

·P�1 LV D SUHFLVH FRQVWDQW�

0DJQHWLF )LHOG RI D &RLO

,I ZH ZLQG D ZLUH WR FLUFOHV DQG SODFH WKHP FORVH WRJHWKHU ZH JHW D FRLO� $V ZH KDYH VHHQ
DERYH� WKH PDJQHWLF ILHOG RI D FXUUHQW IORZLQJ WKURXJK D VWUDLJKW ZLUH KDV D YHU\ VPDOO
LPSDFW�� 7KLV LV GLIIHUHQW LQ D FRLO� ZKLFK FDQ EH YLHZHG IURP GLIIHUHQW DVSHFWV� $V WKH
ZLQGLQJV DUH FORVH WR HDFK RWKHU� WKH WRWDO PDJQHWLF ILHOG DW D SRLQW LV WKH VXSHUSRVLWLRQ RI
WKH PDJQHWLF ILHOG SURGXFHG E\ HDFK ZLQGLQJ� +DYLQJ PDQ\ ZLQGLQJV� WKH PDJQHWLF ILHOG
EHFRPHV PXFK ODUJHU� (TXLYDOHQWO\ RQH FRXOG VD\ WKDW WKURXJK D FXUUHQW IORZV HDFK ZLQG�
LQJ DQG WKHUHIRUH WKH WRWDO FXUUHQW FRUUHVSRQGV WR WKH FXUUHQW WKURXJK WKH ZLUH PXOWLSOLHG
E\ WKH QXPEHU RI ZLQGLQJV� 7KHUHIRUH FRLOV SOD\ DQ LPSRUWDQW UROH ZKHQ FRQVLGHULQJ
PDJQHWLVP��
:H QRZ ORRN DW D FRLO ZKRVH GLDPHWHU LV PXFK VPDOOHU WKDQ LWV OHQJWK� 7R FDOFXODWH WKH
PDJQHWLF ILHOG RI D FRLO ZH FRQVLGHU D UHFWDQJOH ZLWK ZLGWK l DQG OHQJWK L ZKLFK ZH SODFH
DV VHHQ LQ ILJXUH �����

/HW n EH WKH QXPEHU RI ZLQGLQJV SHU XQLW OHQJWK� %\ $PSHUHV ODZ �VHH HTXDWLRQ �������
ZH JHW

µ0IWRW =

˛
@S

~B · G~s

µ0Inl = lB

B = µnI

ZKHQ Itot = nlI LV WKH WRWDO FXUUHQW IORZLQJ WKURXJK WKH UHFWDQJOH DQG I LV WKH FXUUHQW
WURXJK WKH ZLUH� 7KH VWHS IURP WKH ILUVW WR WKH VHFRQG OLQH LV EHFDXVH LI ZH ORRN D WKH

�:LWK 10�71 RQH REYLRXVO\ FDQ QRW PDNH DQ HOHFWURPDJQHW�
�,Q IDFW RQH XVXDOO\ QHJOHFWV WKH HIIHFW RI WKH PDJQHWLF ILHOG RI DOO GHYLFHV H[FHSW FRLOV RU FRLO�OLNH GHYLFHV�

���



�� (OHFWURG\QDPLFV

I
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L

)LJXUH ����� &RLO ZLWK D JUD\ UHFWDQJOH� :H FKRRVH WKH VXUIDFH YHFWRU RI WKH UHFWDQJOH
SRLQWLQJ LQWR WKH SODQH EHFDXVH WKH FXUUHQW WKURXJK WKH UHFWDQJOH SRLQWV LQWR WKH SDQH�
,Q RWKHU ZRUGV� LQWHJUDWLQJ LQ WKH VDPH GLUHFWLRQ RI WKH PDJQHWLF ILHOG FRUUHVSRQGV WR D
VXUIDFH YHFWRU SRLQWLQJ LQWR WKH SODQH �ULJKW KDQG UXOH��

VLGHV RI WKH UHFWDQJOH WKH PDJQHWLF ILHOG LV DOPRVW SHUSHQGLFXODU WR WKH VLGHV RI WKH
UHFWDQJOH �XVLQJ l ⌧ OHQJWK RI FRLO� DQG DV D FRQVHTXHQFH ~B · G~s = 0 IRU WKH VLGHV�
$GGLWLRQDOO\ ZH PDNH L YHU\ ODUJH VR WKDW DW WKH WRS RI WKH UHFWDQJOH WKH PDJQHWLF ILHOG
LV YHU\ ZHDN DQG WKHUHIRUH WKH FRQWULEXWLRQ FDQ EH QHJOHFWHG�

7KH PDJQHWLF ILHOG RI D FRLO LV VLPLODU WR WKH RQH RI D SHUPDQHQW PDJQHW� 7KHUHIRUH RQH
FRXOG H[SODLQ WKH PDJQHWLF ILHOG RI D SHUPDQHQW PDJQHW E\ DVVXPLQJ WR KDYH OLWWOH FLUFXODU
FXUUHQWV LQ WKH PDJQHW� 7KLV H[SODQDWLRQ LV QRW UHDOO\ WUXH VLQFH LQ TXDQWXP PHFKDQLFV
WKHUH H[LVW DOVR PDJQHWLF ILHOGV ZKLFK GR QRW RULJLQ IURP FXUUHQWV� %XW RQH FDQ LPDJLQH
KRZ WKH PDJQHWLF ILHOG ORRNV LQVLGH D SHUPDQHQW PDJQHW ZKHUH WKH ILHOG OLQHV JR IURP WKH
VRXWK WR WKH QRUWK SROH� 7KH ILHOG OLQHV LQVLGH DQG RXWVLGH WKH SHUPDQHQW PDJQHW EXLOG
FORVHG OLQHV DV LW LV VWDWHG E\ HTXDWLRQ ��������

���� ,QGXFWLRQ

,QGXFWLRQ LV DQ LPSRUWDQW SKHQRPHQRQ LQ HOHFWURG\QDPLFV EHFDXVH LW JLYHV D �ILUVW� FRQ�
QHFWLRQ EHWZHHQ WKH HOHFWULF DQG PDJQHWLF ILHOG� ,W EDVLFDOO\ WHOOV XV WKDW D PDJQHWLF ILHOG
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WKDW FKDQJHV ZLWK WLPH SURGXFHV DQ HOHFWULF ILHOG�� $IWHU LQWURGXFLQJ LQGXFWLRQ� ZH ZLOO
ORRN DW WZR H[DPSOHV� QDPHO\ WKH JHQHUDWRU DQG WKH WUDQVIRUPHU�

������ $SSURDFK DQG 'HILQLWLRQ

7R DSSURDFK LQGXFWLRQ ZH FRQVLGHU D PHWDOOLF SLSH WKDW LV IDOOLQJ GRZQ� ,Q WKDW SLSH D
PDJQHW LV NHSW IL[HG �VHH ILJXUH ������ ,Q WKH PHWDO WKHUH DUH FKDUJHV �SRVLWLYH QXFOHXV
DQG QHJDWLYH HOHFWURQ JDV�� 2Q WKHVH PRYLQJ FKDUJHV WKH /RUHQW] IRUFH LV DFWLQJ� DQG
DFFHOHUDWHV WKH HOHFWURQV� 7KH\ VWDUW FLUFOLQJ LQ WKH SLSH VXFK WKDW WKH PDJQHWLF ILHOG WKH\
SURGXFH RSSRVHV WKH FKDQJH RI WKH H[WHUQDO PDJQHWLF ILHOG�� �VHH DOVR ILJXUH ������

)LJXUH ����� /HIW� IUDPH RI WKH PDJQHW� WKH SLSH LV IDOOLQJ DQG WKH PDJQHW LV NHSW IL[HG�
7KH ZKLWH FLUFOHV ZLWK WKH FURVV RU WKH SRLQW LQGLFDWH WKH GLUHFWLRQ RI WKH FXUUHQW GXH WR
/RUHQW] IRUFH� 7KH FLUFOH ZLWK SRLQW LQGLFDWHV WKDW WKH FXUUHQW IORZV RXW RI WKH VKHHW DQG
WKH FLUFOH ZLWK WKH FURVV WKDW LW IORZV LQWR WKH VKHHW� 5LJKW� IUDPH RI WKH SLSH� 7KH SLSH
VWDQGV VWLOO DQG WKH PDJQHW LV PRYLQJ� 7KH ZKLWH FLUFOHV DJDLQ FRUUHVSRQG WR WKH FXUUHQW
LQ WKH SLSH�

,Q WKH UHVW IUDPH RI WKH SLSH WKH SLSH LWVHOI LV QRW PRYLQJ� $V D FRQVHTXHQFH WKHUH LV
QR PRYLQJ FKDUJH DQG WKHUHIRUH QR /RUHQW] IRUFH DFWLQJ� %XW WKH FXUUHQW QHHGV WR EH

�$OVR WKH RSSRVLWH LV WUXH� VHH �����
�6LQFH WKH QXFOHL DUH PXFK KHDYLHU WKDQ WKH HOHFWURQV WKH LQIOXHQFH RI WKH PDJQHWLF ILHOG LV PXFK VPDOOHU�
�([WHUQDO PHDQV KHUH RXWVLGH WKH PHWDOOLF SLSH� L�H� WKH PDJQHWLF ILOHG RI WKH PDJQHW�
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LQGHSHQGHQW RI WKH IUDPH� 7KH H[SODQDWLRQ RI WKLV LV LQGXFWLRQ� 6LQFH WKH PDJQHW LV
PRYLQJ �LQ WKH IUDPH RI WKH SLSH�� WKH PDJQHWLF ILHOG DW D FHUWDLQ SRVLWLRQ RI WKH SLSH LV
FKDQJLQJ ZLWK WLPH� 7KLV FKDQJH FDXVHV DQ HOHFWULF ILHOG� ZKLFK FDXVHV WKH PRYHPHQW RI
WKH FKDUJHV�

)LJXUH ����� 7RS RI WKH SLSH� 7KH SLSH LV WKH JUD\ ULQJ� WKH FXUUHQW �DQG WKH HOHFWULF ILHOG�
LV LQGLFDWHG DV D FLUFOH E\ DUURZV�

,I ZH LQWHJUDWH WKH HOHFWULF ILHOG DORQJ D FORVHG SDWK �IRU H[DPSOH WKH RQH LQGLFDWHG LQ
ILJXUH ����� ZH JHW D YROWDJH uLQG� 7KLV YROWDJH LV FRQQHFWHG WR WKH PDJQHWLF ILHOG E\

˛
~EG~s = uLQG = �

G�
Gt

������

ZKHUH � LV WKH IOX[ WKDW IORZV WKURXJK WKH FORVHG SDWK� 7KH REWDLQHG HTXDWLRQ ������ KDV
VRPH YHU\ LPSRUWDQW SURSHUWLHV�

� 7KH QHJDWLYH VLJQ FRUUHVSRQGV WR WKH IDFW WKDW WKH FXUUHQW LV VXFK WKDW LW RSSRVHV D
FKDQJLQJ RI WKH PDJQHWLF ILHOG� ,W WKHUHIRUH UHSUHVHQWV HQHUJ\ FRQVHUYDWLRQ� :RXOG
WKHUH EH QR QHJDWLYH VLJQ� WKH FXUUHQW ZRXOG DPSOLI\ WKH PDJQHWLF ILHOG ZKLFK WKHQ
DOVR ZRXOG OHDG WR D ELJJHU FXUUHQW� 7KLV VHOI�DPSOLILFDWLRQ ZRXOG OHDG WR DQ LQILQLWH
FXUUHQW �LQ DEVHQFH RI UHVLVWDQFH� ZKLFK LV RI FRXUVH QRW SK\VLFDO DQG LQ SDUWLFXODU
ZRXOG YLRODWH HQHUJ\ FRQVHUYDWLRQ��

�,Q FRQFUHWH FDVHV RQH KDV WR FKRVH VRPH FRQYHQWLRQV DV WKH SRVLWLYH GLUHFWLRQ RI FXUUHQW� 'XH WR WKLV
FRQYHQWLRQV LW PLJKW KDSSHQ WKDW WKH LQGXFWLRQ ODZ GRHV QRW FRQWDLQ D QHJDWLYH VLJQ �VHH VHFWLRQ �������� %H
DZDUH DERXW WKLV DQG FKHFN DW WKH HQG LI WKH UHVXOW LV PHDQLQJIXO RU OHDGV WR QRQ�SK\VLFDO EHKDYLRU�
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� 2SSRVLWH WR WKH HOHFWURVWDWLF FDVH� WKH HOHFWULF ILHOG ZH REWDLQHG DERYH KDV QR VWDUW�
LQJ DQG QR HQGLQJ SRLQW� 7KH ZRUN UHTXLUHG WR DIIRUG WR FKDQJH WKH SRVLWLRQ RI D
FKDUJH GHSHQGV RQ WKH SDWK� WKHUHIRUH RQH FDQQRW ILQG D SRWHQWLDO ZKLFK LV HTXDO
WR WKH SRWHQWLDO HQHUJ\ RI D SDUWLFOH�

������ 6HOI LQGXFWLRQ

,QPRVW RI WKH HOHFWULFDO FRPSRQHQWV DQG LQPRVW FDVHV WKHUH LV D ZHDN LQWHUDFWLRQ EHWZHHQ
WKH FRPSRQHQW DQG WKH PDJQHWLF ILHOG� 1HYHUWKHOHVV WKHUH LV RQH FRPSRQHQW WKDW FRXSOHV
YHU\ VWURQJ WR WKH PDJQHWLF ILHOG� 7KLV FRPSRQHQW LV WKH FRLO� 6LQFH WKH GLIIHUHQW ZLQGLQJV
RI D FRLO DUH FORVH WR HDFK RWKHU DQG WKH VDPH FXUUHQW IORZV WKURXJK HDFK ZLQGLQJ� WKHUH
LV D ORW RI FKDUJH PRYLQJ RQ D VPDOO VSRW� 7KLV FXUUHQW SURGXFHV D VWURQJ PDJQHWLF ILHOG
�VHH VHFWLRQ �������� 6LQFH WKH PDJQHWLF ILHOG LV SURSRUWLRQDO�� WR WKH FXUUHQW I DQG VLQFH
WKH FURVV VHFWLRQ RI D FRLO GRHV QRW FKDQJH ZLWK WLPH� WKH WRWDO IOX[ � WKURXJK WKH FRLO LV
SURSRUWLRQDO WR WKH FXUUHQW � = LI � 7KH SURSRUWLRQDOLW\ FRQVWDQW L LV FDOOHG LQGXFWDQFH
RI WKH FRLO�
,I ZH DSSO\ DQ DOWHUQDWLQJ FXUUHQW WR D FRLO� WKH PDJQHWLF ILHOG WKURXJK WKH FRLO �FDXVHG E\
WKH FXUUHQW� LV DOVR DOWHUQDWLQJ� 7KHUHIRUH LQGXFWLRQ KDSSHQV� 7KH LQGXFHG YROWDJH LQ WKH
FRLO LV

uind = �
G�
Gt

= �L
Gi
Gt
.

7KH FRLO WKHUHIRUH RSSRVHV D FKDQJH RI WKH FXUUHQW E\ LQGXFLQJ D YROWDJH� )RU PRUH
GHWDLOV DOVR VHH WKH $& LPSHGDQFH RI DQ LQGXFWRU �VHH VHFWLRQ �������� 7KLV SKHQRPHQRQ
LV FDOOHG VHOI LQGXFWLRQ�

,Q RUGHU WR JHW D IHHOLQJ IRU WKH LQGXFWDQFH� OHW·V FRPSXWH WKH LQGXFWDQFH RI D YHU\ ORQJ
FRLO �VHH DOVR �������� 7KH PDJQHWLF ILHOG RI VXFK D FRLO LVB = µnI ZKHUH n LV WKH QXPEHU
RI ZLQGLQJV SHU OHQJWK l DQG I WKH FXUUHQW WKURXJK WKH FRLO� $VVXPH WKDW ZH KDYH D FRLO
ZLWK FURVV VHFWLRQ DUHD A� 7KHQ WKH PDJQHWLF IOX[ LV � = BA = µnIA� $SSO\LQJ
DQ $& YROWDJH ZLWK DQJXODU IUHTXHQF\ !� WKH DPSOLWXGH RI WKH LQGXFHG YROWDJH LQ HDFK
ZLQGLQJ LV ULQG = !� = !µnIA� 7KHUHIRUH WKH WRWDO YROWDJH IRU DOO N = ln ZLQGLQJV
LV U = !µnIAN = !µN2A

l I = L!I � ZKHUH ZH JRW WKH LQGXFWDQFH

��7KLV LV QRW DOZD\V WKH FDVH� IRU H[DPSOH LI WKH PDJQHWLF ILHOG JRHV WKURXJK D IHUURPDJQHWLF PDWHULDO�
7KHUH� VR FDOOHG VDWXUDWLRQ FDQ RFFXU�
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ZKHUHRm LV WKH PDJQHWLF UHVLVWDQFH RI WKH PDWHULDO DURXQG WKH FRLO��� ,W REYLRXVO\ VFDOHV
ZLWKN2� 7KH ILUVW IDFWRUN FRPHV IURP WKH IDFW WKDW WKH WRWDO FXUUHQW GHQVLW\ VFDOHV ZLWK
N � PHDQLQJ WKDW LI ZH GRXEOH N � WKH DPRXQW RI PRYLQJ FKDUJH LV DOVR GRXEOHG �QRW WKH
FXUUHQW WKURXJK WKH ZLUH LWVHOI� EXW WKH VDPH FXUUHQW SDVVHV WZLFH DV PDQ\ WLPHV�� 7KH
VHFRQG IDFWRU FRPHV IURP VXPPLQJ XS WKH YROWDJH DW HDFK ZLQGLQJ� 7KLV PHDQV WKH UDWLR
EHWZHHQ WKH �DPSOLWXGH RI WKH� YROWDJH DQG WKH FXUUHQW VFDOHV DV N2� EXW WKH PDJQHWLF
ILHOG VFDOHV DV N �

������ *HQHUDWRU

7KH ELJJHVW SDUW RI HOHFWULFLW\ LV SURGXFHG ZLWK JHQHUDWRUV��� 7KH SULQFLSOH LV LQ PRVW
FDVHV WKH VDPH DQG XVHV LQGXFWLRQ� 6RPH H[WHUQDO HQHUJ\ �DV ZDWHU RU KRW VWHDP� GULYHV
D URWDWLRQ �H�J� D WXUELQH�� 7KLV URWDWLRQ FDXVHV D PDJQHW WR WXUQ DQG OHDGV WR D FKDQJLQJ
PDJQHWLF ILHOG� 7KLV FKDQJLQJ ILHOG LQGXFHV DQ HOHFWULF ILHOG LQ D FRLO RU HTXLYDOHQWO\ D
YROWDJH�
7R KDYH D PRUH IRUPDO ORRN� DVVXPH ZH KDYH D IL[HG FRLO DQG D PDJQHW WXUQLQJ QHDU
WKH FRLO� VHH DOVR ILJXUH ����� )RU VLPSOLFLW\ ZH DVVXPH WKDW WKH PDJQHW DQG WKH FRLO DUH
YHU\ FORVH WR HDFK RWKHU VXFK WKDW WKH PDJQHWLF ILHOG LV KRPRJHQHRXV DQG FRQVWDQW RYHU
WKH DUHD RI WKH FRLO� $V WKH PDJQHW LV URWDWLQJ� WKH PDJQHWLF ILHOG DW WKH FRLO FKDQJHV
SHULRGLFDOO\� 7KH PDJQHWLF ILHOG LV

~B = B

✓
VLQ(!t)
FRV(!t)

◆

ZKHUH B LV WKH DPSOLWXGH RI WKH ILHOG �DW WKH FRLO� DQG ! LV WKH DQJXODU IUHTXHQF\ RI WKH
URWDWLRQ�

��2QH FDQ WKLQN VLPLODUO\ WR HOHFWULF FLUFXLWV DERXW PDJQHWLF FLUFXLWV� ,I WKH PDJQHWLF ILHOG KDV WZR SRVVLEOH
µSDWKVµ WR µIORZµ� WKH WRWDO UHVLVWDQFH FRUUHVSRQGV WR D SDUDOOHO FLUFXLW� 6LPLODUO\ LI WKH PDJQHWLF ILHOG LV IRUFHG
WR WDNH D ORQJHU SDWK� RQH KDV WR DGG XS WKH UHVLVWDQFHV RI WKH SDWKV�

��2QO\ SKRWRYROWDLF SURGXFHV LW GLIIHUHQWO\�
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1 6

uLQG

!

)LJXUH ����� 0DJQHW URWDWLQJ QHDU D FRLO ZKHUH D YROWDJH ULQW LV LQGXFHG�

7KHUHIRUH WKH IOX[ WKURXJK WKH FRLO LV � = BxA ZKHUH A LV WKH FURVV�VHFWLRQ DUHD RI WKH
FRLO DQG Bx LV WKH PDJQHWLF ILHOG FRPSRQHQW SRLQWLQJ WRZDUGV WKH FRLO �KHUH DORQJ WKH
x�D[LV�� ,Q HDFK ZLQGLQJ� WKH YROWDJH

uLQG = �
G�
Gt

= �BA! FRV(!t)

LV LQGXFHG DQG DV D FRQVHTXHQFH WKH WRWDO YROWDJH�� LV UWRW = NuLQG�
7KHUH LV DQRWKHU YHU\ FRPPRQ VHWWLQJ ZKHUH WKH PDJQHW LV IL[HG DQG WKH FRLO LV URWDWLQJ�
7KH GLVDGYDQWDJH RI WKLV FRQILJXUDWLRQ LV WKDW RQH KDV WR PDNH D FRQQHFWLRQ EHWZHHQ WKH
URWDWLQJ FRLO DQG WKH VWDWLF FRQVXPHU� 7KLV LV XVXDOO\ GRQH E\ EUXVKHV� 7KH DGYDQWDJH LV
WKDW LW LV DOVR SRVVLEOH WR JHQHUDWH �SXOVHG� '& YROWDJHV�

������ 7UDQVIRUPHU

$QRWKHU YHU\ LPSRUWDQW DSSOLFDWLRQ LV WKH WUDQVIRUPHU� 7KLV GHYLFH DOORZV WR FKDQJH WKH
YROWDJH RI DQ DOWHUQDWLQJ FXUUHQW �$&� FLUFXLW� ,W FRQVLVWV RI D ORRS RI LURQ DQG WZR FRLOV
ZRXQG RQ WKLV ORRS� VHH DOVR ILJXUH �����

2QH RI WKH FRLOV LV FRQQHFWHG WR DQ $& VRXUFH DQG LV FDOOHG SULPDU\ FRLO� 7KH RWKHU LV
FRQQHFWHG WR D FRQVXPHU� WKLV FRLO LV FDOOHG VHFRQGDU\ FRLO� $V ZH KDYH VHHQ DERYH �VHH

��2QH FRXOG DOVR LQFOXGH WKH IDFWRUN LQ DQRWKHU ZD\� 1DPHO\ E\ VD\LQJ WKDW WKH DUHD ZKHUH WKH PDJQHWLF
ILHOG JRHV WKURXJK LV N WLPHV ODUJHU WKDQ WKH FURVV�VHFWLRQ DUHD RI WKH FRLO�
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Np

Ns

)LJXUH ����� 7KH SLHFH RI LURQ LV JUD\� 7KH WZR FRLOV DUH SODFHG DW WKH WRS DQG ERWWRP
SDUW RI WKH LURQ� Np LV WKH QXPEHU RI ZLQGLQJV RI WKH SULPDU\ FRLO DQGNs WKH QXPEHU RI
ZLQGLQJV RI WKH VHFRQGDU\ FRLO�

H[DPSOH RI VHFWLRQ �������� WKH PDJQHWLF ILHOG VFDOHV ZLWK WKH QXPEHU RI ZLQGLQJV� 6R WKH
PDJQHWLF ILHOG LQ WKH LURQ LV SURSRUWLRQDO WR Np� WKH QXPEHU RI ZLQGLQJV RI WKH SULPDU\
FRLO� ,Q DGGLWLRQ� WKH LQGXFHG YROWDJH LQ WKH VHFRQGDU\ FRLO LV SURSRUWLRQDO WR Ns� LWV
QXPEHU RI ZLQGLQJV� 7KHUHIRUH ZH KDYH WKDW

Us

Up
= C

Ns

Np

ZKHUHC LV D SURSRUWLRQDOLW\ FRQVWDQW ZH GR QRW NQRZ \HW IURP WKH DERYH FRQVLGHUDWLRQV�
$QG KHUH WKH UROH RI WKH LURQ FRPHV LQ� ,I WKHUH ZRXOG EH QR LURQ� WKH PDJQHWLF ILHOG RI
WKH SULPDU\ FRLO ZRXOG QRW QHFHVVDULO\ SDVV WKURXJK WKH VHFRQGDU\ FRLO� $V LURQ H[WUHPHO\
DPSOLILHV WKH PDJQHWLF ILHOG �IDFWRU RI DERXW ������ PRVW RI WKH PDJQHWLF ILHOG SURGXFHG
E\ WKH SULPDU\ FRLO µIORZVµ LQVLGH WKH LURQ DQG WKHUHIRUH SDVVHV WKURXJK WKH VHFRQGDU\
FRLO� $V D FRQVHTXHQFH DOO WKH PDJQHWLF SURSHUWLHV LQ ERWK FRLOV DUH WKH VDPH DQG WKHUHIRUH
C = 1� 7R GHULYH WKLV DVVXPH ZH DSSO\ DQ DOWHUQDWLQJ YROWDJH ZLWK DQJXODU IUHTXHQF\ !
DQG DPSOLWXGHUp DW WKH SULPDU\ FRLO� 7KH YROWDJH WKHQ LV RI WKH IRUP up(t) = Up VLQ(!t)�
VHH DOVR FKDSWHU ��� 7KH PDJQHWLF ILHOG LQ WKH LURQ LV UHODWHG WR WKH SULPDU\ YROWDJH DV

up(t) = Np
GB(t)A

Gt
,

B(t) =
1

NpA

ˆ
u(t) Gt = �

U

NpA!
Up FRV(!t)
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ZKHUH A LV WKH FURVV�VHFWLRQ DUHD RI WKH LURQ� 1RWH WKDW LQ WKH DERYH HTXDWLRQ WKHUH LV QR
PLQXV VLJQ� 7KLV LV GLVFXVVHG LQ PRUH GHWDLO LQ VHFWLRQ ������ DQG LV QRW LPSRUWDQW LQ WKLV
H[DPSOH DV ZH DUH RQO\ LQWHUHVWHG LQ WKH DPSOLWXGHV DQG QRW LQ WKH SKDVH UHODWLRQ� <RX
PLJKW EH SX]]OHG ZK\ ZH XVH WKH LQGXFWLRQ ODZ EXW WKHUH LV QR H[WHUQDO PDJQHWLF ILHOG
LQGXFLQJ D YROWDJH� 7KH SRLQW LV WKDW WKH VHOI�LQGXFHG YROWDJH RI WKH SULPDU\ FRLO PXVW EH
HTXDO WR WKH DSSOLHG YROWDJH �DVVXPLQJ WKHUH LV QR UHVLVWDQFH�� ,I WKLV LV QRW WKH FDVH� WKHUH
ZRXOG EH D YROWDJH GLIIHUHQFH RYHU WKH SULPDU\ FRLO FDXVLQJ D ODUJHU FXUUHQW� 7KLV FXUUHQW
ZRXOG OHDG WR D ODUJHU PDJQHWLF ILHOG XQWLO WKHUH LV QR YROWDJH GLIIHUHQFH OHIW�
2Q WKH RWKHU KDQG� WKH LQGXFHG YROWDJH LQ WKH VHFRQGDU\ FRLO LV JLYHQ E\ �RQFH DJDLQ
QHJOHFWLQJ WKH PLQXV VLJQ LQ WKH LQGXFWLRQ ODZ�

us(t) = Ns
GBA

Gt
=

NsA

NpA
up(t)

ZKHUH ZH XVHG WKDW WKH PDJQHWLF ILHOG WKRXJK WKH VHFRQGDU\ FRLO LV WKH VDPH DV WKURXJK
WKH SULPDU\ FRLO�
:H WKHUHIRUH JHW WKH IDPRXV HTXDWLRQ IRU WKH LGHDO WUDQVIRUPHU

Us

Up
=

Ns

Np
=

Ip
Is

ZKHUH Ip DQG Is DUH WKH FXUUHQWV LQ WKH WZR FRLOV� 7KHLU UHODWLRQ FDQ HDVLO\ EH IRXQG E\
SRZHU FRQVHUYDWLRQ� Pp = Ps� 1RWH� 7KLV HTXDWLRQ LV RQO\ WUXH LI WKH PDJQHWLF ILHOG RI
WKH WZR FRLOV LV VWURQJO\ FRQQHFWHG� L�H WKH PDJQHWLF ILHOG WKRXJK ERWK FRLOV LV WKH VDPH�
)RU H[DPSOH LI WKH FRQVXPHU RQ WKH VHFRQGDU\ VLGH WDNHV RXW D ORW RI FXUUHQW� WKLV FXUUHQW
SURGXFHV D PDJQHWLF ILHOG WKDW RSSRVHV WKH RQH IURP WKH SULPDU\ FRLO� $V D FRQVHTXHQFH
WKH SULPDU\ FRLO QHHGV PRUH FXUUHQW WR VXVWDLQ WKH PDJQHWLF ILHOG��� 2Q WKH RWKHU KDQG�
WKH PDJQHWLF ILHOG µORRNV IRUµ DQ DOWHUQDWLYH ZD\ WR DYRLG WKH VHFRQGDU\ FRLO� 7KHUHIRUH
WKH WZR FRLOV GR QRW KDYH DQ\PRUH WKH VDPH PDJQHWLF ILHOG DQG WKH DERYH HTXDWLRQ LV
QRW YDOLG� 7KLV EUHDNLQJ GRZQ LV UHODWHG WR WKH FRQVWUXFWLRQ RI WKH WUDQVIRUPHU DQG LQ
SDUWLFXODU KRZ WKH FRLOV DUH SODFHG� )RU H[DPSOH LI WKH FRLOV DUH RQ WRS RI HDFK RWKHU� WKHLU
PDJQHWLF ILHOG LV VWURQJHU FRQQHFWHG WKDQ LI WKH\ DUH DVLGH RI HDFK RWKHU DV LQ WKH SLFWXUH
���� DERYH�

��5HPHPEHU� WKH PDJQHWLF ILHOG DQG WKH YROWDJH RI WKH SULPDU\ FRLO DUH FRQQHFWHG WR HDFK RWKHU E\ WKH
LQGXFWLRQ ODZ� 6R IRU D JLYH YROWDJH� WKHUH PXVW SDVV D FHUWDLQ PDJQHWLF ILHOG WKURXJK WKH FRLO�
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���� 'LVSODFHPHQW FXUUHQW

,Q WKH SUHYLRXV VHFWLRQ ZH GLVFXVVHG KRZ D WLPH GHSHQGHQW PDJQHWLF ILHOG FDXVHV DQ
HOHFWULF ILHOG� ,Q WKLV VHFWLRQ ZH ZLOO ORRN DW WKH RSSRVLWH� QDPHO\ D WLPH GHSHQGHQW HOHFWULF
ILHOG FDXVLQJ D PDJQHWLF ILHOG�
7KHUH LV D YHU\ FRPPRQ ZD\ WR LQWURGXFH WKLV WRSLF� &RQVLGHU D �SODWH� FDSDFLWRU WKDW JHWV
ORDGHG ZLWK D FXUUHQW I �VHH ILJXUH ������ 7KH FXUUHQW FDXVHV D PDJQHWLF ILHOG B DURXQG
WKH ZLUH� ,I ZH RQO\ FRQVLGHU WKH FXUUHQW� WKH PDJQHWLF ILHOG EHWZHHQ WKH SODWHV ZRXOG EH
VPDOOHU WKDQ RXWVLGH WKH FDSDFLWRU� EHFDXVH WKH PDJQHWLF ILHOG LV VWURQJHU QHDU WKH ZLUH�
$V WKHUH LV QR ZLUH EHWZHHQ WKH SODWHV� WKH FRQWULEXWLRQ IURP WKH FXUUHQW LWVHOI LV VPDOOHU�
%XW LI ZH ZRXOG PHDVXUH WKH PDJQHWLF ILHOG DURXQG WKH SODWHV� LW ZRXOG EH WKH VDPH DV
DURXQG WKH ZLUHV��� 7KH FXUUHQW WKDW ORDGV WKH FDSDFLWRU FKDQJHV WKH HOHFWULF ILHOGE� 7KLV
FKDQJLQJ HOHFWULF ILHOG DOVR FDXVHV D PDJQHWLF ILHOG� 2XWVLGH RI WKH FDSDFLWRU� RQH FDQQRW
WHOO IURP WKH PDJQHWLF ILHOG ZKHWKHU WKHUH LV D FXUUHQW RU D FKDQJLQJ HOHFWULF ILHOG FUHDWLQJ
WKDW PDJQHWLF ILHOG�

)LJXUH ����� $ SODWH FDSDFLWRU �JUH\ SODQHV� JHWV FKDUJHG E\ D FXUUHQW I � 7KH FXUUHQW FDXVHV
D PDJQHWLF ILHOG B� %HWZHHQ WKH SODWHV WKHUH LV QR FXUUHQW� EXW WKH FKDQJLQJ HOHFWULF ILHOG
E FDXVHV DOVR D PDJQHWLF ILHOG�

7R JHW D IRUPDO GHVFULSWLRQ FRQVLGHU D SODWH FDSDFLWRU ZLWK FDSDFLW\ C = ✏Ad ZKHUH HDFK
SODWH KDV FURVV VHFWLRQ DUHD A DQG WKH SODWHV DUH VHSDUDWHG E\ d� )URP WKH EDVLF HTXDWLRQ
IRU FDSDFLWRUV ZH FDQ UHODWH WKH FXUUHQW DQG WKH FKDQJLQJ HOHFWULF ILHOG E\

��$W OHDVW RXWVLGH RI WKH SODWHV DQG RQO\ ZLWK UHVSHFW WR WKH VDPH GLVWDQFH IURP WKH ZLUH�
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ZKHUH ZH XVHG WKDW WKH HOHFWULF ILHOG E DQG WKH YROWDJH U �IRU D KRPRJHQHRXV HOHFWULF
ILHOG� GHSHQG RQ HDFK RWKHU DV U = Ed� 7KLV µFXUUHQWµ I EHWZHHQ WKH SODWHV LV FDOOHG
GLVSODFHPHQW FXUUHQW DQG LW KDV WKH VDPH HIIHFW RQ WKH PDJQHWLF ILHOG DV D XVXDO FXUUHQW�
$V D FRQVHTXHQFH ZH KDYH WR WDNH WKH GLVSODFHPHQW FXUUHQW DOVR LQ DFFRXQW LQ $PSqUH·V
ODZ �VHH VHFWLRQ �������� 7KLV WKHQ OHDGV WR

˛
@S

~BG~l = µ0Itot = µ0

✓
I + ✏A

GE
Gt

◆

=

¨
S

 
µ0~j + µ0✏

G ~E
Gt

!
G~S.

7KH ODVW OLQH LV WKH PRVW JHQHUDO GHVFULSWLRQ ZKHUH ZH DVVXPH DQ DUELWUDU\ DUHD S ZLWK
ERXQGDU\ @S DQG D FXUUHQW GHQVLW\ ~j� ,I WKH FXUUHQW GHQVLW\ ~j LV ]HUR� WKH IRUPXOD DERYH
LV YHU\ VLPLODU WR WKH LQGXFWLRQ IRUPXOD� 7KH FKDQJH RI WKH HOHFWULF IOX[ WKURXJK DQ DUHD
S LV SURSRUWLRQDO WR WKH LQWHJUDO RI WKH PDJQHWLF ILHOG DURXQG D FORVHG FLUFOH �VHH DOVR
VHFWLRQ ��������

7KLV GLVSODFHPHQW FXUUHQW PLJKW ORRN D ELW LUUHOHYDQW DQG QRW YHU\ XVHIXO IRU DSSOLFDWLRQV�
%XW LW LV RI JUHDW WKHRUHWLFDO LPSRUWDQFH DV LW SUHGLFWV� HQVXUHV FRQVHUYDWLRQ RI FKDUJH�
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���� 0D[ZHOO·V HTXDWLRQV DQG WKHLU FRQFOXVLRQV

������ 0D[ZHOO·V HTXDWLRQV

,Q WKLV VHFWLRQ ZH VXPPDUL]H WKH EDVLF HTXDWLRQV WKDW ZH IRXQG LQ HOHFWURG\QDPLFV�
7KH\ ZLOO IRUP D VHW RI LQWHJUDO HTXDWLRQV�� WKDW GHVFULEH WKH EHKDYLRU RI WKH HOHFWULF ILHOG
~E DQG WKH PDJQHWLF ILHOG ~B� 7KLV VHW LV FDOOHG 0D[ZHOO·V HTXDWLRQV� ,Q SULQFLSOH WKHVH
HTXDWLRQV FRPELQHG ZLWK WKH /RUHQW] IRUFH GHVFULEH HYHU\WKLQJ DERXW HOHFWURPDJQHWLVP�
1HYHUWKHOHVV LW LV IDU WRR FRPSOLFDWHG WR VROYH WKHVH HTXDWLRQV LQ PDQ\ FRQILJXUDWLRQV�
LQ SDUWLFXODU ZKHQ PDQ\ FKDUJHV DUH LQYROYHG OLNH LQ PDWHULDOV� 6R RQH VLPSOLILHV�DGDSWV
WKHVH 0D[ZHOO HTXDWLRQV IRU DQ HOHFWURPDJQHWLF ILHOG LQ PDWHULDOV ZKLFK ZH ZLOO GR LQ WKH
QH[W VHFWLRQ �����

:H XVH WKH IROORZLQJ QRWDWLRQ� :LWK V ZH GHQRWH D YROXPH DQG @V LV WKH VXUIDFH�� WKDW
FRQILQHV WKH YROXPH V � $ VPDOO HOHPHQW RI WKH YROXPH LV GV � 7R LQWHJUDWH RYHU WKH
VXUIDFH RI V ZH QHHG WR VSOLW @V LQWR VPDOO SLHFHV GHQRWHG E\ G~S ZKHUH WKH DUHD RI WKH
VPDOO SLHFH LV HTXDO WR WKH DEVROXWH YDOXH |G~S| DQG WKH GLUHFWLRQ RI G~S SRLQWV SHUSHQGLFXODU
WR WKH VXUIDFH RXWVLGH WKH YROXPH�
:LWKA ZH GHQRWH DQ DUHD DQG WKH ERUGHU RI WKH DUHD�� LV GHQRWHG E\ @A ZKLFK LV D FORVHG
OLQH�ORRS� 7KH DUHD LV DJDLQ VSOLW LQWR VPDOO SLHFHV G ~A� :H DOVR GLYLGH WKH FORVHG OLQH LQWR
VPDOO SLHFHV GHQRWHG d~l� 7KH OHQJWK RI WKHVH SLHFHV LV HTXDO WR WKH DEVROXWH YDOXH |G~l| DQG
LW SRLQWV WDQJHQW WR WKH OLQH� 7KH GLUHFWLRQ RI WKH VPDOO DUHD SLHFHV G ~A DQG WKH VPDOO FXUYH
SLHFHV G~l QHHG WR IXOILOO WKH ULJKW KDQG UXOH� ,I G ~A SRLQWV LQ WKH GLUHFWLRQ RI WKH WKXPE RI
WKH ULJKW KDQG� WKH RWKHU ILQJHUV RI WKDW KDQG LQGLFDWH WKH GLUHFWLRQ RI G~l�
:LWK WKLV QRWDWLRQ 0D[ZHOO·V HTXDWLRQV DUH JLYHQ DV

‹
@V

~E G~S =

˚
V

1

✏0
⇢ GV *DXVV·V ODZ�

‹
@V

~B G~S = 0 QR PDJQHWLF PRQRSROHV H[LVW�
˛
@A

~E G~l = �
G
Gt

¨
A

~B G~S )DUDGD\·V ODZ �,QGXFWLRQ��
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$PSqUH·V ODZ�

��2QH FDQ DOVR ZULWH GRZQ HTXLYDOHQW GLIIHUHQWLDO HTXDWLRQV EXW WKH\ DUH PRUH FRPSOLFDWHG�
��7DNH VXUIDFH @V DV QRWDWLRQ IRU WKH VXUIDFH DQG QRW DV SDUWLDO GHULYDWLYH RU VPDOO SLHFH RI V �
��7KLV DUHD KDV QRW WR EH FORVHG �DV VXUIDFH RI D YROXPH�� WKLV LV ZK\ ZH XVH DQRWKHU YDULDEOH WKDQ DERYH�
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ZKHUH ⇢ LV WKH FKDUJH GHQVLW\ DQG~j WKH FXUUHQW GHQVLW\� 7KH FLUFOHV DW WKH LQWHJUDOV RQ WKH
OHIW VLGH GHQRWH WKDW WKH VXUIDFH RU WKH SDWK LV FORVHG �WKHUHIRUH WKH VXUIDFH RI D YROXPH
RU WKH ERXQGDU\ RI DQ DUHD�� 7KH QXPEHU RI LQWHJUDO VLJQV GHQRWHV WKH GLPHQVLRQDOLW\ RI
WKH LQWHJUDO� PHDQLQJ WKH GLPHQVLRQ RI WKH VSDFH WKH LQWHJUDO KDV WR EH WDNHQ RYHU�
$GGLWLRQDOO\ WR 0D[ZHOO·V HTXDWLRQV RQH KDV WR PHQWLRQ WKH /RUHQW] IRUFH LQ RUGHU WR
GHVFULEH WKH LQWHUDFWLRQ EHWZHHQ FKDUJHV DQG ILHOGV� 7KH /RUHQW] IRUFH LV JLYHQ DV

~F = q( ~E + ~v ⇥ ~B)

ZKHUH q LV WKH FKDUJH RI D SDUWLFOH DQG ~v LWV YHORFLW\�

:LWK WKHVH ILYH HTXDWLRQV LW LV EDVLFDOO\ SRVVLEOH WR GHVFULEH DQ\ SUREOHP LQYROYLQJ FKDUJHV
DQG WKH HOHFWURPDJQHWLF ILHOG�

������ (OHFWURPDJQHWLF ZDYH

0D[ZHOO LQWURGXFHG KLV HTXDWLRQV LQ ����� 7KHVH HTXDWLRQV SUHGLFW WKH H[LVWHQFH RI HOHF�
WURPDJQHWLF ZDYHV ZKLFK WKHQ ZHUH H[SHULPHQWDOO\ PHDVXUHG E\ +HLQULFK +HUW] LQ �����
,W LV LPSUHVVLYH KRZ 0D[ZHOO PDQDJHG WR SUHGLFW WKLV ZDYHV RQO\ GXH WR WKHRUHWLFDO FRQ�
VLGHUDWLRQV�
:H QRZ ZDQW WR GHGXFH WKH HOHFWURPDJQHWLF ZDYHV DQG LQ SDUWLFXODU VRPH LPSRUWDQW
SURSHUWLHV� $V WKH GHULYDWLRQ LV SUHWW\ WHGLRXV� \RX ZLOO QRW QHHG WR NQRZ LW� EXW WKH
UHVXOWV DUH SUHWW\ LPSRUWDQW� 6R ZH VWDWH WKHP ILUVW DQG JLYH WKH SURRI�V� DIWHUZDUGV�
:H DUH JRLQJ WR SURYH WKDW D WLPH GHSHQGHQW HOHFWULF DQG PDJQHWLF ILHOG OHDG WR D ZDYH
VDWLVI\LQJ WKH ZDYH HTXDWLRQV�

@2Ey

@x2
= ✏0µ0

@2Ey

@t2

@2Bz

@x2
= ✏0µ0

@2Bz

@t2

ZKHUH ZH FKRRVH WKH FRRUGLQDWH V\VWHP VXFK WKDW WKH HOHFWULF ILHOG SRLQWV LQ WKH GLUHFWLRQ
RI WKH y D[LV DQG WKH PDJQHWLF ILHOG LQ WKH GLUHFWLRQ RI WKH z D[LV� 'R QRW JHW FRQIXVHG
E\ WKH @ VLJQ� WKHVH DUH VLPSOH GHULYDWLYHV DQG WKH @ RQO\ LQGLFDWHV WKDW ~E DQG ~B GHSHQG
RQ PXOWLSOH YDULDEOHV �x, y, z, t��
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)URP WKLV ZDYH HTXDWLRQV ZH FDQ UHDG RII WKH VSHHG RI OLJKW c ZKLFK LV JLYHQ E\

c =
1

p
✏0µ0

.

$V WKH VSDWLDO GHULYDWLYH LV DORQJ WKH x D[LV� ZH QRWH WKDW WKH ZDYH SURSDJDWHV LQ WKH x
GLUHFWLRQ PHDQLQJ WKH ~E DQG ~B ILHOG DUH SHUSHQGLFXODU WR WKH GLUHFWLRQ RI SURSDJDWLRQ�

3URRI�
7R DSSO\ 0D[ZHOO·V ODZV ZH KDYH WR XVH WKH WKLUG DQG IRXUWK ODZ� PHDQLQJ ZH KDYH WR FRQVLGHU
GLIIHUHQW DUHDV ZKHUH ZH SHUIRUP WKH LQWHJUDWLRQV� )RU WKLV ZH FRQVLGHU D VPDOO FXERLG ZLWK
VPDOO VLGH OHQJWK Gx� Gy DQG Gz� VHH DOVR ILJXUH �����

z

y

x

Gx

Gz

Gy

Bz Bz +
@Bz
@x Gx

@Bz
@x Gx

)LJXUH ����� 6PDOO FXERLG

:H VWDUW E\ FRQVLGHULQJ D WLPH DQG VSDFH GHSHQGHQW PDJQHWLF ILHOG ~B SRLQWLQJ LQ WKH y GLUHFWLRQ
RI WKH FRRUGLQDWH V\VWHP� 6LQFH WKH VLGHV DUH VPDOO ZH FDQ DVVXPH ~B EHLQJ FRQVWDQW DORQJ WKH y
D[LV RI WKH FXERLG EXW ZH KDYH WR WDNH LQWR DFFRXQW WKH FKDQJH LQ WKH x GLUHFWLRQ� :H FRQVLGHU
WKH VTXDUH ZLWK WKH IRXU DUURZV DV RXU DUHD ZKHUH ZH KDYH WR LQWHJUDWH DURXQG WR JHW WKH OHIW VLGH
RI $PSqUH·V ODZ DQG ZH KDYH WR FDOFXODWH WKH HOHFWULF IOX[ WKURXJK WKH VTXDUH IRU WKH ULJKW VLGH�
7KH OHIW VLGH RI $PSqUH·V ODZ WKHQ UHDGV
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7R FDOFXODWH WKH HOHFWULF IOX[� ZH DVVXPH WKH HOHFWULF ILHOG LV FRQVWDQW DFURVV WKH DUHD� 6LQFH WKH
DUHD LV SDUDOOHO WR WKH xz SODQH� RQO\ WKH y FRPSRQHQW RI WKH HOHFWULF ILHOG FRQWULEXWHV WR WKH IOX[
VR WKH ULJKW VLGH RI $PSqUH·V ODZ LV
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ZKHUH WKH PLQXV VLJQ HQWHUV EHFDXVH GXH WR WKH ULJKW KDQG UXOH� WKH VXUIDFH YHFWRU RI WKLV DUHD
SRLQWV LQ WKH �y GLUHFWLRQ� (TXDWLQJ WKHVH WZR VLGHV \LHOGV

@Bz

@x
= �µ0✏0

@Ey

@t
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1H[W ZH KDYH WR XVH WKH LQGXFWLRQ ODZ ZKLFK LV LQ DEVHQFH RI FKDUJHV RU FXUUHQWV VWUXFWXUDOO\
DQDORJRXV WR $PSqUH·V ODZ� :LWK WKH VDPH DUJXPHQWDWLRQ DSSOLHG WR WKH DUHD GxGy ZH JHW
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7DNLQJ WKH GHULYDWLYH ZLWK UHVSHFW WR x RQ ERWK VLGHV DQG LQVHUWLQJ WKH ILUVW HTXDWLRQ ������� ZH
ILQG
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7KLV LV QRWKLQJ EXW WKH ZDYH HTXDWLRQ ZH ORRNHG IRU� 7DNLQJ WKH GHULYDWLYH ZLWK UHVSHFW WR t
LQVWHDG RI x DQG HOLPLQDWH Ey ZRXOG \LHOG WKH HTXDWLRQ IRU Bz �

⇤
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���� (OHFWUR�PDJQHWLF ILHOG LQ 0DWHULDOV

$OO PDWHULDOV DUH EXLOW RI SURWRQV� QHXWURQV DQG HOHFWURQV�7KHVH SDUWLFOHV DUH FKDUJHG DQG
WKHUHIRUH LQWHUDFW ZLWK WKH HOHFWURPDJQHWLF ILHOG� $V D FRQVHTXHQFH WKH SUHVHQFH RI D
PDWHULDO LQIOXHQFHV WKH HOHFWURPDJQHWLF ILHOG� :H ZLOO GLVFXVV WKLV LQIOXHQFH DQG LWV GH�
VFULSWLRQ LQ WKLV VHFWLRQ� 6LQFH WKH LQIOXHQFH RQ WKH HOHFWULF ILHOG LV PRUH LQWXLWLYH� ZH ZLOO
VWDUW ZLWK WKH HOHFWULF ILHOG DQG WUHDW LW PRUH SUHFLVHO\ DQG WKHQ FODLP D VLPLODU EHKDYLRU
IRU WKH PDJQHWLF ILHOG�

������ 3RODUL]DELOLW\ DQG GLHOHFWULF FRQVWDQW

7KH FDVH RI D FRQGXFWRU LQ DQ HOHFWULF ILHOG ZDV DOUHDG\ GLVFXVVHG LQ VHFWLRQ ��������� :H
QRZ ZDQW WR ORRN DW LQVXODWRUV� ,Q DQ LQVXODWRU� FKDUJH FDQQRW PRYH IUHHO\� QHYHUWKHOHVV
WKH HOHFWULF ILHOG LQIOXHQFHV WKH FKDUJH GLVWULEXWLRQ LQ WZR GLIIHUHQW ZD\V�

0ROHFXODU SRODUL]DWLRQ

%HLQJ DQ LQVXODWRU GRHV QRW PHDQ WKDW WKH HOHFWURQV FDQQRW PRYH DW DOO� ,W RQO\ PHDQV
WKDW WKH ELQGLQJ RI DQ HOHFWURQV WR LWV DWRP LV VWURQJ HQRXJK WKDW LW FDQQRW KRS IURP RQH
DWRP WR WKH QH[W� %XW LW VWLOO FDQ PRYH VOLJKWO\ VXFK WKDW WKHUH LV PRUH QHJDWLYHO\ FKDUJH
RQ RQH VLGH RI WKH DWRP WKDQ RQ WKH RWKHU� VHH DOVR ILJXUH ������ $V D FRQVHTXHQFH WKH
QHJDWLYH HOHFWURQ FORXG PRYHV RQ RQH VLGH DQG EXLOGV D GLSROH ZLWK WKH SRVLWLYH PROHFXOH�

~E

)LJXUH ������ 3RODUL]DWLRQ RI D PROHFXOH� 7KH H[WHUQDO HOHFWULF ILHOG VKLIWV WKH HOHFWURQ
�OLWWOH EODFN GRW� FORXG WRZDUGV WKH SRVLWLYH FKDUJH �FDXVLQJ WKH H[WHUQDO HOHFWULF ILHOG��
7KHUHIRUH WKH PROHFXOH JHWV D GLSROH PRPHQW�

��7KH HOHFWURQV JHW UHGLVWULEXWHG VXFK WKDW WKHUH LV QR HOHFWULF ILHOG LQ WKH FRQGXFWRU�
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2ULHQWDO SRODUL]DWLRQ

6RPH PROHFXOHV DUH DOUHDG\ SRODUL]HG� )RU H[DPSOH ZDWHU PROHFXOHV� ZKHUH WKH HOHFWURQV
DUH VWURQJHU DWWUDFWHG E\ WKH R[\JHQ WKDQ WKH K\GURJHQ DQG WKHUHIRUH WKH UHJLRQ DURXQG
WKH R[\JHQ LV QHJDWLYH µFKDUJHGµ ZLWK UHVSHFW WKH WKH UHJLRQ QHDU WKH K\GURJHQ DWRPV�
:KHQ DQ HOHFWULF ILHOG LV DOLJQHG� WKH PROHFXOHV JHW URWDWHG VXFK WKDW WKH SRVLWLYH SDUW RI
WKH PROHFXOH SRLQWV LQ WKH GLUHFWLRQ RI WKH HOHFWULF ILHOG�

,QGHSHQGHQW RI KRZ WKH HOHFWULF ILHOG LQIOXHQFHV WKH LQVXODWRU WKH HIIHFW LV DOZD\V WKH VDPH�
7KH SRODUL]DWLRQ RI WKH LQVXODWRU OHDGV WR DQ HOHFWULF ILHOV ~Ep WKDW RSSRVHV WKH H[WHUQDO ILHOG
~E0� 7KLV VLWXDWLRQ JHWV YHU\ REYLRXV ZKHQ ZH ORRN DW WKH VLWXDWLRQ GUDZQ LQ ILJXUH ������
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)LJXUH ������ $Q HOHFWULF ILHOG RULJLQV IURP WZR FKDUJHG SODWHV �OHIW DQG ULJKW�� 7KLV
HOHFWULF ILHOG SRLQWV IURP WKH OHIW WR WKH ULJKW DQG LV FDOOHG H[WHUQDO ILHOG DV LW DFWV IURP
RXWVLGH RQ WKH LQVXODWRU� $ SRODUL]DEOH LQVXODWRU LV SODFHG EHWZHHQ WKH WZR SODWHV� 7KH
SRVLWLYH SDUW RI HDFK LQVXODWRU PROHFXOH PRYHV WRZDUGV WKH QHJDWLYH FKDUJHG SODWH DQG YLFH
YHUVD� VHH OHIW SLFWXUH� ,QVLGH WKH LQVXODWRU WKH SRVLWLYH DQG QHJDWLYH PRPHQWV FRPSHQVDWH
HDFK RWKHU EXW DW WKH HGJH RI WKH LQVXODWRU WKH SRVLWLYH PRPHQW LV QRW FRPSHQVDWHG RQ
WKH OHIW VLGH DQG WKH QHJDWLYH QRW RQ WKH ULJKW VLGH� 7KLV OHDGV WR DQ HOHFWULF ILHOG LQ WKH
LQVXODWRU SRLQWLQJ RSSRVLWH WKH H[WHUQDO RQH� VHH ULJKW SLFWXUH�
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7KLV PHDQV WKH HIIHFWLYH HOHFWULF ILHOG EHWZHHQ WKH SODWHV ~E = ~E0 + ~Ep LV VPDOOHU WKDQ
WKH RQH DSSOLHG WR WKH SODWHV� )RU QRW WRR ODUJH HOHFWULF ILHOGV� WKLV SRODUL]DWLRQ FDQ EH
DVVXPHG WR EH SURSRUWLRQDO WR WKH H[WHUQDO ILHOG��� ZH FDOO WKH SURSRUWLRQDOLW\ FRQVWDQW
HOHFWULF SHUPLWWLYLW\ ✏r �

~E0 = ✏r ~E, ������
~Ep = ~E � E0 = (1� ✏r) ~E = �~E ������

ZKHUH � LV FDOOHG WKH HOHFWULF VXVFHSWLELOLW\� )RU YDFXXP �DQG DSSUR[LPDWHO\ DLU� ZH JHW
✏r = 1 DQG WKHUHIRUH � = 0� 0DQ\ PDWHULDOV KDYH D SHUPLWWLYLW\ EHWZHHQ ✏ = 1� DQG
✏ = 10 EXW WKHUH DUH VRPH LQ WKH UHJLRQ RI KRXQGHG RU HYHQ WKRXVDQG�
,Q RXU FRQVLGHUDWLRQ VR IDU ZH DOZD\V NHSW WKH H[WHUQDO ILHOG ~E0� ,I ZH WKLQN RI WKH WZR
FKDUJHG SODWHV DV D SODWH FDSDFLWRU� WKLV LV HTXLYDOHQW WR D FRQVWDQW FKDUJH RQ WKH SODWH
FDSDFLWRU� ,Q PRVW FDVHV WKH VLWXDWLRQ LV VOLJKWO\ GLIIHUHQW� L�H� WKH YROWDJH DSSOLHG WR D
FDSDFLWRU LV JLYHQ DQG QRW WKH FKDUJH� $V ZH KDYH GLVFXVVHG LQ FKDSWHU ������� DSSO\LQJ
D YROWDJH U WR D SODWH FDSDFLWRU OHDGV WR DQ HOHFWULF ILHOG E = U

d ZKHUH d LV WKH GLVWDQFH
EHWZHHQ WKH SODWHV� ,I ZH QRZ LQVHUW DQ LQVXODWRU EHWZHHQ WKH SODWHV� ,W RSSRVHV WKH
HOHFWULF ILHOG� $V WKH YROWDJH DQG DV D FRQVHTXHQFH DOVR WKH HOHFWULF ILHOG LV IL[HG� PRUH
FKDUJH QHHGV WR IORZ RQ WKH SODWHV WR FUHDWH D VWURQJHU HOHFWULF ILHOG� $VVXPH WKH LQVXODWRU
KDV SHUPLWWLYLW\ ✏r DQG LW ILOOV WKH ZKROH VSDFH EHWZHHQ WKH SODWHV �HOVH VHH �������� 7KHQ
WKH ILHOG SURGXFHG E\ WKH FKDUJH RQ WKH SODWHV PXVW EH

E0 = ✏rE =
✏rU

d
.

7KH FKDUJH �VXUIDFH� GHQVLW\ RQ WKH SODWHV PXVW WKHUHIRUH EH

� = ✏0E0 =
U✏r✏0
d

DQG WKH FDSDFLW\ LV WKHUHIRUH JLYHQ E\ C = A✏0✏r
d ZKHUH A LV WKH DUHD RI WKH SODWHV�

2EYLRXVO\ WKH FDSDFLW\ RI D FDSDFLWRU FDQ EH LQFUHDVHG E\ LQVHUWLQJ DQ LQVXODWRU ZLWK KLJK
SHUPLWWLYLW\�

��$Q DWWHQWLYH UHDGHU PLJKW DUJXH WKDW ZKHQ DOO PROHFXOHV DUH URWDWHG� WKH SRODUL]DWLRQ VDWXUDWHV� %XW WKLV
LV RQO\ WKH FDVH ZLWK YHU\ VWURQJ ILHOGV� RWKHUZLVH WKHUPDO IOXFWXDWLRQV DQG RWKHU HIIHFWV RSSRVH WKLV DOLPHQW�
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������ (OHFWULF GLVSODFHPHQW DQG 3RODULVDWLRQ

:KHQ ZH LQWURGXFHG WKH HOHFWULF ILHOG LWV SURSHUWLHV ZHUH FKDUDFWHUL]HG E\ *DXVV· ODZ� VHH
������� 7DNLQJ LQWR DFFRXQW WKH SRODULVDWLRQ HIIHFW GHVFULEHG LQ WKH SUHYLRXV FKDSWHU� ZH
QHHG D QHZ YHUVLRQ RI *DXVV· ODZ� 7KLV JHWV IRU H[DPSOH REYLRXV ZKHQ ZH ORRN DW WKH
SODWH FDSDFLWRU GHVFULEHG DERYH ZKHQ WKH LQVXODWRU GRHV QRW ILOO WKH ZKROH VSDFH EHWZHHQ
WKH SODWHV� 7KHQ WKH HOHFWULF ILHOG EHWZHHQ WKH SODWHV LQVLGH DQG RXWVLGH RI WKH LQVXODWRU LV
QRW WKH VDPH EXW VKRXOG EH DFFRUGLQJ WR *DXVV �VHH DOVR WKH QH[W FKDSWHU �������� 7KLV LV
EHFDXVH WKH LQVXODWRU FUHDWHV DQ HOHFWULF ILHOG ZLWKRXW EHLQJ FKDUJHG�
7R JHW WKLV SUREOHP IL[HG� ZH LQWURGXFH D QHZ ILHOG ~D FDOOHG GLVSODFHPHQW ILHOG� 7R
XQGHUVWDQG WKH FRQFHSWLRQDO GLIIHUHQFH EHWZHHQ WKH ~E DQG ~D ILHOG� OHW·V JR RQH VWHS EDFN
DQG KDYH D FORVHU ORRN KRZ ZH LQWURGXFHG WKH ~E ILHOG� :H VWDUWHG ZLWK WKH &RXORPE
IRUFH DQG GHGXFHG WKDW D IRUFH ~F DFWV RQ D FKDUJHG SDUWLFOH q LQ DQ HOHFWULF ILHOG GXH WR
~F = q ~E� +HQFH WKH HOHFWULF ILHOG ~E LV SULPDULO\ UHODWHG WR WKH IRUFH DQG RQO\ UHODWHG WR
WKH FKDUJH YLD WKH GLHOHFWULF FRQVWDQW ✏0� $QG WKLV ✏0 µFDXVHVµ WURXEOH LQ FDVH RI SRODUL]HG
LQVXODWRUV PHDQLQJ ZH KDYH WR LQWURGXFH D QHZ FRQVWDQW ✏r UHQRUPDOL]LQJ ✏0� )RU WKH
QHZ ILHOG ~D� ZH ZDQW WR DSSURDFK IURP WKH RSSRVLWH VLGH� PHDQLQJ ZH ZDQW WR UHODWH
LW SULPDULO\ WR WKH FKDUJH DQG WKHQ VRPHKRZ WR WKH IRUFH� $V WKH WZR ILHOGV VKRXOG EH
FRQQHFWHG� ZH H[SHFW WKHP QRW WR GLIIHU WRR PXFK� ,Q IDFW LI D SRLQW OLNH FKDUJH q LV
SODFHG LQ HPSW\ VSDFH WKH ~D ILHOG LV JLYHQ E\

~D =
q

4⇡r2
~er

ZKLFK RQO\ GLIIHUV IURP WKH ~E ILHOG E\ WKHPLVVLQJ IDFWRU ✏0� :LWK WKH VDPH DUJXPHQWDWLRQ
DV IRU WKH HOHFWULF ILHOG ZH FDQ GHGXFH *DXVV· ODZ� )RU WKH ~D ILHOG LW ORRNV OLNH

‹
@V

~D G~S =

˚
V
⇢IUHH GV.

,Q WKLV ODZ ZH ILQG DQRWKHU VPDOO GLIIHUHQFH EHWZHHQ WKH ~E DQG ~D ILHOG� ,Q FDVH RI
WKH ~D ILHOG ZH RQO\ ZDQW WR FRQVLGHU D IUHH �PRYDEOH� FKDUJH ⇢IUHH DQG QRW VPDOO FKDUJH
VHSDUDWLRQV GXH WR SRODULVDWLRQ��� )RU WKLV DOVR KDYH D ORRN DW ILJXUH ������

��7KH RULJLQ RI WKH SUREOHP ZLWK *DXVV· ODZ DQG WKH ~E ILHOG OLHV LQ WKLV SRODULVDWLRQ� 7KH SRODULVDWLRQ
SURGXFHV DQ HOHFWULF ILHOG ZLWKRXW UHDOO\ VHSDUDWLQJ FKDUJHV EXW RQO\ VKLIW FKDUJHV VOLJKWO\�
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)LJXUH ������ *DXVV· ODZ LV DSSOLHG WR WKH VDPH VLWXDWLRQ EXW ZLWK WZR GLIIHUHQW YROXPHV�
LQGLFDWHG E\ WKH GDVKHG OLQH� 2Q WKH OHIW VLGH� WKH YROXPH RQO\ FRQWDLQV WKH ULJKW SODWH� :H
FDQ DSSO\ *DXVV· ODZ DV XVXDO� )RU ERWK� WKH ~E DQG ~D ILHOG WKH UHVXOW LV FRUUHFW� /RRNLQJ
DW WKH ULJKW VLGH� WKH YROXPH DOVR FRQWDLQV D SDUW RI WKH LQVXODWRU� ,Q FDVH RI WKH HOHFWULF
ILHOG� ZH NQRZ WKDW *DXVV· ODZ IRU WKH ~E ILHOG GRHV QRW ZRUN� 7KLV LV EHFDXVH WKH LQVXODWRU
SURGXFHV DQ DGGLWLRQDO ILHOG EXW WKH FKDUJH LV WKH VDPH� )RU WKH ~D ILHOG� ZH RQO\ WDNH LQWR
DFFRXQW WKH FKDUJH RQ WKH SODWH� $V WKH LQVXODWRU KDV QR IUHH FKDUJH� LW GRHV QRW DW DOO
FRQWULEXWH WR WKH ~D ILHOG� WKHUHIRUH *DXVV· ODZ LV YDOLG� VHH DOVR WKH QH[W FKDSWHU�

,Q PRVW PDWHULDOV WKH WZR ILHOGV DUH FRQQHFWHG WR HDFK RWKHU E\ WKH SHUPLWWLYLW\

~D = ✏0✏r ~E.

8VLQJ WKLV HTXDWLRQ DQG WKH OLQHDU UHODWLRQ EHWZHHQ WKH DSSOLHG DQG HIIHFWLYH ILHOG �VHH
HTXDWLRQ ����� ZH FDQ GHILQH D QHZ TXDQWLW\ FDOOHG SRODUL]DWLRQ ~P � ,W LV GHILQHG DV

~P = ~D � ✏0 ~E = �✏0 ~E.

������ &RQWLQXLW\ HTXDWLRQV DW LQWHUIDFHV

:H QRZ ZDQW WR KDYH D FORVHU ORRN DW ZKDW KDSSHQV DW WKH LQWHUIDFH RI WZR LQVXODWRUV �RU
YDFXXP�� 7KHUH DUH WZR FDVHV ZH KDYH WR H[DPLQH� 7KH FDVH ZKHUH WKH ILHOG LV SHUSHQ�

���
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GLFXODU WR WKH VXUIDFH DQG ZKHUH LW LV SDUDOOHO� )RU DOO RWKHU FDVHV ZH FDQ VSOLW WKH ILHOG LQ
WKHVH WZR FRPSRQHQWV DQG WKHQ XVH WKH FRUUHVSRQGLQJ UHODWLRQV�
,Q RXU H[DPSOH RI WKH SODWH FDSDFLWRU� ZH DOZD\V KDG SHUSHQGLFXODU ILHOGV VR OHW·V ILUVW
KDYH D ORRN DW WKHP� &RQVLGHU WKH VLWXDWLRQ VKRZQ LQ ILJXUH ������ :H DVVXPH WKH XVXDO
SODWH FDSDFLWRU�� VXFK WKDW ZH DVVXPH WKH ILHOG WR EH SHUSHQGLFXODU WR WKH SODWHV� $SSO\LQJ
*DXVV· ODZ WR WKH VLWXDWLRQ RQ WKH ULJKW VLGH RI ILJXUH ������ ZH JHWD ·2A = QIUHH ZKHUH
A LV WKH VXUIDFH DUHD RI WKH SODWH��� $V D FRQVHTXHQFH� WKH HOHFWULF GLVSODFHPHQW FDXVHG E\
RQH SODWH LV D = QIUHH

2A � 7KH RWKHU SODWH FRQWULEXWHV WKH VDPH DPRXQW VXFK WKDW WKH WRWDO
D ILHOG LVD = QIUHH

A � &RQVLGHULQJ WKH OHIW VLGH RI ILJXUH ������ ZH DOVR JHWD ·2A = QIUHH
IRU RQH SODWH� 7KLV LV EHFDXVH WKH LQVXODWRU KDV QR IUHH FKDUJH DQG WKH FRQVLGHUHG VXUIDFH
LV WKH VDPH� 7KHUHIRUH ZH JHW WKH VDPH HOHFWULF GLVSODFHPHQWD = QIUHH

A � :H VHH WKDW WKH
HOHFWULF GLVSODFHPHQW D LV FRQWLQXRXV DW WKH VXUIDFH RI WKH LQVXODWRU� 7KLV LV REYLRXVO\
GLIIHUHQW WR WKH HOHFWULF ILHOG LQ FDVH RI DQ LQVXODWRU ZLWK ✏r 6= 0� EHFDXVH LQ WKH LQVXODWRU�
WKH HOHFWULF ILHOG LV ELQ =

D
✏0✏r

ZKHUHDV RXWVLGH WKH LQVXODWRU LW LV ERXW =
D
✏0

6= D
✏0✏r

�
7R JHW WKH EHKDYLRXU RI WKH ~D DQG ~E ILHOG SDUDOOHO WR WKH VXUIDFH ZH KDYH WR JR EDFN
WR 0D[ZHOO·V LQGXFWLRQ ODZ��� $VVXPLQJ WR KDYH VWDWLF ILHOGV� WKH WLPH GHULYDWLYH RI WKH
PDJQHWLF ILHOG LV ]HUR� KHQFH DOVR WKH LQGXFWHG YROWDJH� &RQVLGHU WKH VLWXDWLRQ VKRZQ LQ
ILJXUH ����� ZKHUH DQ LQWHUIDFH RI DQ LQVXODWRU DQG DLU �RU YDFXXP� LV GUDZQ� 7R DSSO\
WKH LQGXFWLRQ ODZ ZH KDYH WR FRQVLGHU D VXUIDFH S ZKHUH ZH ZRXOG KDYH WR FDOFXODWH WKH
PDJQHWLF IOX[ WKURXJK� $V WKH PDJQHWLF ILHOG LV FRQVWDQW� LWV WLPH GHULYDWLYH LV ]HUR DQ\�
ZKHUH� VR ZH GR QRW QHHG WR FDOFXODWH LW� 7KH RWKHU VLGH RI WKH HTXDWLRQ LV WKH LQWHJUDWLRQ
RI WKH HOHFWULF ILHOG DORQJ WKH SDWK FRQILQLQJ WKH DUHD� $V ZH RQO\ FRQVLGHU WKH HOHFWULF
ILHOG SDUDOOHO WR WKH LQWHUIDFH� WKH VFDODU SURGXFW RI KRUL]RQWDO ERXQGDULHV RI WKH VXUIDFH S
LV ]HUR DQG ZH RQO\ KDYH WR ORRN DW WKH YHUWLFDO RQHV� $VVXPH WKDW WKH DUHD LV HQRXJK VPDOO
VR WKDW WKH HOHFWULF ILHOG LV FRQVWDQW DORQJ WKH YHUWLFDO VLGHV ZKLFK DUH ~Er LQ WKH LQVXODWRU
DQG ~Ea LQ WKH DLU�
:H WKHQ KDYH

uLQG = ~Er · ~ezl � ~Ea · ~ezl = 0

~Er = ~Ea

ZKHUH ~ezl LV WKH YHFWRU RI WKH OHIW ERXQGDU\� )RU WKH VHFRQG OLQH ZH XVHG WKDW WKH HOHF�
��'LVWDQFH EHWZHHQ WKH SODWHV PXFK VPDOOHU WKDQ WKH OHQJWK DQG ZLGWK RI WKH SODWHV�
��5HPHPEHU WKH IDFWRU � HQWHUV EHFDXVH WKH ILHOG SDVVHV WKURXJK WKH OHIW DQG ULJKW VLGH RI WKH VXUIDFH RI

WKH YROXPH�
��,Q IDFW ZH VKRXOG ILUVW SURYH WKDW 0D[ZHOO·V LQGXFWLRQ ODZ LV VWLOO YDOLG EHIRUH ZH FDQ XVH LW KHUH� :H ZLOO

KDYH D ORRN DW LW LQ VHFWLRQ �������

���
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WULF ILHOG DQG WKH SDWK DUH SDUDOOHO DQG WKDW WKH SDWK RQ WKH ULJKW ERXQGDU\ SRLQWV LQ WKH
RSSRVLWH GLUHFWLRQ RI WKH HOHFWULF ILHOG� OHDGLQJ WR WKH PLQXV VLJQ� :H VHH WKDW WKH SDUDOOHO
HOHFWULF ILHOG LV FRQWLQXRXV DFURVV WKH LQWHUIDFH�

✏r DLU

S
l

~Er
~Ea

)LJXUH ������ ,QWHUIDFH RI DQ LQVXODWRU ZLWK GLHOHFWULF SHUPLWWLYLW\ ✏r �JUD\� DQG DLU� 7R
DSSO\ WKH LQGXFWLRQ ODZ ZH FRQVLGHU WKH DUHD S DQG LQWHJUDWH DORQJ LWV ERXQGDU\ �UHFWDQJOH
ZLWK DUURZV��

������ 0DJQHWLF ILHOG

9HU\ VLPLODU FRQVLGHUDWLRQV FDQ EH GRQH LQ FDVH RI WKH PDJQHWLF ILHOG ZKLFK ZH ZLOO QRW
UHSHDW KHUH� 1HYHUWKHOHVV WKH PRVW LPSRUWDQW IDFWV DQG UHODWLRQV DUH VXPPDUL]HG�

'LVWLQFWLRQ ~H DQG ~B ILHOG

$V LQ WKH FDVH RI WKH HOHFWULF ILHOG� ZH KDYH WR LQWURGXFH D QHZ ILHOG� FDOOHG PDJQHWLF ILHOG
~H � %XW WKH FRUUHVSRQGHQFH LV QRW DV H[SHFWHG� 7KH GLVFXVVHG ~B ILHOG FRUUHVSRQGV WR WKH
~D ILHOG DQG WKH QHZ ~H ILHOG FRUUHVSRQGV WR WKH ~E ILHOG� 7R EH SUHFLVH� WKH ~B ILHOG LV WKH
PDJQHWLF IOX[ GHQVLW\���

0DJQHWLVDWLRQ ~M DQG LWV UHODWLRQ WR ~H DQG ~B ILHOG

6LPLODUO\ WR WKH SRODULVDWLRQ ~P LQ FDVH RI WKH HOHFWULF ILHOG� ZH FDQ LQWURGXFH D PDJQHWLVD�
WLRQ ~M � DOVR FDOOHG PDJQHWLF SRODULVDWLRQ� 7KLV PDJQHWLVDWLRQ DFFRXQWV KRZ PXFK OLWWOH

��$V ORQJ DV RQO\ WKH ~B ILHOG LV LQYROYHG� LW LV VLPSO\ FDOOHG PDJQHWLF ILHOG� ,Q WKLV VHFWLRQ ZH ZLOO H[SOLFLWO\
FDOO LW IOX[ GHQVLW\ WR GLVWLQJXLVK LW IURP WKH PDJQHWLF ILHOG ~H �

���
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PDJQHWLF EORFNV LQ PDWHULDOV DUH DOLJQHG RU DQWL DOLJQHG �SRLQWLQJ LQ RSSRVLWH GLUHFWLRQ� WR
WKH PDJQHWLF ILHOG� :H WKHQ ILQG WKH UHODWLRQV

~B = µ0µr
~H = µ0

~H + ~M,

~M = �m
~H

ZKHUH VLPLODUO\ WR WKH HOHFWULF FDVH ZH LQWURGXFHG D PDJQHWLF SHUPHDELOLW\ µr DQG D PDJ�
QHWLF VXVFHSWLELOLW\ �m�

'LD�� 3DUD� DQG )HUURPDJQHWLVP

,Q FDVH RI WKH HOHFWULF ILHOG� WKH FKDUJH JHWV DOZD\V UHGLVWULEXWHG VXFK WKDW ✏r � 1� 7KLV
FRUUHVSRQGV WR SDUD� DQG IHUURPDJQHWLVP� ZKHUH WKH VPDOO PDJQHWLF SLHFHV LQ D ERG\ DOLJQ
DORQJ WKH PDJQHWLF ILHOG VXFK WKDW WKH\ DPSOLI\ WKH PDJQHWLF ILHOG RXWVLGH WKH PDJQHW� ,Q
FDVH RI WKH 3DUDPDJQHWLVP� WKLV HIIHFW LV VPDOO� XVXDOO\ 1 < µr . 1.1 DQG LW LPPHGLDWHO\
YDQLVKHV LI WKH H[WHUQDO PDJQHWLF ILHOG LV WXUQHG RII� 7KLV LV GLIIHUHQW LQ IHUURPDJQHWLVP�
ZKHUH µr ⇡ 100 � 10000 LV SRVVLEOH� 7KH YDOXHV GHSHQG VWURQJO\ RQ WKH WHPSHUD�
WXUH� WKH H[WHUQDO PDJQHWLF ILHOG DQG RWKHU HIIHFWV� 7KLV HIIHFW LV VR VWURQJ WKDW DIWHU
VZLWFKLQJ RI WKH H[WHUQDO PDJQHWLF ILHOG� D PDJQHWL]DWLRQ UHPDLQV� 7KH RQO\ HYHU\GD\�
IHUURPDJQHWLF PDWHULDOV DUH LURQ� QLFNHO DQG FREDOW� 6LQFH PDJQHWLVP LV D PRUH FRPSOH[
SKHQRPHQRQ ZKLFK LQYROYHV PDQ\ GLIIHUHQW DVSHFWV LQFOXGLQJ TXDQWXP PHFKDQLFV LW LV
SRVVLEOH WR KDYH µr < 1� 7KLV LV FDOOHG GLDPDJQHWLVP ZKLFK ZHDNHQV WKH PDJQHWLF ILHOG
RXWVLGH WKH PDWHULDO� 7KH PRVW LPSRUWDQW GLDPDJQHWLF PDWHULDO LV ZDWHU� EXW DOVR VRPH
PHWDOV DUH GLDPDJQHWLF�
$V ZH VHH� H[FHSW WKH FDVH RI IHUURPDJQHWLVP� WKH LQIOXHQFH RI D PDWHULDO RQ WKH PDJQHWLF
ILHOG LV YHU\ VPDOO� XVXDOO\ 0.99  µr  1.01 VXFK WKDW WKH HIIHFW FDQ EH QHJOHFWHG DQG
RQH GRHV QRW QHHG WR FRQVLGHU WKH ~H ILHOG�
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&RQWLQXLW\ HTXDWLRQV DW LQWHUIDFHV

$FURVV WKH VXUIDFH RI D ERG\� WKH IOX[ GHQVLW\ ~B SHUSHQGLFXODU WR WKH VXUIDFH LV FRQWLQXRXV�
ZKHUHDV WKH PDJQHWLF ILHOG ~H LV FRQWLQXRXV SDUDOOHO WR WKH VXUIDFH� 7KLV FRUUHVSRQGV WR
WKH H[SHFWHG DQDORJ\ ZLWK WKH HOHFWULF ILHOG�

������ 0D[ZHOO·V HTXDWLRQV LQ 0DWHULDOV

$V PRWLYDWHG DERYH� WKH LQWHUDFWLRQ RI D PDWHULDO DQG WKH HOHFWURPDJQHWLF ILHOG UHTXLUHV WR
LQWURGXFH WKH ~D DQG ~H ILHOGV� $V D FRQVHTXHQFH ZH KDYH WR DGDSW 0D[ZHOO·V HTXDWLRQV�
6LQFH WKH ZKROH LQIOXHQFH RI WKH PDWHULDO FDQ EH DEVRUEHG LQ WKH FRQVWDQWV ✏ = ✏0✏r DQG
µ = µ0µr � ZH ZDQW WR UHIRUPXODWH 0D[ZHOO·V HTXDWLRQV VXFK WKDW WKH\ GR QRW DSSHDU DQ\
PRUH� 7KLV OHDGV WR WKH HTXDWLRQV

‹
@V

~D G~S =

˚
V
⇢IUHH GV,‹

@V

~B G~S = 0,
˛
@A

~E G~l = �
G
Gt

¨
A

~B G~S,
˛
@A

~H G~l =
✓¨

A

~j G ~A+
G
Gt

¨
A

~D G ~A
◆

WRJHWKHU ZLWK WKH FRQQHFWLRQ RI WKH ILHOGV

~D = ✏0✏r ~E,

~B = µ0µr
~H.
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������ (OHFWURPDJQHWLF ZDYHV

,Q VHFWLRQ ������ ZH KDYH GHULYHG WKH H[LVWHQFH RI HOHFWURPDJQHWLF ZDYHV DQG VRPH RI
WKHLU SURSHUWLHV� 7KH GHULYDWLRQ LQ WKH PRVW JHQHUDO FDVH DOVR LQYROYLQJ WKH ILHOGV ~D DQG
~H LV YHU\ VLPLODU DQG ZH ZLOO QRW UHSHDW LW� 1HYHUWKHOHVV LQ WKLV SURSHU GHULYDWLRQ RQH
ZRXOG XVH WKH ~H ILHOG LQVWHDG RI WKH ~B ILHOG� %HFDXVH ZKHQ DOVR WDNLQJ LQWR DFFRXQW WKH
SURSDJDWLRQ WKURXJK D VXUIDFH VHSDUDWLQJ WZRPDWHULDOV� RQH QHHGV WKH FRQWLQXLW\ HTXDWLRQ
IRU WKH ILHOG SDUDOOHO WR WKH VXUIDFH ZKHQ XVLQJ WKH SDWK LQWHJUDOV� $QG WKH ~H ILHOG LV WKH
FRQWLQXRXV RQH� DV GLVFXVVHG LQ ������� ,Q DGGLWLRQ RQH KDV WR LQFOXGH ✏r DQG µr � 6R RQH
JHWV WKH WZR ZDYH HTXDWLRQV

@2Ey

@x2
= ✏0✏rµ0µr

@2Ey

@t2
,

@2Hz

@x2
= ✏0✏rµ0µr

@2Hz

@t2
.

)URP WKHVH HTXDWLRQV ZH ILQG VRPH LQWHUHVWLQJ IDFWV�

6SHHG RI OLJKW

7KH VSHHG RI OLJKW LV PRGLILHG E\ ✏r DQG µr � 7KHUHIRUH LW UHDGV DV

c =
1

p
✏0✏rµ0µr

=
c0
n
,

n =
1

p
✏rµr

ZKHUH c0 LV WKH VSHHG RI OLJKW LQ YDFXXP DQG ZH LQWURGXFHG WKH UHIUDFWLYH LQGH[ n� ZKLFK
ZH NQRZ IURP RSWLFV�
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,PSHGDQFH

7KH DPSOLWXGH RI WKH WZR ZDYHV LV QRW DUELWUDU\� WKH\ DUH UHODWHG WR HDFK RWKHU� 7R VHH
WKLV� FRQVLGHU WKH IROORZLQJ IRUP RI WKH ~E DQG ~H ILHOG�

Ey = E0 VLQ
⇣
!(t�

x

c
)
⌘
,

Hz = H0 VLQ
⇣
!(t�

x

c
)
⌘
,

ZKHUH ZH DVVXPHG DQ DQJXODU IUHTXHQF\ ! DQG WKH DPSOLWXGHV E0 DQG H0�
,Q WKH GHULYDWLRQ RI WKH ZDYH HTXDWLRQ ZH HQFRXQWHUHG WKH HTXDWLRQV �DGDSWHG WR RXU
VLWXDWLRQ�

@Hz

@x
= �✏0✏r

@Ey

@t

ZKLFK DSSOLHG WR RXU DQVDW] OHDGV WR

!

c
H0 FRV

⇣
!(t�

x

c
)
⌘
= ✏0✏r! FRV

⇣
!(t�

x

c
)
⌘

H0 = c✏0✏rE0.

8VLQJ WKH UHODWLRQ ZH IRXQG IRU WKH VSHHG RI OLJKW� ZH ILQG WKH UDWLR EHWZHHQ WKH ~H DQG
WKH ~E ILHOG ZKLFK LV DOVR FDOOHG LPSHGDQFH Z �

Z =
E0

H0
=

| ~E|

| ~H|
=

r
µ0µr

✏0✏r
.

7KLV LPSHGDQFH LV RQO\ YDOLG IRU HOHFWURPDJQHWLF ZDYHV� LQ FDVH RI VWDWLF FKDUJHV LW LV
REYLRXVO\ ZURQJ�

���
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���� (QHUJ\ RI WKH HOHFWURPDJQHWLF ILHOG

1RZ WKDW ZH KDYH LQWURGXFHG WKH ~H DQG ~D ILHOG� ZH FDQ GHULYH WKH HQHUJ\ GHQVLW\ RI WKH
HOHFWULF ILHOG LQ LWV IXOO JHQHUDOLW\� ,Q DGGLWLRQ ZH FDQ LQWURGXFH D TXDQWLW\ ZKLFK TXDQWLILHV
WKH HQHUJHWLF IOX[ RI WKH HOHFWURPDJQHWLF ILHOG�

������ (QHUJ\ GHQVLW\ RI WKH HOHFWULF ILHOG

$V GLVFXVVHG LQ VHFWLRQ ������� WKH VWRUHG HQHUJ\ RI D FDSDFLWRU LVW = 1
2QU ZKHUH Q

LV WKH �IUHH� FKDUJH DQG U LV WKH DSSOLHG YROWDJH� :H FKRRVH WKLV IRUPXOD EHFDXVH WKHUH
QR FDSDFLW\ C DSSHDUV� L�H� LW LV GRHV QRW FRQWDLQ WKH GLHOHFWULF FRQVWDQW�� ZKLFK PLJKW EH
DIIHFWHG E\ SRODUL]DWLRQ� $V ZH GHULYHG LQ VHFWLRQ ������� WKH FKDUJH DQG WKH D ILHOG DUH
FRQQHFWHG E\

Q = DA

ZKHUHA LV WKH DUHD RI WKH SODWHV� ,Q DGGLWLRQ ZH FDQ UHODWH WKH HOHFWULF ILHOG DQG WKH YROWDJH
E\ WKH XVXDO IRUPXOD��

U = Ed

ZKHUH d LV WKH GLVWDQFH RI WKH SODWHV� ,QVHUWLQJ WKLV LQ WKH HTXDWLRQ DERYH� ZH REWDLQ

W =
1

2
AdED.

$V Ad LV WKH YROXPH RI WKH FDSDFLWRU� WKH HQHUJ\ GHQVLW\ u RI WKH HOHFWULF ILHOG LV

u =
1

2
~E · ~D

ZKHUH ZH PDGH WKH VWHS WR WKH PRVW JHQHUDO IRUPXOD XVLQJ WKH VFDODU SURGXFW RI ~E DQG
~D� ,Q PRVW FDVHV� ~E DQG ~D DUH SDUDOOHO DQG WKHUHIRUH WKH VFDODU SURGXFW LV QRW QHFHVVDU\�

��5HPHPEHU WKH FDSDFLW\ RI D SODWH FDSDFLWRU LV JLYHQ E\ C = ✏0A

d
� ZKHUH A LV WKH DUHD RI D FDSDFLWRU

SODWH DQG d WKH GLVWDQFH EHWZHHQ WKHP�
��7KLV IRUPXOD LV VWLOO YDOLG VLQFH WKH YROWDJH LV D PHDVXUH IRU WKH HQHUJ\ SHU FKDUJH� DQG WKH HQHUJ\ LV

VRPHWKLQJ OLNH IRUFH WLPHV GLVSODFHPHQW� 6LQFH WKH HOHFWULF ILHOG LV GHILQHG YLD WKH IRUFH� LWV FRQQHFWLRQ WR
WKH YROWDJH LV VWLOO YDOLG�

���
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������ (QHUJ\ GHQVLW\ RI WKH PDJQHWLF ILHOG

:LWK VLPLODU DUJXPHQWV ZH FRXOG GHULYH WKH HQHUJ\ GHQVLW\ RI WKH PDJQHWLF ILHOG� 1HYHU�
WKHOHVV ZH ZLOO QRW GR WKLV� EXW XVH WKH VWURQJ VLPLODULW\ RI WKH HOHFWULF DQG PDJQHWLF ILHOG
IRUPDOLVP� 8VLQJ WKH PRVW JHQHUDO IRUP RI WKH HOHFWULF ILHOG GHQVLW\� ZH VLPSO\ FODLP WKDW
WKH PDJQHWLF ILHOG GHQVLW\ LV

u =
1

2
~H · ~B.

������ 3R\QWLQJ YHFWRU

7KH HQHUJ\ GHQVLW\ RI WKH HOHFWULF ILHOG LV ue = 1
2DE = ✏0✏r

2 E2 DQG WKH RQH RI WKH
PDJQHWLF ILHOG LV um = 1

2HB = µ0µr

2 H2� &RQVLGHULQJ DQ HOHFWURPDJQHWLF ZDYH� ZH FDQ

XVH WKH LPSHGDQFHE = ZH � ZKHUH Z =
q

µ0µr

✏0✏r
� WR ILQG ue = um� )RU WKH WRWDO HQHUJ\

GHQVLW\ ZH WKHQ ILQG LQ VFDODU QRWDWLRQ

u = ue + um = ✏0✏rE
2 = µ0µrH

2 =
EH

c
.

7KH HQHUJ\ GHQVLW\ LV UHODWHG WR WKH LQWHQVLW\ I DV

I = uc

ZKHUH c LV WKH VSHHG RI OLJKW� 7R GHULYH WKLV HTXDWLRQ� FRQVLGHU DQ HOHFWURPDJQHWLF ZDYH
WUDQVSRUWLQJ WKH HQHUJ\ GHQVLW\ u PRYLQJ ZLWK WKH VSHHG RI OLJKW� DOVR VHH ILJXUH ������
7KH HQHUJ\ E SDVVLQJ WKURXJK D VXUIDFH RI DUHD A LQ D WLPH �t LV WKH GHQVLW\ WLPHV WKH
YROXPH WKDW SDVVHV WKH VXUIDFH

E = uAc�t.

7KH LQWHQVLW\ LV WKH HQHUJ\ SHU WLPH DQG SHU VXUIDFH� VR LW LV VLPSO\ I = uc�

���
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u

c�t

$

)LJXUH ������ ,Q WKH WLPH�t� WKH YROXPH c�A SDVVHV WKURXJK WKH VXUIDFH A

,QVHUWLQJ WKH HQHUJ\ GHQVLW\ ZH IRXQG IRU WKH HOHFWURPDJQHWLF ZDYH ZH JHW DQ LQWHQVLW\
RI

I = EH.

:H FDQ HYHQ JR RQH VWHS IXUWKHU DQG JLYH WKH LQWHQVLW\ D GLUHFWLRQ� QDPHO\ WKH GLUHFWLRQ
RI SURSDJDWLRQ RI WKH HOHFWURPDJQHWLF ZDYH� 7KH UHVXOWLQJ YHFWRU LV FDOOHG 3R\QWLQJ YHF�
WRU ~S� $V ZH NQRZ IURP WKH GHULYDWLRQ RI WKH HOHFWURPDJQHWLF ZDYH� WKH GLUHFWLRQ RI
SURSDJDWLRQ� WKH ~E DQG ~H ILHOG DUH PXWXDOO\ RUWKRJRQDO ZKLFK OHDGV WR WKH IRUPXOD

~S = ~E ⇥ ~H.

7KH IXQQ\ WKLQJ LV WKDW WKH 3R\QWLQJ YHFWRU LV QRW UHVWULFWHG WR HOHFWURPDJQHWLF ZDYHV
EXW FDQ DOVR EH DSSOLHG WR DQ\ FRQILJXUDWLRQ� ,W EDVLFDOO\ WHOOV \RX LQ ZKLFK GLUHFWLRQ KRZ
PXFK HOHFWURPDJQHWLF SRZHU IORZV SHU DUHD� 7DNH IRU H[DPSOH D VLPSOH '& FLUFXLW ZLWK
D YROWDJH VRXUFH DQG D UHVLVWRU� ,Q ILJXUH ������ WKH HOHFWULF DQG PDJQHWLF ILHOG DV ZHOO DV
WKH 3R\QWLQJ YHFWRU LV VFKHPDWLFDOO\ GUDZQ� 2EYLRXVO\ DW WKH VRXUFH� WKH 3R\QWLQJ YHFWRU
SRLQWV DZD\ DV WKH HOHFWULF HQHUJ\ LV LQVHUWHG LQ WKH FLUFXLW� VR JLYHQ DZD\ IURP WKH VRXUFH�
7KH RSSRVLWH KDSSHQV DW WKH UHVLVWRU� ZKHUH HOHFWULF HQHUJ\ IORZV WR�

���
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I

� �

� �

~E~H

~S~S

~H ~H

)LJXUH ������ 8VXDO '& FLUFXLW ZLWK D YROWDJH VRXUFH �OHIW� DQG D UHVLVWRU �ULJKW�� 7KH YHU�
WLFDO DUURZV LQGLFDWH WKH HOHFWULF ILHOG� WKH FLUFOHV WKH PDJQHWLF ILHOG �FDXVHG E\ WKH FXUUHQW�
XVH ULJKW KDQG UXOH� DQG WKH KRUL]RQWDO DUURZV LQGLFDWH WKH 3R\QWLQJ YHFWRU�

���
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3URIHVVRU WR VWXGHQW� µ'RHV D WUDP
DFWXDOO\ UXQ RQ GLUHFW RU DOWHUQDWLQJ
FXUUHQW" 6WXGHQW� µ:LWK DOWHUQDWLQJ
FXUUHQW�µ 3URIHVVRU� µ%XW ZRXOGQ·W LW
KDYH WR JR EDFN DQG IRUWK DOO WKH
WLPH"µ 6WXGHQW� µ %XW WKDW·V ZKDW LW
GRHV�µ

���� 'HVFULELQJ DOWHUQDWLQJ YROWDJH DQG FXUUHQW � � � � � � � � � � � � � ���
������ )RXULHU VHULHV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 8VXDO UHDO QRWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � ���
������ 3KDVRU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ &RPSOH[ QRWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � ���

���� ,PSHGDQFH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 2KPLF UHVLVWRU � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ &DSDFLWRU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ ,QGXFWRU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� &RPELQDWLRQV RI 5�& DQG / � � � � � � � � � � � � � � � � � � � � � � � ���
������ .LUFKKRII·V ODZV � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 6HULDO DQG SDUDOOHO FLUFXLW � � � � � � � � � � � � � � � � � � � ���
������ +LJK SDVV ILOWHU � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 5HVRQDQW FLUFXLW � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� 3RZHU FRQVLGHUDWLRQ DQG HIIHFWLYH YDOXHV � � � � � � � � � � � � � ���
������ 3RZHU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ (IIHFWLYH YDOXHV � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $FWLYH� UHDFWLYH DQG DSSDUHQW SRZHU � � � � � � � � � � � � ���

���� 7KUHH�SKDVH HOHFWULF SRZHU � � � � � � � � � � � � � � � � � � � � � � ���

���
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������ 'HILQLWLRQ DQG SURGXFWLRQ � � � � � � � � � � � � � � � � � � � ���
������ 6WDU DQG 'HOWD FLUFXLW � � � � � � � � � � � � � � � � � � � � � ���
������ $GYDQWDJH RI D WKUHH�SKDVH V\VWHP � � � � � � � � � � � � � ���

���
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:KHQ WKH HOHFWULF YROWDJH SHULRGLFDOO\ RVFLOODWHV WKHUH DUH D FRXSOH RI SKHQRPHQD ZKLFK
FDQ EH REVHUYHG EXW GR QRW DSSHDU ZKHQ D FRQVWDQW YROWDJH LV DSSOLHG� ,Q WKH IROORZLQJ
FKDSWHU ZH ZLOO GHVFULEH VLQXVRLGDO YROWDJHV DQG WKH EHKDYLRXU RI HOHFWULF GHYLFHV ZKHQ
WKH\ DUH FRQQHFWHG WR LW� 7KH PDLQ GLIIHUHQFH WR FRQVWDQW YROWDJHV LV WKDW WKHUH H[LVW
GHYLFHV ZKRVH UHVLVWDQFHV GHSHQG RQ WKH IUHTXHQF\ RI WKH YROWDJH� ,Q SDUWLFXODU ZH ZLOO
KDYH D ORRN DW RKPLF UHVLVWRUV� FDSDFLWRUV DQG LQGXFWRUV DQG FRPELQDWLRQV RI WKHP�

���� 'HVFULELQJ DOWHUQDWLQJ YROWDJH DQG FXUUHQW

6LQFH WKH YROWDJH �DQG WKHUHIRUH DOVR WKH FXUUHQW� RVFLOODWHV ZLWK WLPH WKH YROWDJH LV QRW
VLPSO\ D QXPEHU EXW D IXQFWLRQ RI WLPH� 7KHUH DUH D FRXSOH RI SRVVLELOLWLHV WR GHVFULEH
WKLV DQG ZH ZLOO KDYH D ORRN DW WKH PRVW LPSRUWDQW RQHV LQ WKH QH[W VHFWLRQV�

������ )RXULHU VHULHV

7KHUH LV DQ LPSRUWDQW WKHRUHP LQ PDWKHPDWLFV ZKLFK VWDWHV WKDW DQ\ SHULRGLFDO IXQFWLRQ
f(t) FDQ EH GHFRPSRVHG LQ D VXP fn(t) RI KDUPRQLF RVFLOODWLRQV�� 7KLV WKHRUHP LV FDOOHG
)RXULHU·V WKHRUHP DQG WKH GHFRPSRVLWLRQ LV FDOOHG WKH )RXULHU VHULHV�
/HW·V IRUPXODWH WKLV D ELW PRUHPDWKHPDWLFDOO\� /HW f(t) EH D SHULRGLF IXQFWLRQ ZLWK SHULRG
T � 7KLV PHDQV WKDW IRU DQ\ t� f(T+t) = f(t)� 7KHQ WKH WKHRUHP VWDWHV WKDW WKLV IXQFWLRQ
f(t) FDQ EH ZULWWHQ DV

f(t) =
1X

n=0

(An VLQ(!0nt) +Bn FRV(!0nt))

ZKHUH !0 =
2⇡
T LV WKH DQJXODU IUHTXHQF\ DQG An DQG Bn DUH FRQVWDQWV ZKLFK GHSHQG RQ

WKH SHULRGLF IXQFWLRQ f(t)� 7KH ZKROH WKHRU\ DERXW )RXULHU VHULHV LV WR FRPSOLFDWHG WR
EH WUHDWHG KHUH� 7KH LPSRUWDQW SRLQW LV WKDW LI ZH NQRZ WKH EHKDYLRXU RI D GHYLFH IRU D
VLQXVRLGDO YROWDJH ZH FDQ FRQVWUXFW LWV EHKDYLRXU RQ DQ\ RWKHU SHULRGLF YROWDJH� 6R IURP
QRZ RQ ZH DOZD\V FRQVLGHU WKH YROWDJHV WR EH VLQXVRLGDO XQOHVV H[SOLFLWO\ PHQWLRQHG�

�+DUPRQLF RVFLOODWLRQV DUH QRWKLQJ HOVH WKDQ VLQXVRLGDO RVFLOODWLRQV�

���
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������ 8VXDO UHDO QRWDWLRQ

$ VLQXVRLGDO YROWDJH WDNHV WKH JHQHUDO IRUP

u(t) = U0 FRV(!t+ ')

ZKHUH U0 LV WKH DPSOLWXGH RI WKH RVFLOODWLQJ YROWDJH� ! = 2⇡
T LV WKH DQJXODU IUHTXHQF\

DQG ' LV WKH SKDVH� 2I FRXUVH ZH FRXOG DOVR FKRVH WKH VLQH LQVWHDG RI WKH FRVLQH ZLWK
D GLIIHUHQW SKDVH EXW WKLV GHVFULSWLRQ LV PRUH FRQVLVWHQW ZLWK DQRWKHU GHVFULSWLRQ �VHH
VHFWLRQ �������� ,W LV FRQYHQLHQW LQ $& QRWDWLRQ WR ZULWH WLPH GHSHQGHQW TXDQWLWLHV ZLWK
ORZHU�FDVH OHWWHUV �u(t)� DQG WLPH LQGHSHQGHQW TXDQWLWLHV ZLWK FDSLWDO OHWWHUV �U0, Ueff ��
:H DVVXPH WKDW WKH YROWDJH RVFLOODWHV DOUHDG\ D ORQJ WLPH� 7KHUHIRUH WKH ZKROH SK\VLFV
GRHV QRW FKDQJH LI ZH VKLIW WLPH� $ VKLIW LQ WLPH FRUUHVSRQGV WR DQ DGGLWLRQDO SKDVH� ,W LV
RIWHQ HDVLHU IRU FDOFXODWLRQ WR VKLIW WLPH VXFK WKDW WKH SKDVH IRU WKH YROWDJH RU WKH FXUUHQW
LV ]HUR� ,I ZH WDNH D SDUWLFXODU FKRLFH RI WKH SKDVH IRU RQH TXDQWLW\� LW LV QRW JXDUDQWHHG
WKDW RWKHU TXDQWLWLHV KDYH WKH VDPH SKDVH�

������ 3KDVRU

,I WKH YROWDJH RVFLOODWHV KDUPRQLFDOO\� RQH FDQ VHH WKH YROWDJH u(t) DW D FHUWDLQ WLPH t DV
FDWKHWXV RI D UHFWDQJXODU WULDQJOH �VHH SLFWXUH ����� ZLWK K\SRWHQXVH OHQJWK U0� /HW URWDWH
WKH K\SRWHQXVH RI WKH WULDQJOH ZLWK DQJXODU IUHTXHQF\ ! LQ WKH PDWKHPDWLFDO SRVLWLYH
RUHQWDWLRQ� ZKLFK LV DQWL�FORFNZLVH� 7KHQ WKH FDWKHWXV RI WKH WULDQJOH EHKDYHV H[DFWO\ OLNH
WKH DOWHUQDWLQJ YROWDJH� 7KLV PHDQV WKH ZKROH LQIRUPDWLRQ RI WKH DOWHUQDWLQJ YROWDJH LV
HQFRGHG LQ WKH YHFWRU LQ SLFWXUH ����� 7KH DPSOLWXGH� WKH DQJXODU IUHTXHQF\ DQG DOVR WKH
SKDVH DUH JLYHQ� 7KHUHIRUH ZH FDQ LPDJLQH DOWHUQDWLQJ FXUUHQW DV D YHFWRU ZKLFK URWDWHV
ZLWK FRQVWDQW IUHTXHQF\� DQG E\ ORRNLQJ DW LWV SURMHFWLRQ RQ WKH x�D[LV ZH JHW WKH IDPLOLDU
UHDO QRWDWLRQ�

������ &RPSOH[ QRWDWLRQ

$ SKDVRU FRUUHVSRQGV WR D WZR GLPHQVLRQDO YHFWRU ZKLFK KDV LWV VWDUWLQJ SRLQW DW ]HUR
DQG LWV HQGSRLQW LV DQ x DQG y FRRUGLQDWH� :H FDQ QRZ DVVRFLDWH WKLV WZR GLPHQVLRQDO
YHFWRU WR D FRPSOH[ QXPEHU z = x + jy 2 C ZKHUH j LV WKH LPDJLQDU\ XQLW� DQG
x, y 2 R DUH UHDO� 7KHUHIRUH D SKDVRU FDQ EH DVVRFLDWHG WR D FRPSOH[ QXPEHU ZLWK UDGLXV
r =

p
zz =

p
x2 + y2 ZLWK D WXUQLQJ SKDVH� 7KLV FDQ HDVLO\ EH ZULWWHQ DV �VHH VHFWLRQ

������
�8VXDOO\ i LV WKH LPDJLQDU\ XQLW� 6LQFH i = i(t) LV DOUHDG\ WKH WLPH GHSHQGHQW FXUUHQW� j LV XVHG�

���
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)LJXUH ����� 3KDVRU u(t) ZLWK K\SRWHQXVH OHQJWK U0� 7KH SKDVRU URWDWHV DURXQG WKH
RULJLQ ZLWK WKH DQJXODU IUHTXHQF\ !� 7KH SURMHFWLRQ RQ WKH UHDO D[LV FRUUHVSRQGV WR WKH
PHDVXUHG TXDQWLW\ �IRU H[DPSOH WKH YROWDJH��

z = rej(!t+') = r FRV(!t+ ') + jr VLQ(!t+ ').

,Q WKH FDVH RI z UHSUHVHQWLQJ D YROWDJH� r LV WKH DPSOLWXGH� 7KHUHIRUH r = U0� 7KH YROWDJH
LV WKH SURMHFWLRQ RI WKH SKDVRU RQ WKH x�D[LV�
7KHUHIRUH LW LV WKH UHDO SDUW RI z�

u(t) = 5H(z) = U0 FRV(!t+ ').

7KH FRPSOH[ QRWDWLRQ PLJKW EH D ELW VWUDQJH DW WKH EHJLQQLQJ EHFDXVH ZH XVH D QRQ�UHDO
TXDQWLW\ �D FRPSOH[ QXPEHU� WR GHVFULEH VRPHWKLQJ UHDO �IRU H[DPSOH D YROWDJH�� 7KLV LV

���
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QRW UHDOO\ D SUREOHP EHFDXVH WKH FRPSOH[ QXPEHU LV MXVW D QRWDWLRQ� 1HYHUWKHOHVV WKHUH
DUH FDVHV ZKHUH RQH FDQ UHDOO\ WKLQN DERXW µWXUQLQJ YROWDJHVµ DQG WKHQ WKH SKDVRU DQG
DOVR WKH FRPSOH[ QRWDWLRQ DV D GHVFULSWLRQ RI WKH SKDVRU JHW VRPH UHDO SURSHUWLHV �VHH
�������� +RZHYHU� SK\VLFDOO\ PHDVXUDEOH TXDQWLWLHV WXUQ RXW WR EH DOZD\V UHDO QXPEHUV�
,Q WKLV VFULSW ZH XVH WKH FRPSOH[ QRWDWLRQ� WKHUHIRUH ZH ZULWH D YROWDJH DV u(t) =
U0ej(!t+') DQG NHHS LQ PLQG WKDW WKH SK\VLFDO SURSHUW\ LV RQO\ WKH UHDO SDUW� 7KH FRPSOH[
QRWDWLRQ DOORZV XV DOVR WR DGG RU VXEWUDFW FRPSOH[ QXPEHUV EHFDXVH WKH UHDO SDUW RI WKH
VXP RI WZR FRPSOH[ QXPEHUV LV HTXDO WR WKH VXP RI WKH UHDO SDUWV RI WKH WZR QXPEHUV�
7KXV IRU z1 = a1 + jb1 DQG z2 = a2 + jb2 ZKHUH a1, a2, b1, b2 2 R LW IROORZV

<(z1 + z2) = <(a1 + a2 + j(b1 + b2))

= a1 + a2 = <(a1 + jb1) + <(a2 + jb2) = <(z1) + <(z2).

7KLV SURSHUW\ LV LPSRUWDQW ZKHQ ZH IRUPXODWH .LUFKKRII·V ODZV� VHH VHFWLRQ ������� ,W
DOORZV XV WR SHUIRUP DOO WKH �OLQHDU� FDOFXODWLRQV LQ WKH FRPSOH[ QRWDWLRQ DV ORQJ DV ZH GR
QRW PXOWLSO\ YROWDJH DQG FXUUHQW� 7KLV LV WKH FDVH ZKHQ ZH ORRN DW WKH SRZHU��
7KH FRPSOH[ QRWDWLRQ LV RIWHQ XVHG DQG LW VLPSOLILHV WKH HTXDWLRQV D ORW� 1HYHUWKHOHVV LW LV
DOVR SRVVLEOH WR GR WKH ZKROH DOWHUQDWLQJ FXUUHQW WKHRU\ ZLWKRXW FRPSOH[ QXPEHUV� 2QH
WKHQ KDV DOZD\V WR WKLQN DERXW WKH DPSOLWXGH DQG WKH SKDVH DQG H[DPLQH WKH GLIIHUHQW
SKHQRPHQD DFFRUGLQJ WR ERWK RI WKHVH TXDQWLWLHV� :LWK WKH FRPSOH[ QRWDWLRQ HYHU\WKLQJ
FDQ EH GRQH ZLWK RQH QXPEHU VLQFH WKH FRPSOH[ QXPEHU FRQWDLQV WKH DPSOLWXGH DQG WKH
SKDVH�

���� ,PSHGDQFH

,Q WKLV VHFWLRQ ZH H[DPLQH WKH UHODWLRQ EHWZHHQ WKH DSSOLHG DOWHUQDWLQJ YROWDJH DQG
FXUUHQW IRU GLIIHUHQW HOHFWULFDO FRPSRQHQWV� 7KH FRPSRQHQWV ZH H[DPLQH DUH WKH
UHVLVWRU� WKH FDSDFLWRU DQG WKH LQGXFWRU� 0RVW RWKHU HOHFWULFDO GHYLFHV EHKDYH OLNH D
FRPELQDWLRQ RI WKHVH WKUHH EDVLF FRPSRQHQWV� ZH GLVFXVV WKLV LQ VHFWLRQ �����

7KH LPSHGDQFH LV D JHQHUDOLVDWLRQ RI WKH UHVLVWDQFH RI DQ HOHFWULFDO GHYLFH� 7KH UHVLVWDQFH
R LQ D GLUHFW FXUUHQW FLUFXLW LV WKH UDWLR RI WKH YROWDJH DQG WKH FXUUHQW� R = U

I � 6LQFH
ZH QRZ H[DPLQH DOWHUQDWLQJ FXUUHQWV WKHUH DUH PRUH SDUDPHWHUV RI IUHHGRP WKDQ RQO\ WKH
µDPRXQWµ RI YROWDJH RU FXUUHQW ZKLFK FRUUHVSRQGV WR WKH DPSOLWXGH� :H DGGLWLRQDOO\ KDYH
D SKDVH VKLIW EHWZHHQ WKH DSSOLHG YROWDJH DQG WKH FXUUHQW� 7KHUHIRUH WKH LPSHGDQFH QRW

�,Q WKLV FDVH RQH KDV WR ILUVW WDNH WKH UHDO SDUW DQG WKHQ PXOWLSO\ WKH WZR TXDQWLWLHV�

���
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RQO\ WDNHV LQWR DFFRXQW WKH UDWLR RI WKH DPSOLWXGHV RI WKH YROWDJH DQG FXUUHQW EXW DOVR WKHLU
SKDVH VKLIW� 6LQFH WKH YROWDJH DV ZHOO DV WKH FXUUHQW DUH UHSUHVHQWHG E\ D FRPSOH[ IXQFWLRQ�
WKH LPSHGDQFH Z LV XVXDOO\ D FRPSOH[ QXPEHU�� 7KH DEVROXWH YDOXH RI Z FRUUHVSRQGV WR
WKH UDWLR RI WKH DPSOLWXGH RI YROWDJH DQG FXUUHQW� 7KH DQJOH EHWZHHQ WKH UHDO D[LV DQG Z
FRUUHVSRQGV WR WKH SKDVH VKLIW�
$VVXPH WKDW ZH KDYH DQ HOHFWULFDO GHYLFH DQG ZH PHDVXUH D YROWDJH u(t) = U0ej!t DQG D
FXUUHQW i(t) = I0ej(!t+')� 7KHQ WKH LPSHGDQFH LV JLYHQ DV

Z =
u(t)

i(t)
=

U0

I0
e�j'.

)URP WKLV LPSHGDQFH ZH FRQFOXGH WKDW WKH UDWLR RI WKH DPSOLWXGHV LV JLYHQ E\ |Z| = U0
I0

DQG WKDW WKH FRVLQXV FXUYH RI WKH FXUUHQW IROORZV WKH FRVLQXV FXUYH RI WKH YROWDJH �VHH
SLFWXUH ������

������ 2KPLF UHVLVWRU

$Q RKPLF UHVLVWRU LV D GHYLFH ZKHUH WKH FXUUHQW LV DOZD\V SURSRUWLRQDO WR WKH YROWDJH�
7KHUHIRUH WKHUH LV QR SKDVH VKLIW EHWZHHQ WKH YROWDJH DQG WKH FXUUHQW DQG WKH LPSHGDQFH
RI DQ RKPLF UHVLVWRU WKHUHIRUH LV D UHDO QXPEHU R� 2I FRXUVH R LV H[DFWO\ WKH RKPLF
UHVLVWDQFH NQRZQ IURP WKH GLUHFW FXUUHQW� 7KLV PHDQV

R =
u(t)

i(t)
=

U0

I0
.

������ &DSDFLWRU

$ FDSDFLWRU LV D GHYLFH ZKHUH FKDUJH FDQ EH VWRUHG �VHH HOHFWURG\QDPLFV � VHFWLRQ ��������
7KH EDVLF HTXDWLRQ RI D FDSDFLWRU ZLWK FDSDFLW\ C LV

C =
Q

U
������

ZKHUH Q LV WKH VWRUHG FKDUJH DQG U LV WKH DSSOLHG YROWDJH� $V ZH KDYH VHHQ� WKH FDSDFLW\
GRHV QRW GHSHQG RQ WKH DSSOLHG YROWDJH� 7KHUHIRUH LW LV FRQVWDQW IRU DQ DOWHUQDWLQJ YROWDJH

�,I RQH GHVFULEHV $& ZLWKRXW FRPSOH[ QRWDWLRQ RQH KDV WR FRQVLGHU WKH UDWLR RI WKH DPSOLWXGHV DQG WKH
SKDVH VKLIW VHSDUDWHO\ DV WZR UHDO QXPEHUV�

���
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)LJXUH ����� 6LQXVRLGDO YROWDJH DQG FXUUHQW� 7KH DPSOLWXGH RI WKH YROWDJH LV U0 = 9
DQG WKH RQH RI WKH FXUUHQW LV I0 = 4.5� 7KH DEVROXWH YDOXH RI WKH LPSHGDQFH LV WKHUHIRUH
|Z| = 2 DQG WKH SKDVH VKLIW LV ' = 1UDG� 7KH DQJXODU IUHTXHQF\ LV ! = '

10 � WKH SHULRG
WKHUHIRUH LV T = 2⇡

! = 20�

DV ZHOO� ,I ZH QRZ PXOWLSO\ HTXDWLRQ ������ ZLWK WKH YROWDJH u(t) = U0ej(!t+') DQG WDNH
WKH GHULYDWLYH ZLWK UHVSHFW WR WLPH RI WKH ZKROH HTXDWLRQ ZH JHW

u(t)C = q(t)

C
Gu(t)
Gt

=
Gq(t)
Gt

= i(t)

C
GU0ej(!t+')

Gt
= CU0j!e

j(!t+') = jC!u(t) = i(t).

$V D FRQVHTXHQFH ZH JHW WKH LPSHGDQFH ZC RI D FDSDFLWRU E\

ZC =
u(t)

i(t)
=

u(t)

Cj!u(t)
=

1

jC!
= �

j

C!
.

,Q ILJXUH ���� WKH SKDVRU DQG WKH WLPH HYROXWLRQ RI WKH YROWDJH DQG WKH FXUUHQW DUH VKRZQ�

���
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7KH �j LQ WKH LPSHGDQFH PHDQV WKDW WKH YROWDJH LV URWDWHG 90� FORFNZLVH�� 7KLV LV LQWX�
LWLYHO\ FOHDU EHFDXVH WKH FDSDFLWRU KDV WR EH FKDUJHG LQ RUGHU WR KDYH D YROWDJH DQG LW LV WKH
FXUUHQW WKDW FKDUJHV WKH FDSDFLWRU� 7KHUHIRUH WKH FXUUHQW LV ILUVW DQG DIWHU WKDW� ZKHQ WKH
FDSDFLWRU LV DOUHDG\ FKDUJHG D ELW� RQH FDQ PHDVXUH D YROWDJH� 7KH DQJXODU IUHTXHQF\ ! LQ
WKH GHQRPLQDWRU LV LQWXLWLYHO\ DOVR FOHDU EHFDXVH LI ! LV ELJ� WKH FDSDFLWRU JHWV FKDUJHG DQG
GLVFKDUJHG IDVW $V D FRQVHTXHQFH WKH FXUUHQW LV ELJ DQG WKHUHIRUH WKH LPSHGDQFH VPDOO�
:LWK WKH FDSDFLW\ C LQ WKH GHQRPLQDWRU LW LV QHDUO\ WKH VDPH� EHFDXVH D ELJ FDSDFLW\ FDQ
VWRUH PRUH FKDUJH� WKHUHIRUH WKH FXUUHQW LV ELJ�

)LJXUH ����� 3KDVRU DW WLPH t = 0 DQG WLPH GLDJUDP IRU D FDSDFLW\� %H DZDUH WKDW WKH
YROWDJH RU FXUUHQW LV WKH SURMHFWLRQ RQ WKH x�D[LV�

������ ,QGXFWRU

$Q LQGXFWRU LV DQ HOHFWULFDO GHYLFH ZLWK D KLJK LQGXFWDQFH DQG DQ LGHDO LQGXFWRU KDV QR
UHVLVWDQFH DQG QR FDSDFLW\� 7KH LQGXFWDQFH L = �

I RI D GHYLFH LV WKH UDWLR EHWZHHQ
WKH PDJQHWLF IOX[ � DQG WKH FXUUHQW I WKURXJK D GHYLFH �FDXVLQJ WKH PDJQHWLF ILHOG�� VHH
DOVR VHFWLRQ ������� ,Q $& WKHUH LV DQ DGGLWLRQDO SKHQRPHQRQ� FDOOHG VHOI LQGXFWDQFH�
$Q DOWHUQDWLQJ FXUUHQW FDXVHV DQ DOWHUQDWLQJ PDJQHWLF ILHOG ZKLFK LQGXFHV DJDLQ D YROWDJH
LQ WKDW GHYLFH� 7KH LQGXFHG YROWDJH LV VXFK WKDW LW RSSRVHV DQ DGGLWLRQDO JURZWK RI WKH
FXUUHQW�

�0XOWLSO\LQJ D FRPSOH[ QXPEHU ZLWK j URWDWHV WKDW QXPEHU E\ DQ DQJOH RI 90� LQ WKH SRVLWLYH RULHQWDWLRQ�
7KHUHIRUH WKH PXOWLSOLFDWLRQ ZLWK �j URWDWHV LW 90� LQ WKH QHJDWLYH RULHQWDWLRQ� WKHUHIRUH FORFNZLVH�

���
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)URP HOHFWUR�PDJQHWLVP ZH JHW WKH IROORZLQJ HTXDWLRQ�

u(t) = �uLQG(t) = L
Gi(t)
Gt

ZKHUH L LV WKH LQGXFWDQFH RI WKH LQGXFWRU� 7KH VZLWFK RI WKH VLJQ EHWZHHQ u(t) DQG
uLQG(t) FRPHV IURP HQHUJ\ FRQVLGHUDWLRQ� ,I ZH ORRN DW DQ RKPLF UHVLVWRU� WKH UHVLVWDQFH
LV ELJJHU WKDQ ]HUR� $V D FRQVHTXHQFH u(t) DQG i(t) DUH LQ SKDVH� ,I ZH ORRN DW D YROWDJH
VRXUFH WKHQ WKH YROWDJH DQG WKH FXUUHQW KDYH D SKDVH VKLIW RI 180�� 7KLV LV EDVLFDOO\
D FRQYHQWLRQ EXW LW HQVXUHV WKDW .LUFKKRII·V ODZV KROG�� 7KH LQGXFHG YROWDJH LV OLNH D
VRXUFH YROWDJH� LW WKHUHIRUH KDV RSSRVLWH VLJQ WR WKH DSSOLHG YROWDJH u(t)� $VVXPH WKDW
WKH FXUUHQW LV i(t) = I0ej(!t+')� 7KHQ WKH YROWDJH LV

u(t) = L
Gi(t)
Gt

= L
GI0ej(!t+')

Gt
= LI0j!e

j(!t+') = jL!i(t).

7KH LPSHGDQFH RI WKH LQGXFWRU WKHUHIRUH LV

Z =
u(t)

i(t)
=

jL!i(t)

i(t)
= jL!.

7KH SKDVRU DQG WKH WLPH GHSHQGHQFH DUH VKRZQ LQ ILJXUH ����� 7KH j FDXVHV WKH YROWDJH
WR EH 90� HDUOLHU WKDQ WKH FXUUHQW� 7KLV LV FOHDU� ,I RQH DSSOLHV D YROWDJH DW DQ LQGXF�
WRU� WKH JURZLQJ FXUUHQW FDXVHV D JURZLQJ PDJQHWLF ILHOG ZKLFK RSSRVHV WKH FXUUHQW WR
JURZ� 7KH FXUUHQW WKHUHIRUH JURZV VORZO\ ZKHUHDV WKH YROWDJH RYHU WKH LQGXFWRU GURSV
LPPHGLDWHO\�� 7KH GHSHQGHQFH RQ WKH DQJXODU IUHTXHQF\ DQG WKH LQGXFWDQFH LV LQWXLWLYHO\
FOHDU EHFDXVH D ODUJH LQGXFWDQFH FDXVHV D VWURQJHU PDJQHWLF ILHOG DQG WKHUHIRUH WKH LQ�
GXFHG YROWDJH� ZKLFK RSSRVHV WKH FXUUHQW WR JURZ� LV DOVR ODUJHU DQG DV D FRQVHTXHQFH
WKH FXUUHQW VPDOOHU� )RU KLJK IUHTXHQFLHV� WKH PDJQHWLF ILHOG FKDQJHV IDVW� 6LQFH WKH LQ�
GXFHG YROWDJH LV SURSRUWLRQDO WR WKH FKDQJH RI WKH PDJQHWLF ILHOG� WKH FXUUHQW LV VPDOO DQG
WKHUHIRUH WKH LPSHGDQFH LV KLJK�

�,I WKHUH LV QR H[WHUQDO DOWHUQDWLQJ PDJQHWLF ILHOG WKURXJK WKH FLUFXLW� WKH VXP RI DOO YROWDJHV RYHU WKH
GHYLFHV RI D FORVHG SDWK LV ]HUR� ,I ZH JR LQ WKH GLUHFWLRQ RI WKH FXUUHQW WKHQ LW LV REYLRXV WKDW WKH VRXUFH
DQG WKH FRQVXPLQJ GHYLFHV KDYH GLIIHUHQW VLJQ� 6HH DOVR �������

�7KLV LV GLIIHUHQW WR WKH FDSDFLWRU ZKHUH WKH FDSDFLWRU KDV WR EH FKDUJHG LQ RUGHU WR KDYH D YROWDJH GURS

���
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)LJXUH ����� 3KDVRU DW WLPH t = 0 DQG WLPH GLDJUDP IRU DQ LQGXFWRU� %H DZDUH WKDW WKH
YROWDJH RU FXUUHQW LV WKH SURMHFWLRQ RQ WKH x�D[LV�

���� &RPELQDWLRQV RI 5�& DQG /

,Q WKLV FKDSWHU ZH KDYH D ORRN DW WKH PRVW LPSRUWDQW FRPELQDWLRQV RI EDVLF HOHFWULFDO
HOHPHQWV� )RU WKLV WKH XVHIXOQHVV RI WKH FRPSOH[ QRWDWLRQ JHWV REYLRXV� 1HYHUWKHOHVV ZH
FDOFXODWH RQH H[DPSOH ZLWK UHDO LPSHGDQFHV DV ZHOO LQ RUGHU WR VKRZ KRZ WKLV ZRUNV�

������ .LUFKKRII·V ODZV

:H FDQ QHDUO\ DGDSW .LUFKKRII·V ODZV ZLWK VRPH VPDOO PRGLILFDWLRQV IURP GLUHFW FXUUHQW
�'&�� 7KH ILUVW PRGLILFDWLRQ LV WKDW ZH XVH FRPSOH[ FXUUHQWV� YROWDJHV DQG LPSHGDQFHV�
6LQFH FKDUJH FDQQRW EH FUHDWHG RU GHVWUR\HG� ZH JHW WKH FRQWLQXLW\ HTXDWLRQ� )RU DQ\
SRLQW LQ DQ HOHFWULFDO FLUFXLW DQG IRU DOO WLPH WKH VXP RI DOO FXUUHQWV ik(t) IORZLQJ WR D
SDUWLFXODU SRLQW KDV WR EH HTXDO WR WKH FKDQJH RI FKDUJH q(t) DW WKDW SRLQW�

X
ik(t) =

Gq(t)
Gt

.

$VVXPLQJ QR FKDUJH LV VWRUHG� DV LW LV WKH FDVH IRU �QHDUO\� DOO HOHFWULFDO HOHPHQWV H[FHSW
WKH FDSDFLWRU� ZH JHW WKDW WKH VXP RI DOO FXUUHQWV IORZLQJ WR D SRLQW KDV WR EH ]HUR�P

ik(t) = 0� 7KLV LV RQH RI .LUFKKRII·V ODZV�

���
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)URP HOHFWURG\QDPLFV ZH NQRZ WKDW IRU DQ\ WLPH� WKH VXP RI DOO YROWDJHV uk(t) DURXQG D
FORVHG SDWK KDV WR EH HTXDO WR WKH FKDQJH RI WKH H[WHUQDO PDJQHWLF IOX[ �H[W�

X
uk(t) = uind = �

G�H[W
Gt

.

$VVXPLQJ WKHUH LV QR WLPH GHSHQGHQW PDJQHWLF ILHOG� WKH HTXDWLRQ VLPSOLILHV WR WKH NQRZQ
.LUFKKRII·V ODZ

P
uk(t) = 0� %H DZDUH WKDW WKH YROWDJHV DUH FRPSOH[ TXDQWLWLHV� ZKLFK

PHDQV WKDW WKH YHFWRULDO VXP RI DOO WKH YROWDJH SKDVRUV KDV WR EH ]HUR�

������ 6HULDO DQG SDUDOOHO FLUFXLW

:LWK WKH VDPH DUJXPHQW DV LQ WKH FDVH RI '& RQH JHWV IRUPXODV IRU WKH WRWDO LPSHGDQFH
RI HOHFWULF FRPSRQHQWV FRQQHFWHG LQ VHULHV RU SDUDOOHO�
,I WZR RU PRUH FRPSRQHQWV DUH FRQQHFWHG LQ VHULHV� WKH FXUUHQW i(t) WKURXJK WKH FRP�
SRQHQWV LV WKH VDPH HYHU\ZKHUH� 0XOWLSO\LQJ HDFK FRPSRQHQW E\ LWV LPSHGDQFH� RQH JHWV
WKDW WKH YROWDJH GURS uk(t) = i(t)Zk RYHU HDFK HOHPHQW� 7KH VXP RI DOO WKHVH YROWDJH
GURSV PXVW EH HTXDO WR WKH DSSOLHG YROWDJH u(t) =

P
uk(t)�� 7KH WRWDO LPSHGDQFH LV

WKHQ JLYHQ E\

Z =
u(t)

i(t)
=

i(t)
P

Zk

i(t)
=
X

Zk

ZKLFK LV H[DFWO\ ZKDW ZH H[SHFW IURP '& ZLWK WKH GLIIHUHQFH� WKDW WKH LPSHGDQFHV Zk

DUH FRPSOH[�
:LWK WKH DQDORJRXV DUJXPHQWDWLRQ IRU FRPSRQHQWV ZKLFK DUH FRQQHFWHG SDUDOOHO WR WKH
YROWDJH VRXUFH� RQH JHWV WKDW WKH WRWDO LPSHGDQFH LV JLYHQ DV

Z =

✓X 1

Zk

◆�1

ZKLFK LV DOVR H[DFWO\ ZKDW ZH H[SHFW IURP '&�

������ +LJK SDVV ILOWHU

2QH LPSRUWDQW $& FLUFXLW LV WKH KLJK SDVV ILOWHU� $ KLJK SDVV ILOWHU KDV D KLJK LPSHGDQFH
IRU ORZ IUHTXHQFLHV DQG D ORZ LPSHGDQFH IRU KLJK IUHTXHQFLHV� 7KH KLJK SDVV ILOWHU LV

�+HUH WKH YROWDJH RYHU WKH VRXUFH LV PHDVXUHG LQ WKH RSSRVLWH GLUHFWLRQ� ZKLFK FDXVHV D FKDQJH RI WKH
VLJQ� ,W LV WKHQ FRPSDWLEOH ZLWK WKH QRWDWLRQ LQ WKH .LUFKKRII·V ODZV�

���
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RIWHQ XVHG DV DQDXGLR ILOWHU WR NHHS ORZ IUHTXHQFLHV DZD\ IURP WKH WZHHWHUV� 7KHUH DUH
GLIIHUHQW UHDOLVDWLRQV RI D KLJK SDVV ILOWHU ZLWK GLIIHUHQW FKDUDFWHULVWLFV� 2QH RI WKH HDVLHVW
LV WKH 5& FLUFXLW DV VKRZQ LQ ILJXUH �����

)LJXUH ����� +LJK SDVV FLUFXLW� $Q DOWHUQDWLQJ YROWDJH uin(t) LV DSSOLHG WR D FDSDFLWRU DQG
D UHVLVWRU DQG WKH YROWDJH uout(t) RYHU WKH UHVLVWRU LV PHDVXUHG�

7KH WRWDO LPSHGDQFH LV JLYHQ DV

Z = ZR + ZC = R+
�j

!C
,

1

Z
=

1

R�
j

!C

=
!C

R!C � j
=

!C(R!C + j)

(R!C)2 + 1
,

|Z| =

s

R2 +

✓
1

!C

◆2

ZKHUHR LV WKH UHVLVWDQFH RI WKH UHVLVWRU�C WKH FDSDFLW\ RI WKH FDSDFLWRU DQG ! WKH DQJXODU
IUHTXHQF\ RI WKH YROWDJH DSSOLHG� ,I D YROWDJH u(t) = U0ej!t LV DSSOLHG WR WKH KLJK SDVV
ILOWHU� WKH YROWDJH GURS RYHU WKH UHVLVWRU LV JLYHQ E\

uR(t) = Ri(t) = R
u(t)

Z
= Ru(t)

!2C2R+ j!C

(R!C)2 + 1
.

7KLV OHDGV WR DQ DPSOLWXGH UR0 DQG SKDVH ' RI

���
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UR0 =
RU0

p
!4C4R2 + !2C2

(R!C)2 + 1
=

RU0!C
p
(R!C)2 + 1)

(R!C)2 + 1
=

RU0!Cp
(R!C)2 + 1

,

WDQ(') =
!C

R!2C2
=

1

R!C
.

7KLV PHDQV WKDW RQH PHDVXUHV D YROWDJH ZKLFK KDV DQ DPSOLWXGH UR0 ZLWK DQ DQJXODU
IUHTXHQF\ ! DQG ZKLFK OHDGV WKH YROWDJH RI WKH $& VRXUFH E\ WKH DQJOH '� 7KH YROWDJH
RYHU WKH UHVLVWRU LV OHDGLQJ WKH YROWDJH RI WKH VRXUFH� %HFDXVH WKH YROWDJH GURS RYHU WKH
UHVLVWRU LV SURSRUWLRQDO WR WKH FXUUHQW� DQG DW WKH FDSDFLWRU� WKH FXUUHQW OHDGV WKH YROWDJH�
,Q WKH OLPLW! ! 1 WKHUH LV QR SKDVH VKLIW DQG DOO WKH YROWDJH GURSV RYHU WKH UHVLVWRU� 7KLV
LV DOVR FOHDU� EHFDXVH DW YHU\ KLJK IUHTXHQFLHV� WKH FDSDFLWRU KDV D YHU\ ORZ LPSHGDQFH DQG
WKHUHIRUH DOPRVW QR LQIOXHQFH RQ WKH FLUFXLW� ,Q ILJXUH ���� WKH DPSOLWXGH DQG WKH SKDVH
LV SORWWHG DV IXQFWLRQ RI !�

)LJXUH ����� $PSOLWXGH UR0 DQG SKDVH ' RI WKH KLJK SDVV ILOWHU� $V H[SHFWHG� WKH RXWSXW
YROWDJH LV KLJKHU IRU KLJK IUHTXHQFLHV� )RU WKH SORW WKH IROORZLQJ YDOXHV ZHUH DVVXPHG�
U0 = 19� R = 1000⌦ DQG C = 10�6)� %H DZDUH WKDW WKH x�D[LV LV D IUHTXHQF\ f = !

2⇡ �

1RZ OHW XV RQFH GR WKH FDOFXODWLRQ LQ UHDO QRWDWLRQ LQ RUGHU WR VHH KRZ HOHJDQW WKH FRPSOH[
QRWDWLRQ LV� )RU WKH UHDO QRWDWLRQ WKHUH DUH GLIIHUHQW DSSURDFKHV� WKH HDVLHVW LV WR GR WKH
FDOFXODWLRQ ZLWK SKDVRUV E\ JHRPHWULFDOO\ DGG LPSHGDQFHV� %XW WKLV LV EDVLFDOO\ WKH VDPH
DV ZH GLG DERYH LQ WKH FRPSOH[ QRWDWLRQ ZLWK YHFWRUV LQVWHDG RI FRPSOH[ QXPEHUV�

���
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)RU WKH FDOFXODWLRQ ZLWK UHDO TXDQWLWLHV OHW WKH FXUUHQW EH i(t) = I0 FRV(!t) �� 7KLV GRHV
QRW PHDQ WKDW WKH YROWDJH DW WKH YROWDJH VRXUFH LV RI WKH IRUP u(t) = U0 FRV(!t)� EHFDXVH
WKHUH ZLOO EH D SKDVH VKLIW EHWZHHQ FXUUHQW DQG YROWDJH� :H QRZ FRPSXWH WKLV SKDVH VKLIW
DV ZHOO DV WKH UHODWLRQ EHWZHHQ U0 DQG I0�
)URP 2KPV ODZ ZH NQRZ WKDW WKH YROWDJH RYHU D UHVLVWRU LV DOZD\V SURSRUWLRQDO WR WKH
FXUUHQW� WKHUHIRUH uR(t) = Ri(t) = RI0 FRV(!t)� $GGLWLRQDOO\ ZH NQRZ WKDW WKH YROWDJH
RYHU D FDSDFLWRU LV DOZD\V ODJJLQJ 90� DQG WKHUHIRUH uC(t) = I0

!C VLQ(!t)� 7KH YROWDJH
RYHU WKH YROWDJH VRXUFH LV HTXDO WR WKH YROWDJH RYHU WKH 5& FRPELQDWLRQ DQG WKLV LV WKH
VXP RI WKH WZR YROWDJHV

uLQ(t) = UR(t) + uC(t) = I0

✓
R FRV(!t) +

1

C!
VLQ(!t)

◆
= U0 FRV(!t� ').

8VLQJ VRPH WULJRQRPHWULF WKHRUHPV WR JHW

U0 = I0

s

R2 +

✓
1

!C

◆2

,

' = DUFWDQ
✓

1

!CR

◆
.

7KH DEVROXWH YDOXH RI WKH WRWDO LPSHGDQFH WKHUHIRUH LV U0
I0

=
q
R2 +

�
1
!C

�2� WKH VDPH
DV DERYH LQ WKH FRPSOH[ QRWDWLRQ� 7KH SKDVH VKLIW LV WKH VDPH DV ZHOO�

������ 5HVRQDQW FLUFXLW

7KHUH DUH WZR GLIIHUHQW W\SHV RI UHVRQDQW FLUFXLWV� WKH SDUDOOHO FLUFXLW DQG WKH VHULDO FLUFXLW�
7KH\ EHKDYH GLIIHUHQWO\ EXW WKH HTXDWLRQV WR VROYH WKH SUREOHP DUH DOPRVW WKH VDPH� 6R
ZH RQO\ ORRN DW WKH VHULDO FLUFXLW�
$ VHULDO UHVRQDQW FLUFXLW LV D FLUFXLW ZKHUH D FDSDFLWRU� D UHVLVWRU DQG DQ LQGXFWRU DUH FRQ�
QHFWHG LQ VHULHV� ,I WKHUH LV QR UHVLVWRU �RU LWV UHVLVWDQFH LV ]HUR� WKH FLUFXLW LV FDOOHG DQ
LGHDO VHULDO FLUFXLW RU DQ /& FLUFXLW� 6LQFH WKLV LV D VSHFLDO FDVH ZH FRQVLGHU WKH JHQHUDO FDVH
ZKHUH R 6= 0� )LJXUH ���� VKRZV WKH VHULDO UHVRQDQW FLUFXLW� :H FRQQHFW WKH UHVRQDQW
FLUFXLW ZLWK D YROWDJH VRXUFH ZLWK DQ DQJXODU IUHTXHQF\ ⌦�

�:H FRXOG DOVR DVVXPH D GLIIHUHQW SKDVH EHFDXVH RQO\ WKH SKDVH VKLIW EHWZHHQ FXUUHQW DQG YROWDJHPDWWHUV�
6R ZH FKRRVH WKH SKDVH RI WKH FXUUHQW WR EH ]HUR EHFDXVH WKH FXUUHQW WKURXJK ERWK FRPSRQHQWV LV WKH VDPH�
VR WKLV VLPSOLILHV WKH FDOFXODWLRQ�

���
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)LJXUH ����� 6HULDO UHVRQDQW FLUFXLW� $Q DOWHUQDWLQJ YROWDJH ZLWK DQJXODU IUHTXHQF\ ⌦ LV
DSSOLHG WR DQ LQGXFWRU� D UHVLVWRU DQG D FDSDFLWRU�

0LQLPDO UHVLVWDQFH

7KH WRWDO LPSHGDQFH RI WKH FLUFXLW LV JLYHQ DV

Z = ZR + ZC + ZL = R+ j

✓
L⌦�

1

⌦C

◆
.

2EYLRXVO\ WKH DEVROXWH YDOXH RI WKH LPSHGDQFH LV PLQLPDO LI WKH LPDJLQDU\ SDUW YDQLVKHV�
,Q WKLV FDVH WKH DQJXODU IUHTXHQF\ LV RIWHQ FDOOHG UHVRQDQFH IUHTXHQF\�� ⌦ = !0� ,W WKHQ
KROGV

L!0 =
1

!0C
) !0 =

1
p
LC

.

,Q IDFW WKLV LV RQO\ WKH UHVRQDQFH IUHTXHQF\ IRU WKH LGHDO /& FLUFXLW� EHFDXVH LQ WKH FDVH
RI D QRW LGHDO FLUFXLW LW LV D ELW VPDOOHU �VHH EHORZ�� 6LQFH WKH LPSHGDQFH RI WKH FLUFXLW LV
PLQLPDO� WKH FXUUHQW IURP WKH VRXUFH WKURXJK WKH FLUFXLW ZLOO EH PD[LPDO DW WKLV IUHTXHQF\�

��5HVRQDQFH LV WKH SKHQRPHQRQ ZKHUH DQ RVFLOODWLQJ V\VWHP JHWV PD[LPDOO\ H[FLWHG E\ DQ H[WHUQDO H[FL�
WDWLRQ� 6LQFH PD[LPDO H[FLWDWLRQ LV QRW WKH VDPH DV PLQLPDO UHVLVWDQFH� WKH IUHTXHQF\ ZH GLVFXVVHG LV RIWHQ
PLVOHDGLQJO\ FDOOHG UHVRQDQFH IUHTXHQF\ DOWKRXJK WKH UHVRQDQFH IUHTXHQF\ LV VRPHWKLQJ GLIIHUHQW� 7KH IUH�
TXHQF\ KHUH LV WKH RQH ZKHUH WKH V\VWHP KDVW WKH VPDOOHVW LPSHGDQFH�

���



����� &20%,1$7,216 2) 5�& $1' /

1DWXUDO IUHTXHQF\

6LQFH WKH 5HVRQDQW FLUFXLW LV D YHU\ EHDXWLIXO H[DPSOH RI D KDUPRQLF RVFLOODWRU ZH VKRUWO\
UHSHDW LWV SURSHUWLHV� $V LW LV DQ RVFLOODWRU LW FDQ RVFLOODWH LWVHOI� &RQVLGHU WKH IROORZLQJ
FDVH� :H RSHQ WKH FLUFXLW� FKDUJH WKH FDSDFLWRU ZLWK D FKDUJH q0 DQG FORVH WKH FLUFXLW
DJDLQ� $V VRRQ DV WKH FLUFXLW LV FORVHG� WKH RYHUDOO YROWDJH PXVW EH ]HUR� DQG WKH VXP RI
DOO YROWDJHV LV JLYHQ DV

0 = uL(t) + uR(t) + uC(t) = L
Gi(t)
Gt

+Ri(t) +
1

C
q(t)

= L
G2q
Gt2

+R
Gq
Gt

+
1

C
q. ������

7KLV LV WKH GLIIHUHQWLDO HTXDWLRQ IRU D GDPSHG RVFLOODWRU� DV GLVFXVVHG LQ &KDSWHU ����
:H VHDUFK D IXQFWLRQ q = q(t) ZKLFK VROYHV WKH HTXDWLRQ DERYH� :H WU\ WKH DQVDW]
q(t) = q0e�t� ,QVHUWLQJ WKH DQVDW] LQ HTXDWLRQ ���� ZH JHW D TXDGUDWLF HTXDWLRQ IRU ��
6LQFH ZH VHDUFK IRU RVFLOODWLQJ VROXWLRQV� WKH GLVFULPLQDQW LV FRQVWUDLQW E\ R2

� 4L
C < 0

DQG WKHUHIRUH WKH VTXDUH URRW LV FRPSOH[�
7KH JHQHUDO VROXWLRQ LV

q(t) = e��t

✓
Ae

j
q

!2
0��2t
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q
!2
0��2t

◆
,

� =
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2L
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1
p
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7KH FRQVWDQWV A DQG B GHSHQG RQ WKH FRQGLWLRQV DW t = 0� ,Q RXU FDVH ZH FKRRVH WKHP
VXFK WKDW WKH FDSDFLWRU LV PD[LPDO FKDUJHG DW t = 0 ZKLFK OHDGV WR

q(t) = q0e
��t FRV

✓q
!2
0 � �2t

◆
.

7KLV PHDQV WKDW WKH FLUFXLW RVFLOODWHV ZLWK D IUHTXHQF\ ! =
p
!2
0 � �2 < !0 ZKLFK LV

FDOOHG QDWXUDO IUHTXHQF\� 7KH RVFLOODWLRQ LV GDPSHG ZKLFK LV QRW VXUSULVLQJ EHFDXVH HQHUJ\
JHWV GLVVLSDWHG DW WKH UHVLVWRU �VHH DOVR VHFWLRQ ��������

5HVRQDQFH �PD[LPDO FXUUHQW�

,I ZH DSSO\ D KDUPRQLF RVFLOODWLQJ YROWDJH WR WKH FLUFXLW ZH FDQ REVHUYH UHVRQDQFH� $V�
VXPH ZH DSSO\ WKH YROWDJH u(t) = U0ej⌦t� $FFRUGLQJ WR .LUFKKRII·V ODZ WKH DSSOLHG
YROWDJH LV HTXDO WR WKH WRWDO YROWDJH RYHU WKH FRQVXPLQJ GHYLFHV
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U0e
j⌦t = jL⌦i(t) +Ri(t)� j
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⌦C
i(t) =

�jLi(t)
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2L
, !0 =

1
p
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i(t) = U0
j⌦

L

1

!2
0 � ⌦

2 + 2j�⌦
ej⌦t,

1

Z
=

j⌦

L

1

!2
0 � ⌦

2 + 2j�⌦
,

1

|Z|
=
⌦

L

1p
(!2

0 � ⌦
2)2 + (2�⌦)2

,I ZH VHDUFK IRU WKH IUHTXHQF\ ZLWK PD[LPDO FXUUHQW� ZH FDQ WDNH WKH GHULYDWLYH RI 1
|Z|

ZLWK UHVSHFW WR ⌦ DQG VHW LW HTXDO WR ]HUR���

0 =
G 1
|Z|
G⌦

=
1

L

D � ⌦ 1
2D

�
2(!2

0 � ⌦
2)(�2⌦) + 4�22⌦

�

D2
,

ZKHUHD =
p

(!2
0 � ⌦

2)2 + (2�⌦)2 LV WKH QDVW\ VTXDUH URRW LQ WKH GHQRPLQDWRU RI 1
|Z| �

0XOWLSO\LQJ WKLV HTXDWLRQ ZLWK LD3 RQH JHWV

0 = ((!2
0 � ⌦

2)2 + 4�2⌦2) + 2⌦2(!2
0 � ⌦

2)� 4�2⌦2 = !4
0 � ⌦

4,

⌦ = ±!0.

7KLV UHVXOW ZDV H[SHFWHG EHFDXVH LI WKH LPSHGDQFH LV PLQLPDO� WKH FXUUHQW LV PD[LPDO�

5HVRQDQFH �PD[LPDO YROWDJH�

1RZ OHW XV KDYH D ORRN DW WKH YROWDJH GURS RYHU WKH FDSDFLWRU�

��6LQFH WKH ILUVW GHULYDWLYH YDQLVKHV DW WKH H[WUHPD�
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uC = �j
1

⌦C
i(t) = U0

1

LC

1

(!2
0 � ⌦

2)� 2j�⌦
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UC0 =
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1p
(!2

0 � ⌦
2)2 + (2�⌦)2
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= U0
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0p
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2)2 + (2�⌦)2
= U0

1q
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!2
0
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!2
0
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!2
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ZKHUH UC0 LV WKH DPSOLWXGH RI uC(t)� 2QFH DJDLQ OHW XV KDYH D ORRN DW WKH PD[LPDO
YROWDJH

0 =
GUC0

Gt
= �U0

1

LC

2(!2
0 � ⌦

2)(�2⌦) + 4�2⌦

2D3
,

) ⌦2 = !2
0 � 2�2. ������

7KLV PHDQV WKDW RQH FDQ PHDVXUH WKH KLJKHVW YROWDJH DW WKH FDSDFLWRU DW WKH IUHTXHQF\
⌦ =

p
!2
0 � 2�2� 7KLV IUHTXHQF\ LV XVXDOO\ FDOOHG UHVRQDQFH IUHTXHQF\� 3LFWXUH ����

VKRZV WKH YROWDJH RYHU WKH FDSDFLWRU IRU GLIIHUHQW IUHTXHQFLHV GHSHQGLQJ RQ WKH GXPSLQJ
�� 7KLV IUHTXHQF\ GHSHQGHQFH LV FDOOHG UHVRQDQFH FXUYH� &RQFHUQLQJ WKH DV\PSWRWLF
EHKDYLRXU RI WKH UHVRQDQFH FXUYH ZH JHW WKH H[SHFWHG UHVXOW� )RU YHU\ VPDOO IUHTXHQFLHV�
WKH YROWDJH GURS RYHU WKH FDSDFLWRU FRQYHUJHV WRZDUG WKH DSSOLHG YROWDJH DQG LV H[DFWO\ WKH
DSSOLHG YROWDJH U0 LQ FDVH WKH RI '&� 7KLV LV EHFDXVH ZKHQ DSSO\LQJ D FRQVWDQW YROWDJH�
WKH FDSDFLW\ FRUUHVSRQGV WR DQ LQWHUUXSWLRQ LQ WKH FLUFXLW DQG WKHUHIRUH WKH ZKROH YROWDJH
GURSV RYHU LW� )RU YHU\ KLJK IUHTXHQFLHV� WKH LPSHGDQFH RI WKH FDSDFLWRU JRHV WRZDUGV
]HUR DQG WKHUHIRUH WKH YROWDJH GURS DOVR JRHV WRZDUGV ]HUR�
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)LJXUH ����� 9ROWDJH GURS UC0 RYHU WKH FDSDFLWRU DV D IXQFWLRQ RI WKH DSSOLHG IUHTXHQF\
IRU GLIIHUHQW GXPSLQJV �� 7KH y�D[LV LV QRUPHG WR WKH H[FLWDWLRQ DQG RLC FLUFXLW� 7KH
x�D[LV DQG WKH GXPSLQJ � DUH QRUPHG ZLWK UHVSHFW WR !0� 7KH GRWWHG OLQH VKRZV WKH
SRVLWLRQ RI WKH PD[LPD GHSHQGLQJ RQ WKH UHVRQDQFH IUHTXHQF\ �IRU D JLYHQ ⌦ WKH � ZDV
FDOFXODWHG DFFRUGLQJ WR HTXDWLRQ ������

/HW XV PDNH D VXPPHU\ RI WKH GLIIHUHQW IUHTXHQFLHV�

1DPH )RUPXOD 3URSHUW\
QDWXUDO IUHTXHQF\

p
!2
0 � �2 )UHTXHQF\ DW ZKLFK WKH FLUFXLW RVFLOODWHV

ZLWKRXW H[WHUQDO H[FLWDWLRQ�
PLQLPDO LPSHGDQFH
RU PD[LPDO FXUUHQW

!0 7KH WZR FDVHV DUH WKH VDPH VLQFH IRUPLQ�
LPDO LPSHGDQFH WKH FXUUHQW JHWV PD[LPDO
DW D JLYHQ YROWDJH

UHVRQDQFH IUH�
TXHQF\

p
!2
0 � 2�2 0D[LPDO YROWDJH GURS RYHU WKH FDSDFLWRU

7DEOH ����� 2YHUYLHZ RI GLIIHUHQW IUHTXHQFLHV ZKHUH !0 = 1p
LC

DQG � = R
2L �
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���� 3RZHU FRQVLGHUDWLRQ DQG HIIHFWLYH YDOXHV

8QWLO QRZ ZH DOZD\V FRQVLGHUHG HTXDWLRQV ZKLFK ZHUH OLQHDU LQ WKH YROWDJH RU LQ WKH
FXUUHQW� 7KHUHIRUH WKHUH ZDV QR SUREOHP ZKHQ DGGLQJ FRPSOH[ YROWDJHV RU FXUUHQWV DQG
WKHQ WDNLQJ WKH UHDO SDUW WR JHW WKH SURSHUW\ RQH PHDVXUHV DW WKH FLUFXLW� 1RZ ZH ORRN DW
WKH SRZHU DQG WKHUHIRUH PXOWLSO\ FXUUHQW DQG YROWDJH� 6R ZH KDYH WR WDNH WKH UHDO YDOXH
ILUVW DQG WKHQ PXOWLSO\ WKH WZR TXDQWLWLHV�

������ 3RZHU

7KH SRZHU FRQVXPSWLRQ DW WLPH t RI DQ HOHFWULFDO GHYLFH LV p(t) = u(t)i(t) ZKLFK LV
WLPH GHSHQGHQW� ,Q PDQ\ FDVHV WKH LQVWDQWDQHRXV SRZHU LV QRW VR LPSRUWDQW DQG RQH LV
PRUH LQWHUHVWHG LQ WKH PHDQ SRZHU FRQVXPSWLRQ��� 6LQFH ZH ORRN DW SHULRGLF RVFLOODWLRQV
RQH RQO\ KDV WR FRQVLGHU RQH SHULRG T WR FDOFXODWH WKH PHDQ YDOXH� /HW·V DSSO\ D YROWDJH
u(t) = U0 FRV(!t) DW D GHYLFH ZKLFK FDXVHV D FXUUHQW i(t) = I0 FRV(!t+ ') ZLWK SKDVH
VKLIW ' IORZLQJ WKURXJK WKDW GHYLFH� 7KH PHDQ SRZHU WKHQ LV

P =
1

T

T̂

0

u(t)i(t)Gt ������

=
U0I0
T

T̂

0

FRV(!t) FRV(!t+ ')Gt

=
U0I0
T

0

@
T̂

0

FRV2(!t) FRV(')Gt�
T̂

0

FRV(!t) VLQ(!t) VLQ(')Gt

1

A

=
U0I0
2

FRV(') ������

ZKHUH ZH XVH FRV(!t + ') = FRV(!t) FRV(') � VLQ(!t) VLQ(') DQG VLQ(!t) FRV(!t) =
1
2 VLQ(2!t)� 7KH ILUVW LQWHJUDO

�� JLYHV T
2 DQG WKH VHFRQG RQH JLYHV ]HUR� 7KLV PHDQV WKDW

IRU FRQVWDQW FXUUHQW I0 DQG YROWDJH DPSOLWXGHU0 WKH PHDQ SRZHU GHSHQGV RQ WKHLU SKDVH

��)RU H[DPSOH FRQVLGHU D UHVLVWRU� 7KHUH WKH PHDQ KHDW GLVSHUVLRQ LV PRUH UHOHYDQW WKDQ LWV LQVWDQWDQHRXV
SRZHU FRQVXPSWLRQ EHFDXVH WKH UHVLVWRU DOVR KDV VRPH KHDW FDSDFLW\

��2QH FDQ FDOFXODWH WKLV XVLQJ SDUWLDO LQWHJUDWLRQ RU XVLQJ WKDW WKH FRVLQH DQG WKH VLQH DUH WKH VDPH IXQFWLRQ
XS WR D SKDVH VKLIW DQG WKHUHIRUH

´
T

0
FRV2(!t)Gt =

´
T

0
VLQ2(!t)Gt = A IRU D FHUWDLQ QXPEHU A� 7KHQ

A =
´

T

0
FRV2(!t)Gt =

´
T

0
1� VLQ2(!t)Gt =

´
T

0
1Gt�A = T �A ZKLFK OHDGV WR A = T

2
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VKLIW� 7R EH PRUH SUHFLVH� WKH SRZHU ZH FDOFXODWHG LV WKH RQH WKDW IORZV LQWR WKDW GHYLFH
DQG JHWV FRQYHUWHG LQWR DQ RWKHU HQHUJ\� IRU H[DPSOH KHDW DW WKH UHVLVWRU RU URWDWLRQ LQ
FDVH RI DQ HOHFWULF PRWRU� 7KH SRZHU LV PD[LPDO IRU ' = 0� VR IRU H[DPSOH IRU D UHVLVWRU�
2Q WKH RWKHU KDQG WKH SRZHU LV PLQLPDO IRU ' ± 90� ZKLFK FRUUHVSRQGV WR D FDSDFLWRU
RU DQ LQGXFWRU� ,Q FDVH RI WKH FDSDFLWRU� WKH SKDVH VKLIW LV ' = 90� �VHH ILJXUH ������
$IWHU WKH FDSDFLWRU LV FRPSOHWHO\ FKDUJHG �ZKLFK LV WKH FDVH IRU YROWDJH DW WKH FDSDFLWRU
EHLQJ PD[LPDO� L�H� u(t) = U0� WKH FDSDFLWRU JHWV GLVFKDUJHG� 7KLV PHDQV HQHUJ\ IORZV
EDFN IURP WKH FDSDFLWRU WR WKH VRXUFH XQWLO WKHUH LV QR FKDUJH OHIW LQ WKH FDSDFLWRU� 7KLV LV
WKH FDVH ZKHQ WKH YROWDJH LV ]HUR� DQG WKHQ LW JHWV FKDUJHG DJDLQ� :KLOH FKDUJLQJ� HQHUJ\
IORZV IURP WKH VRXUFH WR WKH FDSDFLWRU� ,Q WKH WLPH GLDJUDP� WKH GLVFKDUJLQJ SHULRGV
DUH WKRVH ZKHUH WKH YROWDJH DQG WKH FXUUHQW KDYH RSSRVLWH VLJQ DQG DV D FRQVHTXHQFH
WKH LQVWDQWDQHRXV SRZHU LV QHJDWLYH� 2EYLRXVO\ WKH FKDUJLQJ DQG GLVFKDUJLQJ HQHUJ\ LV
WKH VDPH ZKLFK PHDQV WKDW WKH FDSDFLWRU KDV QR PHDQ SRZHU FRQVXPSWLRQ� $ VLPLODU
DUJXPHQW FDQ EH PDGH ZLWK D FRLO ZKHUH WKH HQHUJ\ LV VWRUHG LQ WKH PDJQHWLF ILHOG�

������ (IIHFWLYH YDOXHV

,Q GLUHFW FXUUHQW� WKH SRZHU LV VLPSO\ P = UI ZKHUHDV LQ $& WKHUH DUH WKH IDFWRUV�� 2
DQG FRV(')� 2QH GHILQHV

UHII =
1
p
2
U0,

IHII =
1
p
2
I0,

DV WKH HIIHFWLYH YROWDJH DQG HIIHFWLYH FXUUHQW� 6RPHWLPHV WKHVH TXDQWLWLHV DUH FDOOHG 506
�URRW PHDQ VTXDUH� RI WKH YROWDJH RU FXUUHQW� 8VLQJUHII DQG IHII RQH JHWV WKH PHDQ SRZHU
RI D GHYLFH DV

P = UHIIIHII FRV(').

,Q HYHU\GD\ OLIH PRVW RI WKH YROWDJHV DQG FXUUHQWV DUH LQGLFDWHG ZLWK WKHLU HIIHFWLYH YDOXH
LQVWHDG RI WKH DPSOLWXGH� 7KLV KDV WKH DGYDQWDJH WKDW RQH FDQ VLPSO\ PXOWLSO\ WKH YROWDJH
DQG WKH FXUUHQW LQ RUGHU WR JHW WKH SRZHU FRQVXPSWLRQ��� $V DQ H[DPSOH WKH YROWDJH DW

��7KH IDFWRU 2 LV RQO\ YDOLG IRU VLQXVRLGDO VLJQDOV� IRU RWKHU VLJQDO IRUPV RQH KDV WR FDOFXODWH LW IURP
HTXDWLRQ �������

��$VVXPLQJ WR KDYH QR SKDVH VKLIW ' = 0� 7KLV LV WKH FDVH LQ PRVW RI WKH HYHU\GD\ OLIH GHYLFHV� 1HYHU�
WKHOHVV DW ELJ HOHFWULF PRWRUV FRV(') LV LQGLFDWHG�

���
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WKH SRZHU VRFNHWV KDV UHII = 2309 ZKLFK PHDQV WKDW WKH DPSOLWXGH RI WKH YROWDJH LV
U0 =

p
2 · 2309 ⇡ 3259�

������ $FWLYH� UHDFWLYH DQG DSSDUHQW SRZHU

$ FORVHU ORRN WR WKH PHDQ SRZHU LQ HTXDWLRQ ������ DOORZV DQ LQWHUHVWLQJ YLHZ RQ WKH
SKDVH VKLIW� ,I ZH DSSO\ D YROWDJH u = U0 FRV(!t) WR D GHYLFH� ZH FDQ UHZULWH WKH FXUUHQW
DV i(t) = I0 FRV(!t + ') = I0(FRV(!t) FRV(') � VLQ(!t) VLQ(')) ZKLFK LV EDVLFDOO\ D
VXSHUSRVLWLRQ RI D VLQH DQG D FRVLQH RVFLOODWLRQ ZLWK DPSOLWXGH�I0 VLQ(') DQG I0 FRV(')
UHVSHFWLYHO\� 7KH FRVLQH RVFLOODWLRQ LV LQ SKDVH ZLWK WKH YROWDJH DQG WKHUHIRUH LW FRUUH�
VSRQGV WR WKH SDUW RI WKH FXUUHQW ZKLFK GLVVLSDWHV HQHUJ\ DW WKH GHYLFH� 2QH FDOOV WKLV WKH
DFWLYH FXUUHQW� ZKLFK PHDQV WKDW LV WKH SDUW RI WKH FXUUHQW WKDW GRHV �XVHIXO� ZRUN� 7KH
VLQH RVFLOODWLRQ GRHV QRW SHUIRUP DQ\ ZRUN� LW RQO\ FDXVHV HQHUJ\ WR EH WUDQVIHUUHG IURP
WKH VRXUFH WR WKH GHYLFH DQG EDFN� 7KLV FXUUHQW LV FDOOHG UHDFWLYH FXUUHQW�
$QDORJRXVO\ RQH FDQ GHILQH DFWLYH� UHDFWLYH DQG DSSDUHQW SRZHU� :KDW ZH KDYH GHILQHG
DV PHDQ SRZHU LV DOVR FDOOHG DFWLYH SRZHU P = UHIIIHII FRV(') VLQFH WKLV LV WKH HOHFWULF
SRZHU WKDW LV XVHG E\ WKH HOHFWULF GHYLFH� 7KH DSSDUHQW SRZHU S = UHIIIHII LV WKH WRWDO
SRZHU WKDW LV WUDQVIHUUHG EHWZHHQ WKH VRXUFH DQG WKH GHYLFH� 2QH SDUW RI WKLV WRWDO SRZHU
LV WKH SDVW XVHG DV DFWLYH SRZHU DQG WKH RWKHU SDUW LV WUDQVIHUUHG EDFN WR WKH VRXUFH� 7KH
VHFRQG SDUW LV WKH HQHUJ\ RVFLOODWLRQ EHWZHHQ WKH VRXUFH DQG WKH GHYLFH� ,W LV FDOOHG UHDFWLYH
SRZHU DQG GHILQHG DV Q = UHIIIHII VLQ(')� 8VLQJ VLQ2(') + FRV2(') = 1 RQH JHWV WKH
IROORZLQJ UHODWLRQ EHWZHHQ WKH WKUHH GLIIHUHQW SRZHUV�

S2 = P 2 +Q2.

*HQHUDOO\ RQH ZDQWV WR KDYH VPDOO UHDFWLYH FXUUHQWV EHFDXVH D UHDFWLYH FXUUHQW GRHV QRW
WUDQVIHU HQHUJ\ WR WKH GHYLFH EXW LW FDXVHV D ODUJHU FXUUHQW WKDQ QHFHVVDU\ ZKLFK OHDGV WR
PRUH ORVVHV LQ WKH FDEOHV� 7KHUH DUH GLIIHUHQW SRVVLELOLWLHV WR DYRLG UHDFWLYH FXUUHQW� 7KH
VLPSOHVW LV WR FRQQHFW D FDSDFLWRU RU DQ LQGXFWRU SDUDOOHO WR WKH GHYLFH VXFK WKDW WKH WRWDO
LPSHGDQFH VXIILFHV ' = 0� 7KHQ WKH UHDFWLYH FXUUHQW RQO\ RVFLOODWHV EHWZHHQ WKH GHYLFH
DQG WKH FDSDFLWRU RU LQGXFWRU DQG QRW WKURXJK WKH FDEOHV IURP WKH SRZHU VWDWLRQ WR WKH
GHYLFH�
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���� 7KUHH�SKDVH HOHFWULF SRZHU

7KH ZRUOG ZLGH SRZHU QHW� ZKLFK DOVR SURYLGHV HOHFWULFLW\ DW KRPH��� LV D ELW PRUH VRSKLV�
WLFDWHG YHUVLRQ RI $& WKDQ ZH KDYH GLVFXVVHG XQWLO QRZ� 7KLV YHUVLRQ LV FDOOHG WKUHH�SKDVH
HOHFWULF SRZHU DQG LW KDV VRPH QLFH DSSOLFDWLRQV ZH ZLOO ORRN DW�

������ 'HILQLWLRQ DQG SURGXFWLRQ

8VXDOO\� D WKUHH�SKDVH SRZHU VXSSO\ FRQVLVWV RI WKUHH ZLUHV DQG WR HDFK ZLUH DQ $& YROWDJH
LV DSSOLHG� $GGLWLRQDOO\ WKHUH LV RQH ZLUH ZKLFK LV FDOOHG QHXWUDO ZLUH� ZKLFK ZH FRQVLGHU
ODWHU� 7KH WKUHH ZLUHV ZLWK WKH YROWDJH DUH FDOOHG SKDVHV� 7KH DPSOLWXGH RI WKH YROWDJH
LQ DOO RI WKH WKUHH SKDVHV LV WKH VDPH EXW VKLIWHG E\ 120� = 2⇡

3 ZKLFK LV VKRZQ LQ ILJXUH
�����

)LJXUH ����� 7KH WKUHH YROWDJHV RI D WKUHH�SKDVH V\VWHP� 7KH ZLUHV DUH ODEHOOHG E\ L1� L2

DQG L3�

7KHUH DUH GLIIHUHQW ZD\V WR FUHDWH WKUHH�SKDVH SRZHU� WKH HDVLHVW LV WKH WKUHH�SKDVH JHQHU�
DWRU� ,W ZRUNV DV DQ XVXDO JHQHUDWRU EXW WKH WKUHH FRLOV SODFHG DURXQG WKH URWDWLQJ PDJQHW
DUH GLVSODFHG E\ 120� HDFK� VHH ILJXUH ������ 7KH PDJQHW LQ WKH FHQWHU URWDWHV DQG WKHUH�
IRUH WKH PDJQHWLF ILHOG DW WKH FRLOV LV FKDQJLQJ� 7KLV LQGXFHV D YROWDJH LQ WKH FRLOV� 6LQFH
WKH FRLOV DUH GLVSODFHG E\ 120�� WKH LQGXFHG YROWDJH LV DOVR VKLIWHG E\ 120�� %H DZDUH WKDW
WKH LQGXFHG YROWDJH DW D FRLO UHDFKHV LWV PD[LPXP ZKHQ WKH PDJQHW FKDQJHV LWV SRODULW\

��7KH SRZHU LV EURXJKW WR \RX KRPH ZLWK D WKUHH�SKDVH V\VWHP DQG WKHQ WKH WKUHH SKDVHV DUH VSOLW XS�
7KHUHIRUH DW DQ XVXDO SRZHU VRFNHW WKHUH LV RQO\ RQH SKDVH WRJHWKHU ZLWK WKH JURXQG ZLUH DQG WKH QHXWUDO
ZLUH� 2QO\ YHU\ IHZ SRZHU VRFNHWV DUH WKUHH�SKDVH VRFNHWV� 7KH\ DUH XVXDOO\ RQO\ QHHGHG IRU PDFKLQHV WKDW
FRQVXPH D ORW RI HQHUJ\� 7KHVH VRFNHWV �XVXDOO\� KDYH ILYH SROHV�
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EHFDXVH WKH LQGXFHG YROWDJH LV SURSRUWLRQDO WKH YDULDWLRQ RI WKH PDJQHWLF ILHOG LQ WLPH�
7KLV YDULDWLRQ LV PD[LPDO ZKHQ WKH PDJQHW FKDQJHV LWV SRODULW\�
7KH VHWXS GHVFULEHG DERYH DOORZV D YLVXDOLVDWLRQ RI WKH SKDVHU� 7UHDW WKH SKDVRU DV D
YHFWRU SHUSHQGLFXODU WR WKH 1RUWK�6RXWK GLUHFWLRQ RI WKH PDJQHW VXFK WKDW WKH PD[LPDO
YROWDJH LV LQGXFHG LQ D FRLO ZKHQ WKH SKDVRU LV SRLQWLQJ WR WKDW FRLO� 7KHQ WKH LQGXFHG
YROWDJH LQ HDFK FRLO LV WKH SURMHFWLRQ RI WKH SKDVHU RQ WKH D[LV RI WKH FRLO�

)LJXUH ������ $ WKUHH�SKDVH JHQHUDWRU� 7KH WKUHH FRLOV DUH URWDWHG E\ 120�� 7KH PDJQHW
LQ WKH FHQWHU LV URWDWLQJ ZLWK DQJXODU IUHTXHQF\ ! DQG LQGXFHV DQ $& YROWDJH LQ WKH FRLO�
2QH SROH RI HDFK FRLO LV FRQQHFWHG WR WKH QHXWUDO ZLUH N � WKH RWKHU SROHV DUH WKH SKDVHV
L1� L2 DQG L3�

������ 6WDU DQG 'HOWD FLUFXLW

$ ELJ DGYDQWDJH RI WKH WKUHH�SKDVH SRZHU FLUFXLW LV WKDW WKHUH DUH WZR SRVVLELOLWLHV RI
FRQQHFWLQJ D GHYLFH� $ WKUHH�SKDVH GHYLFH LV �XVXDOO\� FRQQHFWHG WR DOO WKUHH SKDVHV DQG
LW �XVXDOO\� FRQVLVWV RI WKUHH LQGHSHQGHQW ORDGV ZKLFK DUH GUDZQ DV UHVLVWRUV LQ ILJXUH
������ +RZHYHU� WKHUH DUH WZR SRVVLELOLWLHV KRZ WKLV FDQ EH GRQH� VHH ILJXUH ������ /HW
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U0 EH WKH DPSOLWXGH RI DOO WKH WKUHH SKDVHV� WKH ILUVW SKDVH WKHUHIRUH KDV WKH YROWDJH
u1 = U0 FRV(!t)� WKH VHFRQG SKDVH KDVu2 = U0 FRV(!t + 120�) DQG WKH WKLUG RQH KDV
u3 = U0 FRV(!t+ 240�)�

)LJXUH ������ /HIW VLGH� 7KH VWDU FLUFXLW ZKHUH HDFK ORDG LV FRQQHFWHG WR D SKDVH DQG WKH
QHXWUDO ZLUH� 5LJKW VLGH� (DFK ORDG LV FRQQHFWHG WR WZR SKDVHV� WKH QHXWUDO ZLUH LV QRW
XVHG DW DOO�

6WDU FLUFXLW

7KH LQWXLWLYH HDVLHU RQH LV WKH VWDU FLUFXLW ZKHUH HDFK ORDG LV FRQQHFWHG WKH VDPH ZD\
DV WKH FRLOV LQ WKH WKUHH�SKDVH JHQHUDWRU� $W WKH ILUVW ORDG �FRQQHFWHG WR SKDVH L1� WKH
YROWDJH u1 GURSV� DV H[SHFWHG� $QDORJRXVO\ WKH RWKHU ORDGV� ,I DOO ORDGV KDYH WKH VDPH
LPSHGDQFH WKHQ WKHUH LV QR FXUUHQW IORZLQJ IURP WKH WKUHH ORDGV WR WKH JHQHUDWRU WKURXJK
WKH QHXWUDO ZLUH� 7KLV LV EHFDXVH WKH VXP RI DOO WKUHH FXUUHQWV LV ]HUR��� 7KHUHIRUH LW LV QRW
QHFHVVDU\ WR FRQQHFW WKH FRPPRQ SRLQW RI WKH WKUHH ORDGV ZLWK WKH QHXWUDO ZLUH� WKH ORDGV
QHHG RQO\ WR EH FRQQHFWHG DW RQH SRLQW ZLWK HDFK RWKHU� ,W LV RIWHQ XVHIXO WR FRQQHFW WKH
FRPPRQ SRLQW ZLWK WKH QHXWUDO ZLUH WR VWDELOL]H WKH FLUFXLW� VHH DOVR FKDSWHU �������

'HOWD FLUFXLW

7KH RWKHU SRVVLELOLW\ LV WKH 'HOWD FLUFXLW ZKHUH HDFK ORDG LV FRQQHFWHG WR WZR SKDVHV� 7KH
DGYDQWDJH RI WKLV FLUFXLW LV WKDW WKH YROWDJH GURS RYHU HDFK ORDG LV KLJKHU� 7R XQGHUVWDQG

��7KLV FDQ HDVLO\ EH VHHQ LI RQH DGGV WKH FXUUHQWV DV SKDVRUV� 6LQFH ZH DVVXPH WKDW DOO WKH WKUHH LPSHGDQFHV
DUH WKH VDPH� WKH WKUHH FXUUHQWV DUH DOVR WKH VDPH� 7KH WKUHH SKDVRUV IRUP DQ HTXLODWHUDO WULDQJOH� WKHUHIRUH
WKH VWDUWLQJ SRLQW LV HTXDO WR WKH HQGLQJ SRLQW DQG DV D FRQVHTXHQFH WKH VXP RI WKH WKUHH FXUUHQWV LV ]HUR�
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WKLV OHW·V KDYH D ORRN DW WKH YROWDJH u(t) RYHU RQH ORDG� IRU H[DPSOH FRQQHFWHG WR L1 DQG
L2�

u(t) = u1 � u2 = U0(FRV(!t)� FRV(!t+ 120�))

= U0(FRV((!t+ 60�)� 60�)� FRV((!t+ 60�) + 60�)

= U0(FRV(!t+ 60�) FRV(60�) + VLQ(!t+ 60�) VLQ(60�)
� FRV(!t+ 60�) FRV(60�) + VLQ(!t+ 60�) VLQ(60�))

=
p
3U0 VLQ(!t+ 60�)).

7KLV PHDQV WKDW WKH YROWDJH GURS RYHU HDFK ORDG KDV DQ DPSOLWXGH RI
p
3U0�

7R VWDUW D ELJ HOHFWULF PRWRU RQH FDQ XVH ERWK� WKH SURSHUWLHV RI WKH VWDU DQG 'HOWD FLUFXLW�
:KHQ VWDUWLQJ WKH PRWRU LW QHHGV D ORW RI FXUUHQW� ,I RQH DSSOLHV D VPDOOHU YROWDJH� WKH
FXUUHQW LV DOVR VPDOOHU��� 6R RQH VWDUWV WKH PRWRU LQ WKH VWDU FLUFXLW DQG DV VRRQ DV LW
URWDWHV ZLWK FRQVWDQW VSHHG� RQH FRQQHFWV LW DV 'HOWD FLUFXLW DQG WKH PRWRU KDV PRUH
SRZHU EHFDXVH WKH ORDG LV FRQQHFWHG WR D KLJKHU YROWDJH� ,Q WKH SDVW WKLV ZDV RIWHQ XVHG
WR VWDUW ODUJH PRWRUV DQG WKHUH ZHUH VSHFLDO VZLWFKHV ZKLFK DOORZHG WR FKDQJH HDVLO\ IURP
WKH VWDU WR WKH 'HOWD FLUFXLW� 2I FRXUVH LW LV D EDG LGHD WR FRQQHFW D PRWRU ZKLFK LV QRW
EXLOG IRU D 'HOWD FLUFXLW WR D 'HOWD FLUFXLW DV LW PLJKW JHW GDPDJHG�

������ $GYDQWDJH RI D WKUHH�SKDVH V\VWHP

7KHUH DUH GLIIHUHQW UHDVRQV ZK\ RXU SRZHU VXSSO\ DW KRPH LV D WKUHH�SKDVH V\VWHP� :H
QRZ LQYHVWLJDWH VRPH RI WKHP�

5ROH RI QHXWUDO ZLUH

$V ZH KDYH VHHQ LQ WKH VHFWLRQ DERXW WKH VWDU FLUFXLW �VHH VHFWLRQ �������� WKHUH LV QR
FXUUHQW IORZLQJ WKURXJK WKH QHXWUDO ZLUH DV ORQJ DV WKH LPSHGDQFHV DW WKH WKUHH SKDVHV
DUH WKH VDPH� %XW LI WKH LPSHGDQFHV RI WKH WKUHH FRQVXPHUV DUH QRW WKH VDPH� D FXUUHQW
IORZV WKURXJK WKH QHXWUDO ZLUH� ,I WKH FRPPRQ SRLQW LQ WKH VWDU FLUFXLW LV QRW FRQQHFWHG
WR WKH QHXWUDO ZLUH� WKLV FRPPRQ SRLQW KDV D QRQ�]HUR YROWDJH ZLWK UHVSHFW WR WKH QHXWUDO
ZLUH� 7KLV LV EHFDXVH DW WKH FRPPRQ SRLQW WKH WRWDO FXUUHQW KDV WR EH ]HUR��� 7KLV LV RQO\

��7KLV PLJKW VRXQG WULYLDO EXW LW LV LPSRUWDQW IRU WKH IXVH EHFDXVH LW VKRXOG QRW PHOW�
��7KHUH LV QR FDSDFLWRU DQG .LUFKKRII·V ODZ KROGV�
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SRVVLEOH LI WKH WKUHH FXUUHQWV DUH WKH VDPH��� 6LQFH QRW DOO LPSHGDQFHV DUH WKH VDPH� WKH
YROWDJH GURS RYHU WKH ORDGV ZLOO QRW EH WKH VDPH DQG DV D FRQVHTXHQFH WKH VXP RI WKH
YROWDJH ZLOO QRW EH ]HUR� 7KLV VXP RI WKH YROWDJH GURSV LV WKH VDPH DV WKH YROWDJH EHWZHHQ
WKH FRPPRQ SRLQW DQG WKH QHXWUDO ZLUH� 7R JXDUDQWHH WKDW WKH YROWDJH GURS RYHU DOO WKH
FRQVXPHUV LV WKH VDPH� RQH FRQQHFWV WKH FRPPRQ SRLQW ZLWK WKH QHXWUDO ZLUH DQG WKHQ
WKH QHXWUDO ZLUH LV OLNH D IL[LQJ SRLQW ZKHUH FXUUHQW FDQ IORZ DZD\ LI WKHUH DUH GLIIHUHQW
LPSHGDQFHV�
7KLV LV H[DFWO\ WKH VLWXDWLRQ DW KRPH� 7KH KRXVHV DUH FRQQHFWHG WR WKH WKUHH�SKDVH QHW�
,Q WKH KRXVH WKH GLIIHUHQW VRFNHWV DUH FRQQHFWHG WR GLIIHUHQW SKDVHV DQG WR WKH QHXWUDO
ZLUH� ,I DOO WKH SKDVHV DUH ORDGHG WKH VDPH �FRQQHFWHG ZLWK WKH VDPH LPSHGDQFH�� WKHQ
WKHUH LV QR FXUUHQW IORZLQJ RXW RI WKH KRXVH WKURXJK WKH QHXWUDO ZLUH� %XW LI IRU H[DPSOH
RQO\ RQH SRZHU VRFNHW LV XVHG WKHQ WKH FXUUHQW IORZV WKURXJK WKH QHXWUDO ZLUH RXW RI WKH
KRXVH�

(QHUJ\ WUDQVIHU

&RQFHUQLQJ WKH HQHUJ\ WUDQVIHU WKH WKUHH�SKDVH V\VWHP RIIHUV D YHU\ HIILFLHQW ZD\ WR WUDQV�
SRUW HOHFWULFDO HQHUJ\ RYHU D �ORQJ� GLVWDQFH� ,I WKH LPSHGDQFH DW WKH WKUHH SKDVHV LV WKH
VDPH WKHQ �QHDUO\� QR FXUUHQW IORZV WKURXJK WKH QHXWUDO ZLUH� 7KHUHIRUH ZH RQO\ QHHG
WKH WKUHH SKDVHV WR WUDQVSRUW WKH HOHFWULFDO HQHUJ\ ZKHUHDV LQ D VLPSOH $& FLUFXLW ZH QHHG
WZR ZLUHV IRU D FORVHG FLUFXLW ZKLFK FRUUHVSRQGV WR RQH VLQJOH SKDVH� 7KLV PHDQV LQ WKH
WKUHH�SKDVH V\VWHP WKH WKUHH ZLUHV WUDQVSRUW DV PDQ\ HQHUJ\ DV WKUHH VLPSOH $& FLUFXLW
FRQVLVWLQJ RI VL[ ZLUHV�
7KLV JHWV YHU\ LPSRUWDQW LI RQH ZDQWV WR WUDQVSRUW D ORW RI HQHUJ\ RYHU D ORQJ GLVWDQFH
EHFDXVH D ORW RI HQHUJ\ PHDQV WKLFN FDEOHV DQG ORQJ GLVWDQFHV PHDQ ORQJ FDEOHV� +HQFH� D
ORW RI ZLUH� 7KH SRZHU QHW FRQVLVWV RI WKUHH WKLFN FDEOHV ZKHUH WKH SKDVHV DUH FRQQHFWHG
DQG RQH WKLQ FDEOH ZLWK WKH QHXWUDO ZLUH �WR VWDELOL]H WKH QHW�� 7KH GLIIHUHQW SKDVHV DUH
FRQQHFWHG WKHQ FOHYHUO\ WR WKH GLIIHUHQW KRXVHV �RU HYHQ GLIIHUHQW YLOODJHV� VXFK WKDW WKH
LPSHGDQFH RQ DOO WKUHH SKDVHV LV DSSUR[LPDWHO\ WKH VDPH� ,Q WHUPV RI ZKROH YLOODJHV
LW LV QRW UHOHYDQW LI VRPHRQH DW KRPH XVHV D ORW RI SRZHU IURP RQH VLQJOH SKDVH��� ,Q
FRQFOXVLRQ WKH LPSHGDQFHV DSSOLHG WR WKH WKUHH SKDVHV FDQ EH FRQVLGHUHG WKH VDPH�

��7R GLVWLQJXLVK� 7KH WKUHH FXUUHQWV DUH WKH VDPH LI WKH FRPPRQ SRLQW LV QRW FRQQHFWHG WR WKH QHXWUDO
ZLUH� 7KH\ DUH QRW WKH VDPH LI WKH FRPPRQ SRLQW LV FRQQHFWHG WR WKH QHXWUDO ZLUH�

��$GGLWLRQDOO\ HDFK SKDVH DW KRPH LV FRQQHFWHG WR D IXVH� WKH SRZHU FRQVXPSWLRQ LV WKHUHIRUH OLPLWHG� ,Q
WHUPV RI WKH ZKROH YLOODJH WKH FRQVXPSWLRQ RI RQH VLQJOH KRXVH LV VPDOO�QHJOLJLEOH
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7KUHH�SKDVH PRWRU

7KH WKUHH�SKDVH PRWRU LV LQ SULQFLSOH WKH VDPH DV D JHQHUDWRU �VHH ILJXUH ������ EXW LQVWHDG
RI WXUQLQJ WKH PDJQHW DQG LQGXFLQJ D YROWDJH LQ WKH FRLOV� D YROWDJH LV DSSOLHG WR WKH
FRLOV ZKLFK FUHDWH D PDJQHWLF ILHOG ZKLFK FDXVHV WKH PDJQHW WR WXUQ DURXQG� 6LQFH WKH
PDJQHWLF ILHOG RI D FRLO LV SURSRUWLRQDO WR WKH FXUUHQW IORZLQJ WKURXJK LW DQG WKH FXUUHQW LV
SURSRUWLRQDO WR WKH DSSOLHG YROWDJH�� DQG WKH YROWDJH FRUUHVSRQG WR D URWDWLQJ SKDVRU� WKH
PDJQHWLF ILHOG DOVR URWDWHV� %XW WKH GLUHFWLRQ RI WKH URWDWLRQ �ZKHWKHU LW URWDWHV FORFNZLVH
RU DQWL�FORFNZLVH� GHSHQGV RQ KRZ WKH WKUHH FRLOV DUH FRQQHFWHG WR WKH WKUHH SKDVHV�
$FWXDOO\� LW RQO\ GHSHQGV RQ KRZ WKH WKUHH SKDVHV DUH FRQQHFWHG WR WKH FRLOV� LQ FORFNZLVH
RU DQWL�FORFNZLVH GLUHFWLRQ� 7KLV PHDQV LI WKH WKUHH FRLOV FRLO �� FRLO � DQG FRLO � DUH
FRQQHFWHG WR L1� L2 DQG L3 UHVSHFWLYHO\ RU L1� L3 DQG L2� %\ VZDSSLQJ WKH SKDVHV RI
WZR FRLOV WKH PRWRU FKDQJHV LWV GLUHFWLRQ RI URWDWLRQ�
7KLV SURSHUW\ VHHPV SUHWW\ XQVSHFWDFXODU EXW LW DOORZV WR UXQ D PRWRU LQ D FHUWDLQ GLUHFWLRQ
ZKLFK LV QRW WKDW VLPSOH WR DFKLHYH LQ D VLPSOH $& FLUFXLW� ,Q D VLPSOH $& FLUFXLW WKHUH LV
QR URWDWLQJ PDJQHWLF ILHOG �EHFDXVH WKHUH LV RQO\ RQH SKDVH�� 7KHUH LV RQO\ D PDJQHWLF ILHOG
WKDW DOZD\V SRLQWV LQ WKH VDPH GLUHFWLRQ DQG FKDQJHV LWV VWUHQJWK� $V D FRQVHTXHQFH WKH
PRWRU GRHV QRW NQRZ LQ ZKLFK GLUHFWLRQ LW VKRXOG WXUQ VR LW VWDUWV WXUQLQJ LQ DQ DUELWUDU\
GLUHFWLRQ� 2I FRXUVH WKHUH DUH VRPH WULFNV KRZ RQH FDQ IRUFH WKH PRWRU RI D VLPSOH $&
FLUFXLW WR WXUQ LQ D VSHFLILF GLUHFWLRQ EXW LW LV PRUH FRPSOLFDWHG WKDQ LQ FDVH RI D WKUHH�
SKDVH V\VWHP�

��0D\EH ZLWK SKDVH VKLIW EXW WKLV SKDVH VKLIW LV WKH VDPH IRU WKH WKUHH FRLOV LQ D WKUHH�SKDVH PRWRU�
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(YHU\WKLQJ LV UHODWLYH�

&HUWDLQO\ QRW $OEHUW (LQVWHLQD

D$V H[SODLQHG LQ WKLV FKDSWHU� QRW HYHU\�
WKLQJ LV UHODWLYH�
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�� 6SHFLDO 5HODWLYLW\

���� +LVWRULFDO 0LOHVWRQHV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $HWKHU DQG HOHFWURPDJQHWLF ZDYHV � � � � � � � � � � � � � ���
������ )O\LQJ HOHFWURQ � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� *DOLOHR WUDQVIRUPDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 5HIHUHQFH 6\VWHP � � � � � � � � � � � � � � � � � � � � � � � � ���
������ ,QHUWLDO IUDPH RI UHIHUHQFH � � � � � � � � � � � � � � � � � � ���
������ *DOLOHR 7UDQVIRUPDWLRQ � � � � � � � � � � � � � � � � � � � � ���

���� /RUHQW] 7UDQVIRUPDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ (LQVWHLQ·V 3RVWXODWHV � � � � � � � � � � � � � � � � � � � � � � ���
������ 6\QFKURQLVDWLRQ RI FORFNV � � � � � � � � � � � � � � � � � � � ���
������ 7LPH GLODWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ /RUHQW] FRQWUDFWLRQ � � � � � � � � � � � � � � � � � � � � � � ���
������ 6\PPHWU\ RI WLPH GLODWDWLRQ DQG /RUHQW] FRQWUDFWLRQ � � ���
������ /RUHQW] WUDQVIRUPDWLRQ � � � � � � � � � � � � � � � � � � � � ���

���� 0LQNRZVNL PHWULF � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 'HILQLWLRQ RI 0LQNRZVNL PHWULF � � � � � � � � � � � � � � � � ���
������ 3URSHUWLHV RI 0LQNRZVNL PHWULF � � � � � � � � � � � � � � � ���
������ )RXU YHFWRUV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 1RWH RQ ULJRURXV GHULYDWLRQ � � � � � � � � � � � � � � � � � � ���

���� 9HORFLWLHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $GGLWLRQ RI 3DUDOOHO 9HORFLWLHV � � � � � � � � � � � � � � � � ���
������ $GGLWLRQ RI 3HUSHQGLFXODU 9HORFLWLHV � � � � � � � � � � � � ���
������ 9HORFLW\ )RXU 9HFWRU � � � � � � � � � � � � � � � � � � � � � � ���

���� '\QDPLFV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0RPHQWXP � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0RPHQWXP )RXU 9HFWRU � � � � � � � � � � � � � � � � � � � � ���
������ (QHUJ\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ $FFHOHUDWLRQ DQG )RUFHV � � � � � � � � � � � � � � � � � � � � ���

���� 3DUDGR[HV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ /DGGHU DQG EDUQ � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 7ZLQ SDUDGR[ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 6ROXWLRQ WR WKH IO\LQJ HOHFWURQ SUREOHP � � � � � � � � � � ���
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5RXJKO\ ��� \HDUV DJR WKHUH ZHUH VRPH SKHQRPHQD LQ GLIIHUHQW ILHOGV RI SK\VLFV WKDW
FRXOG QRW EH H[SODLQHG E\ WKH WKHRULHV RI WKDW WLPH� (LQVWHLQ UHFRJQLVHG WKDW �DW OHDVW
VRPH RI� WKHVH SKHQRPHQD FDQ EH GHVFULEHG XVLQJ D PRGLILFDWLRQ RI FODVVLFDO PHFKDQLFV
DQG WDNLQJ LQWR DFFRXQW KRZ RQH REVHUYHV DQ RWKHU UHIHUHQFH IUDPH� 7KH FRPSOHWH WKHRU\
RI UHODWLYLW\ LV YHU\ FRPSOH[ DQG QHHGV D ORW RI PDWKV� 1HYHUWKHOHVV WKHUH LV D VPDOO SDUW RI
LW ZKLFK JLYHV DOUHDG\ D ORW RI LQWHUHVWLQJ LQVLJKWV DQG ZKLFK JHWV DORQJ ZLWK KLJK VFKRRO
PDWKV� 7KLV HDVLHU SDUW LV FDOOHG VSHFLDO UHODWLYLW\ DQG WKH PRUH JHQHUDO WKHRU\ LV FDOOHG
JHQHUDO UHODWLYLW\� $V ORQJ DV QRWKLQJ HOVH LV PHQWLRQHG LQ WKLV FKDSWHU� ZH ZLOO DOZD\V GR
VSHFLDO UHODWLYLW\ DQG VRPHWLPHV VLPSO\ FDOO LW UHODWLYLW\� 7KH PDLQ VRXUFH RI WKLV FKDSWHU
DUH >��@ DQG >��@�
,Q WKLV FKDSWHU ZH ZLOO ILUVW KDYH D ORRN DW FODVVLFDO PHFKDQLFV� $IWHU ZH XQGHUVWDQG WKH
PRVW LPSRUWDQW SURSHUWLHV RI FODVVLFDO PHFKDQLFV ZH ZLOO ORRN ILUVW DW WKH DVVXPSWLRQV RI
VSHFLDO UHODWLYLW\ DQG WKHQ DW LWV FRQFOXVLRQV DQG LQWHUSUHWDWLRQV� ,Q WKH HQG ZH ZLOO UHVROYH
VRPH RI WKH PRVW FRPPRQ SDUDGR[HV� %HIRUH ZH VWDUW GRLQJ SK\VLFV OHWV KDYH D ORRN DW
VRPH KLVWRULFDO PLOHVWRQHV WKDW OHDG WR UHODWLYLW\�

���� +LVWRULFDO 0LOHVWRQHV

%HIRUH (LQVWHLQ GHYHORSHG UHODWLYLW\ WKHUH ZHUH GLIIHUHQW H[SHULPHQWV DQG SDUWV RI WKH
WKHRU\ ZKLFK ZHUH LQFRPSDWLEOH� ,Q HOHFWURG\QDPLFV WKLV LQFRQVLVWHQF\ ZDV HVSHFLDOO\
ELJ� /HW·V KDYH D ORRN DW WKH ELJ TXHVWLRQV SK\VLFLVWV KDG URXJKO\ ��� \HDUV DJR�

������ $HWKHU DQG HOHFWURPDJQHWLF ZDYHV

,Q ����� 0D[ZHOO HODERUDWHG WKH IDPRXV 0D[ZHOO·V HTXDWLRQV ZKLFK GHVFULEH �QHDUO\� HY�
HU\WKLQJ LQ FODVVLFDO HOHFWURG\QDPLFV� 7KHVH HTXDWLRQV DOVR SUHGLFW HOHFWURPDJQHWLF ZDYHV
ZKLFK ZHUH WKHQ H[SHULPHQWDOO\ SURYHQ E\ +HLQULFK +HUW] LQ ����� ,I RQH WKLQNV DERXW
ZDYHV LQ HYHU\ GD\ OLIH RQH DOZD\V LPDJLQHV D PHGLXP ZKHUH WKLV ZDYHV SURSDJDWH� )RU
H[DPSOH VRXQG ZDYHV FRQVLVW RI DLU �RU DQ RWKHU PHGLXP� ZKLFK JHWV FRPSUHVVHG DQG
VWUHWFKHG� %XW WKH LPSRUWDQW WKLQJ LV WKDW WKHUH LV D PHGLXP LQ ZKLFK WKH ZDYH SURSDJDWHV�
HJ� LI WKHUH LV QR PHGLXP� QRWKLQJ FDQ JHW FRPSUHVVHG DQG VWUHWFKHG VR QR VRXQG FDQ
SURSDJDWH� 2QO\ LQ WKH UHIHUHQFH IUDPH ZKHUH WKH PHGLXP LV UHVWLQJ� WKH ZDYH HTXDWLRQV
WDNH WKH VLPSOH IRUP� IRU DOO RWKHU UHIHUHQFH V\VWHPV RQH KDV WR DGG DGGLWLRQDO WHUPV��
8QWLO WKH EHJLQQLQJ RI WKH 20WK FHQWXU\ SK\VLFLVWV WKRXJKW WKDW OLJKW ZRXOG DOVR SURSDJDWH
LQ D PHGLXP FDOOHG DHWKHU� %XW 0LFKHOVRQ DQG0RUOH\ VKRZHG LQ WKHLU IDPRXV H[SHULPHQW
WKDW WKLV FDQ QRW EH WUXH� )RU WKLV WKH\ PHDVXUHG WKH VSHHG RI OLJKW LQ WKH GLUHFWLRQ RI WKH
URWDWLRQ RI WKH HDUWK DQG SHUSHQGLFXODU WR LW� 7KH\ WKRXJKW WKDW WKH DHWKHU VKRXOG URWDWH D

�7R VKRZ WKLV PDWKHPDWLFDOO\ RQH QHHGV D ELW PRUH PDWK� WKHUHIRUH ZH VNLS WKLV KHUH�

���
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ELW VORZHU WKDQ WKH HDUWK EHFDXVH LW PXVW VRPHKRZ JOXH WR WKH UHVW RI WKH XQLYHUVH ZKLFK
LV QRW URWDWLQJ� 7KHUHIRUH WKH VSHHG SDUDOOHO DQG SHUSHQGLFXODU WR WKH GLUHFWLRQ RI URWDWLRQ
VKRXOG GLIIHU� ZKLFK ZDV QRW WKH FDVH� 6LQFH OLJKW SURSDJDWHV DV D ZDYH LW IXOILOV WKH ZDYH
HTXDWLRQV� ,Q WKH IUDPH RI WKH PHGLXP WKH\ WDNH WKH VLPSOH IRUP JLYHQ LQ HTXDWLRQ ���� ,I
RQH FDOFXODWHV WKH WUDQVLWLRQ IURP RQH WR DQRWKHU �PRYLQJ� UHIHUHQFH IUDPH XVLQJ FODVVLFDO
PHFKDQLFV� WKH VLPSOH ZDYH HTXDWLRQ FKDQJH� 6LQFH OLJKW GRHV QRW WUDYHO LQ D PHGLXP� WKH
VLPSOH ZDYH HTXDWLRQV PXVW KROG LQ DOO UHIHUHQFH IUDPHV� ZKLFK FRQWUDGLFWV WKH FDOFXODWLRQ
RI FODVVLFDO PHFKDQLFV� 7KLV ZDV D FOHDU KLQW WKDW VRPHWKLQJ ZDV ZURQJ� $W WKH EHJLQQLQJ
RI WKH 20WK FHQWXU\� IDPRXV SK\VLFLVWV DV /RUHQW] DQG 3RLQFDUp ILJXUHG RXW KRZ RQH KDV WR
FDOFXODWH WKH WUDQVLWLRQ IURP RQH WR WKH RWKHU UHIHUHQFH IUDPH� 7KLV OHDG WR WKH /RUHQW]
WUDQVIRUPDWLRQ� ZKLFK LV QRZDGD\V WKH EDVLV RI UHODWLYLW\� 6R WKH\ IRXQG WKH HTXDWLRQV
VRPH \HDUV EHIRUH (LQVWHLQ DQG (LQVWHLQ VXUHO\ NQHZ WKH HTXDWLRQV DOUHDG\� %XW WKH ELJ
VXFFHVV RI (LQVWHLQ ZDV WR JLYH WKH HTXDWLRQV D SK\VLFDO PHDQLQJ� %HFDXVH /RUHQW] DQG
3RLQFDUp �DQG PDQ\ RWKHUV� GLGQ·W UHDOLVH WKDW WKHVH HTXDWLRQV FRQWDLQ D GHHS SURSHUW\ RI
QDWXUH� WKH\ VLPSO\ XVHG WKHVH HTXDWLRQV WR UHVROYH WKH FRQWUDGLFWLRQ LQ WKH WKHRU\�

������ )O\LQJ HOHFWURQ

:H QRZ ZDQW WR ORRN DW DQ H[DPSOH ZKHUH FODVVLFDO PHFKDQLFV OHDGV WR D FRQWUDGLFWLRQ�
&RQVLGHU WKH FDVH ZKHUH D FXUUHQW IORZV WKURXJK D ZLUH DQG DQ HOHFWURQ LV IO\LQJ ZLWK D
FRQVWDQW YHORFLW\ SDUDOOHO WR WKH ZLUH� VHH ILJXUH ����� 7KH FXUUHQW LQ WKH ZLUH FUHDWHV D
PDJQHWLF ILHOG DURXQG WKH ZLUH� 7KH /RUHQW] IRUFH DFWLQJ RQ WKH PRYLQJ HOHFWURQ SXOOV LW
WRZDUG WKH ZLUH �GHSHQGLQJ RI WKH GLUHFWLRQ RI WKH FXUUHQW DQGPRYHPHQW RI WKH HOHFWURQ��
7KLV LV GLIIHUHQW LI ZH FKDQJH WKH UHIHUHQFH V\VWHP� /HW·V FKRVH WKH V\VWHP PRYLQJ ZLWK
WKH HOHFWURQ� ,Q WKLV V\VWHP WKH HOHFWURQ GRHV QRW PRYH� $V D FRQVHTXHQFH WKHUH LV QR
/RUHQW] IRUFH DQG WKHUHIRUH LW ZLOO QRW EH DWWUDFWHG E\ WKH ZLUH�
7KLV VHHPV WR EH D SDUDGR[ EXW FRQVLGHULQJ VSHFLDO UHODWLYLW\� RQH FDQ UHVROYH LW� :H ZLOO
KDYH D ORRN DW WKLV DW WKH HQG RI WKLV FKDSWHU ZKHQ ZH XQGHUVWDQG UHODWLYLW\ EHWWHU�

���� *DOLOHR WUDQVIRUPDWLRQV

,Q RUGHU WR XQGHUVWDQG WKH EDVLF FRQFHSWV RI UHODWLYLW\ VXFK DV WUDQVIRUPDWLRQ IURP RQH
UHIHUHQFH V\VWHP WR DQRWKHU� OHWV ILUVW KDYH D ORRN DW WKHVH FRQFHSWV LQ FODVVLFDO PHFKDQLFV�
7KHUH WKH WUDQVIRUPDWLRQ IURP RQH UHIHUHQFH V\VWHP WR DQRWKHU LV FDOOHG *DOLOHR WUDQV�
IRUPDWLRQ� %XW EHIRUH ZH VWDUW ZLWK WKH *DOLOHR WUDQVIRUPDWLRQ ZH KDYH WR GHILQH ZKDW D
UHIHUHQFH V\VWHP� DOVR FDOOHG IUDPH RI UHIHUHQFH� LV DQG ZKLFK NLQG RI IUDPHV ZH ZLOO ORRN
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)LJXUH ����� ,Q WKH ILUVW UHIHUHQFH IUDPH �OHIW� WKH HOHFWURQ �EODFN GRW� LV PRYLQJ SDUDOOHO
WR WKH ZLUH WKURXJK ZKLFK D FXUUHQW IORZV� 7KH FXUUHQW FUHDWHV D PDJQHWLF ILHOG ZKLFK
FDXVHV D IRUFH DFWLQJ RQ WKH HOHFWURQ �/RUHQW] IRUFH�� 7KH V\VWHP ULJKW PRYHV ZLWK WKH
HOHFWURQ� 6LQFH WKH HOHFWURQ LV QRW PRYLQJ� QR /RUHQW] IRUFH LV DFWLQJ�

DW��

������ 5HIHUHQFH 6\VWHP

7R GHVFULEH SK\VLFV LW LV RIWHQ YHU\ XVHIXO WR GHVFULEH LW LQ D UHIHUHQFH V\VWHP� $ UHIHUHQFH
V\VWHP FRQVLVWV LQ D FKRLFH RI DQ RULJLQ DQG WKUHH D[LV� 8VXDOO\ RQH WDNHV WKH D[LV SDLUZLVH
RUWKRJRQDO ZKLFK LV WKHQ D &DUWHVLDQ FRRUGLQDWH V\VWHP�� ,Q WKLV V\VWHP HDFK REMHFW KDV
DW HYHU\ WLPH t D FHUWDLQ SRVLWLRQ ~x(t)� 7KH RULJLQ LV XVXDOO\ IL[HG DW D FHUWDLQ REMHFW
VXFK DV WKH VXQ LI RQH ZDQWV WR GHVFULEH WKH PRWLRQ RI WKH SODQHWV RU RQH HGJH RI D GHVN
ZKHQ GHVFULELQJ WKH PRWLRQ RI D EDOO RQ WKH GHVN� $V D FRQVHTXHQFH WKH REMHFW ZKLFK LV
FRQQHFWHG WR WKH RULJLQ GRHV QRW PRYH LQ WKDW IUDPH RI UHIHUHQFH EHFDXVH LW KDV IRU DOO
WLPH WKH SRVLWLRQ ~x(t) = ~0� ,I ZH IL[ WKH RULJLQ DW D FHUWDLQ REMHFW ; �; LV KHUH WKH QDPH
RI WKH REMHFW� ZH VD\ WKDW ZH GHVFULEH WKH SUREOHP LQ WKH UHIHUHQFH IUDPH RI ; RU LQ WKH
UHVW IUDPH RI ;� )RU H[DPSOH LQ FKDSWHU ������ ZH GHVFULEHG WKH SUREOHP LQ WKH UHIHUHQFH
V\VWHP RI WKH ZLUH �OHIW� DQG LQ WKH V\VWHP RI WKH HOHFWURQ �ULJKW���
6RPHWLPHV ZH ZLOO JLYH RXU UHIHUHQFH IUDPHV QDPHV� IRU H[DPSOH ZH ZLOO RIWHQ GHQRWH
WZR IUDPHV DV ⌃ DQG ⌃0� 2QH WKHQ VD\V WKDW D SURSHUW\� IRU H[DPSOH WLPH RU SRVLWLRQ� DUH
PHDVXUHG LQ VRPH �VSHFLILF� IUDPH� 7KLV VRXQGV RIWHQ SUHWW\ DEVWUDFW DQG LW LV VRPHWLPHV
XVHIXO WR YLVXDOL]H LW� 2QH FRQYHQLHQW YLVXDOL]DWLRQ LV WR WKLQN IRU H[DPSOH ⌃ DV WKH UHVW
IUDPH RI WKH HDUWK� 6R PHDVXULQJ D TXDQWLW\ LQ ⌃ PHDQV WKDW VRPHRQH �IRU H[DPSOH \RX�

�7KH GHVFULSWLRQ RI WKH WUDQVIRUPDWLRQ EHWZHHQ DUELWUDU\ UHIHUHQFH IUDPHV LV GHVFULEHG E\ JHQHUDO UHOD�
WLYLW\�

�2QH FRXOG DOVR WDNH SRODU RU VSKHULFDO FRRUGLQDWHV� 7KH FKRLFH GHSHQGV RQ WKH V\PPHWU\ RI WKH SUREOHP
EXW LQ PDQ\ FDVHV &DUWHVLDQ FRRUGLQDWHV LV D JRRG FKRLFH �DW OHDVW WR VWDUW ZLWK��

�,Q WKDW H[DPSOH LW ZDV QRW QHFHVVDU\ WR FKRRVH FRQFUHWH D[HV VR ZH OHIW LW RXW�

���
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LV VWDQGLQJ RQ WKH HDUWK DQG PHDVXUHV WKLV TXDQWLW\� ,I WKHUH DUH WZR IUDPHV LQYROYHG LW
LV RIWHQ HDV\ WR WKLQN DERXW D VSDFH VKLS DV WKH VHFRQG IUDPH ⌃0� )RU WKLV DVVXPH WKDW D
FROOHDJXH RI \RX IOLHV LQ D VSDFH VKLS DQG SHUIRUPV KLV RZQ PHDVXUHPHQW�
7KHUH DUH GLIIHUHQW QDPHV IRU WKH PRVW LPSRUWDQW DQG PRVW FRPPRQ UHIHUHQFH IUDPHV�

5HVW IUDPH

$V DOUHDG\ GHILQHG DERYH WKLV LV WKH V\VWHP ZKLFK LV FRQQHFWHG WR D FHUWDLQ REMHFW� 7KLV
REMHFW ZLOO WKHQ UHVW LQ WKDW V\VWHP� WKHUHIRUH LW·V WKH UHVW IUDPH RI WKDW REMHFW�

/DERUDWRU\ IUDPH RI UHIHUHQFH

7KLV LV XVXDOO\ WKH V\VWHP ZKHUH ZH VWDUW GHVFULELQJ D SUREOHP� ,I RQH SHUIRUPV D PHD�
VXUHPHQW WKLV LV WKH UHVW IUDPH RI WKH H[SHULPHQW�

&HQWUH�RI�PRPHQWXP IUDPH

7KLV LV WKH IUDPH ZKHUH WKH WRWDO PRPHQWXP LV ]HUR� ,I WKH PRPHQWXP LV FRQVHUYHG��
WKH WRWDO PRPHQWXP ZLOO VWD\ ]HUR ZKLFK RIWHQ VLPSOLILHV WKH FDOFXODWLRQ�

,QHUWLDO IUDPH RI UHIHUHQFH

6LQFH WKLV LV D YHU\ LPSRUWDQW W\SH RI UHIHUHQFH IUDPH OHWV KDYH D FORVHU ORRN DW LW LQ WKH
QH[W FKDSWHU�

������ ,QHUWLDO IUDPH RI UHIHUHQFH

2I SDUWLFXODU LPSRUWDQFH LV WKH FRQFHSW RI LQHUWLDO IUDPH RI UHIHUHQFH �KHUH RQO\ GLVFXVVHG
LQ WHUPV RI VSHFLDO UHODWLYLW\�� ,W LV D IUDPH ZKHUH 1HZWRQV ODZV DUH YDOLG�� ,Q SDUWLFXODU
WKLV PHDQV WKDW LI QR IRUFH LV DFWLQJ RQ DQ REMHFW� WKLV REMHFW ZLOO QRW PRYH RU PRYH ZLWK
D FRQVWDQW YHORFLW\�
)RU H[DPSOH WKH HDUWK LV DSSUR[LPDWHO\ DQ LQHUWLDO IUDPH� EHFDXVH DQ\ IRUFH DFWLQJ RQ DQ
REMHFW �IRU H[DPSOH JUDYLW\� LV SURSRUWLRQDO DQG SDUDOOHO WR WKH DFFHOHUDWLRQ� ,W LV QRW UHDOO\
D LQHUWLDO IUDPH EHFDXVH WKH HDUWK LV PRYLQJ DURXQG WKH VXQ DQG URWDWLQJ DURXQG LWV D[LV�
WKHUHIRUH LW·V DFFHOHUDWHG DQG WKHUH DUH ILFWLWLRXV IRUFHV VXFK DV WKH FHQWULIXJDO IRUFH RU
&RULROLV IRUFH�

�7KLV PHDQV QR H[WHUQDO IRUFHV DFW RQ RXU V\VWHP�
�7KLV PHDQV D IRUFH DFWLQJ RQ DQ REMHFW LV SURSRUWLRQDO WR LWV DFFHOHUDWLRQ� ~F = m~a LQ WKLV IUDPH�
�1HJOHFWLQJ UHODWLYLVWLF HIIHFWV GXH WR JUDYLW\�
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,I ZH ORRN DW D VSDFH VWDWLRQ� IRU H[DPSOH WKH ,66� RUELWLQJ DURXQG WKH HDUWK ZHPLJKW WKLQN
WKLV LV DQ LQHUWLDO V\VWHP� %XW LQ IDFW LW LV QRW EHFDXVH DOO WKH PDVVHV LQ WKH VSDFH VWDWLRQ
VHHP WR EH ZHLJKWOHVV �IRU H[DPSOH D SHQ IORDWLQJ�� DOWKRXJK WKHUH LV D JUDYLWDWLRQDO IRUFH�
7KH PDVVOHVV SHQ LV EHFDXVH WKH YHORFLW\ DQG GLVWDQFH WR WKH HDUWK LV FKRRVH VXFK WKDW WKH
JUDYLWDWLRQDO IRUFH LV WKH FHQWULSHWDO IRUFH� L�H� WKH ,66 LV FRQVWDQWO\ µIDOOLQJµ WRZDUGV WKH
HDUWK EXW QHYHU KLWWLQJ LW EHFDXVH RI LWV WDQJHQWLDO YHORFLW\�
,I ZH RQFH IRXQG DQ LQHUWLDO IUDPH RI UHIHUHQFH WKHQ DQ\ V\VWHP PRYLQJ ZLWK D FRQVWDQW
YHORFLW\ WR WKDW V\VWHP LV DOVR DQ LQHUWLDO V\VWHP� ,Q 1HZWRQLDQ PHFKDQLFV WKLV LV REYLRXV�
/HWV DVVXPH WKH IUDPH⌃ LV DQ LQHUWLDO V\VWHP DQG WKDW WKH V\VWHP ⌃̃ LV PRYLQJ ZLWK YHORFLW\
v(t) PHDVXUHG LQ ⌃� ,I D IRUFH F �PHDVXUHG LQ ⌃� LV DFWLQJ RQ DQ REMHFW WKH REMHFW JHWV
DFFHOHUDWHG ZLWK a = F

m � VLQFH LW LV DQ LQHUWLDO IUDPH RI UHIHUHQFH� ,I LQ ⌃̃ WKH VDPH IRUFH
F̃ DQG WKH VDPH DFFHOHUDWLRQ ã LV PHDVXUHG� WKHQ ⌃̃ LV DOVR DQ LQHUWLDO V\VWHP� 7KLV JLYHV
XV UHVWULFWLRQV RQ WKH YHORFLW\ v(t) EHFDXVH VLQFH

a = ã+
Gv
Gt

= ã

ZKHUH WKH ILUVW VWHS LV VLPSO\ WKH WUDQVIRUPDWLRQ RI WKH DFFHOHUDWLRQ EHWZHHQ WZR UHIHUHQFH
IUDPHV �LQ 1HZWRQLDQ PHFKDQLFV� DQG WKH VHFRQG VWHS LV WKH DVVXPSWLRQ WKDW WKH WZR
DFFHOHUDWLRQV DUH HTXDO� 7KH FRQVHTXHQFH LV WKDW GvGt = 0 DQG WKHUHIRUH WKH YHORFLW\ LV
FRQVWDQW �LQFOXGLQJ v = 0�� 7KLV PHDQV WKDW ⌃̃ LV DQ LQHUWLDO IUDPH LI DQG RQO\ LI LW LV
PRYLQJ ZLWK FRQVWDQW YHORFLW\ RU LW LV GLVSODFHG E\ D FRQVWDQW YHFWRU RU URWDWHG E\ D IL[
DQJOH ZLWK UHVSHFW WR ⌃ �DVVXPLQJ ⌃ LV DQ LQHUWLDO V\VWHP��

������ *DOLOHR 7UDQVIRUPDWLRQ

1RZ ZH KDYH HQRXJK GHILQLWLRQV WR ORRN DW WKH *DOLOHR 7UDQVIRUPDWLRQ� 7KLV WUDQV�
IRUPDWLRQ GHVFULEHV KRZ WLPH DQG VSDFH WUDQVIRUP EHWZHHQ GLIIHUHQW LQHUWLDO IUDPHV LQ
FODVVLFDO PHFKDQLFV� /HW ⌃ DQG ⌃0 EH WZR LQHUWLDO IUDPHV RI UHIHUHQFH�� ,Q FODVVLFDO PH�
FKDQLFV WKHUH LV QR UHDVRQ ZK\ WKH WLPH LQ RQH IUDPH HODSVHV VORZHU RU IDVWHU WKDQ LQ WKH
RWKHU�� 7KLV PHDQV WKH WLPH LQ ERWK IUDPHV LV WKH VDPH RU PDWKHPDWLFDOO\ t = t0� 7KLV
LV WKH WUDQVIRUPDWLRQ RI WLPH EHWZHHQ WKH WZR V\VWHPV� 7R H[DPLQH WKH WUDQVIRUPDWLRQ
RI VSDFH� DVVXPH WKDW WKH D[LV LQ WKH WZR V\VWHPV DUH SDUDOOHO WR HDFK RWKHU DQG WKDW ⌃0 LV
PRYLQJ ZLWK D FRQVWDQW VSHHG DORQJ WKH x D[LV RI ⌃ �VHH ILJXUH ������ ,Q ⌃ WKH RULJLQ RI
⌃0 KDV WKHUHIRUH WKH FRRUGLQDWHV

�:H GHQRWH DOO TXDQWLWLHV PHDVXUHG LQ ⌃0 ZLWK D SULPH 0 DQG LI PHDVXUHG LQ ⌃ ZLWKRXW�
�7KH\ PLJKW KDYH D GLIIHUHQW ]HUR SRLQW RI WLPH DQG WKHUHIRUH WKH WLPH GLIIHUV E\ D FRQVWDQW� %XW WKLV

FRQVWDQW KDV QR LQIOXHQFH RQ WKH WKH SK\VLFV VR ZH FDQ ZLWKRXW ORVV RI JHQHUDOLW\ VHW LW WR ]HUR�
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ZKHUH x0 LV WKH SRVLWLRQ RI WKH RULJLQ RI ⌃0 DW t = 0 PHDVXUHG LQ ⌃� 7KLV PHDQV WKDW D
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7KLV PHDQV WKDW WKH y DQG z FRRUGLQDWHV RI WKH WZR V\VWHPV DUH DOZD\V WKH VDPH� HJ�
y = y0 DQG z = z0� 7KH x FRRUGLQDWH WUDQVIRUPV DV x = vt+ x0 RU x0 = x� vt�

)LJXUH ����� 7KH WZR IUDPHV UHSUHVHQWHG E\ WKHLU D[LV� 2QH LV PRYLQJ ZLWK UHVSHFW WR WKH
RWKHU DORQJ WKH x D[LV ZLWK WKH VSHHG v�

,I ZH SXW DOO WKH WUDQVIRUPDWLRQV WRJHWKHU ZH JHW

t = t0

x = vt+ x0

y = y0

z = z0

ZKHUH REYLRXVO\ WLPH DQG VSDFH RQO\ PL[ DW WKH x FRPSRQHQW� 6ORSSLO\ VDLG� WLPH LQIOX�
HQFHV PHDVXUHPHQWV RI VSDFH EXW QRW WKH RSSRVLWH� 7KLV ZLOO EH GLIIHUHQW LQ UHODWLYLW\�
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���� /RUHQW] 7UDQVIRUPDWLRQ

,Q WKLV FKDSWHU ZH ZLOO GHVFULEH WKH EDVLF WUDQVIRUPDWLRQ LQ UHODWLYLW\� )XUWKHU SKHQRPHQD
ZLOO EH GLVFXVVHG LQ WKH QH[W FKDSWHU�

������ (LQVWHLQ·V 3RVWXODWHV

$OO WKH VSHFLDO UHODWLYLW\ FDQ EH GHULYHG E\ WZR DVVXPSWLRQV DERXW QDWXUH� 7KHVH DVVXPS�
WLRQV DUH FDOOHG (LQVWHLQ·V SRVWXODWHV ZKLFK DUH�

�� 7KH ODZV RI SK\VLFV DUH WKH VDPH LQ DOO LQHUWLDO IUDPHV RI UHIHUHQFH�

�� 7KH VSHHG RI OLJKW� GHQRWHG E\ c� KDV D ILQLWH YDOXH�� �ZKLFK LV WKH VDPH LQ DOO LQHUWLDO
IUDPHV RI UHIHUHQFH��

6RPHWLPHV WKH SRVWXODWHV DUH IRUPXODWHG LQ D VOLJKWO\ GLIIHUHQW ZD\ EXW WKH FRQFOXVLRQV
UHPDLQ WKH VDPH� ,Q WKH UHJLPH RI FODVVLFDO PHFKDQLFV DQG FRQVLGHULQJ WKH GHILQLWLRQ RI
LQHUWLDO IUDPHV LW LV FOHDU WKDW WKH SK\VLFV LQ DOO LQHUWLDO IUDPHV LV WKH VDPH��� ,Q UHODWLYLW\
ZH KDYH WR VWDWH WKLV H[SOLFLWO\ EHFDXVH ZH FDQQRW DVVXPH DQ\ PRUH WKDW WKH DFFHOHUDWLRQ
LQ WZR IUDPHV KDV WKH VDPH YDOXH� 7KH VHFRQG SRVWXODWH QHHGV VRPH PRUH H[SODQDWLRQ�
:KDW LV FDOOHG VSHHG RI OLJKW LV LQ IDFW D PXFK PRUH LPSRUWDQW VSHHG� QDPHO\ WKH VSHHG
RI LQIRUPDWLRQ� $ SUHFLVH GLVFXVVLRQ DERXW WKLV ZRXOG JR EH\RQG WKLV VFRSH DQG LV QRW
LPSRUWDQW WR XQGHUVWDQG UHODWLYLW\� 6R ZH RQO\ LOOXVWUDWH WKLV DW D VPDOO H[DPSOH� &RQVLGHU
WZR REMHFWV WKDW LQWHUDFW ZLWK HDFK RWKHU� IRU H[DPSOH E\ HOHFWURPDJQHWLF RU JUDYLWDWLRQDO
IRUFHV� 7KHQ WKLV LQWHUDFWLRQ RQO\ KDSSHQV ZLWK WKH VSHHG RI OLJKW� ZKLFK PHDQV WKDW RQH
REMHFW µVHHVµ RU µIHHOVµ WKH RWKHU REMHFW ZKHUH LW ZDV VRPH WLPH EHIRUH� 7KLV LV EHFDXVH
WKH LQIRUPDWLRQ ZKHUH WKH REMHFWV DUH VSUHDGV RXW ZLWK WKH VSHHG RI OLJKW� VR WKH REMHFWV
KDYH DOUHDG\ PRYHG D ELW EHIRUH RQH VHHV WKHLU SRVLWLRQ�

:LWKRXW FDOFXODWLRQ ZH FDQ DOUHDG\ QRZ VWDWH VRPH LQWHUHVWLQJ WKLQJV�

� 6LQFH WKH SK\VLFV LV LQ DOO LQHUWLDO IUDPHV WKH VDPH DQG WKH VSHHG RI OLJKW LV D SK\VLFDO
SURSHUW\� WKH VSHHG RI OLJKW KDV WKH VDPH YDOXH LQ DOO LQHUWLDO IUDPHV� LQGHSHQGHQW
RI WKH PRYHPHQW RI WKH OLJKW VRXUFH RI WKH REVHUYHU�

� 6LQFH WKH VSHHG RI OLJKW LV WKH PD[LPDO SRVVLEOH VSHHG��� WKH DGGLWLRQ RI YHORFLWLHV
ZLOO QRW EHKDYH WKH VDPH DV LQ FODVVLFDO PHFKDQLFV�

��7KH YDOXH RI c LV c = 29907920545.8 P·V�1

��$W OHDVW LI WKH VSHHG RI OLJKW LV FRQVLGHUHG LQILQLWH�
��%HFDXVH LI VRPHWKLQJ LV IDVWHU WKDQ OLJKW LW FRXOG GHOLYHU LQIRUPDWLRQV IDVWHU WKDQ OLJKW ZKLFK LV LQ FRQ�

WUDGLFWLRQ WR WKH IDFW WKDW LQIRUPDWLRQV FDQQRW EH GHOLYHUHG IDVWHU WKDQ OLJKW
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,Q WKH IROORZLQJ ZH ZLOO DOZD\V ORRN DW LQHUWLDO IUDPHV RI UHIHUHQFH EHFDXVH IRU DOO RWKHU
IUDPHV RQH QHHGV RQH PRUH SRVWXODWH ZKLFK OHDGV WR JHQHUDO UHODWLYLW\�

������ 6\QFKURQLVDWLRQ RI FORFNV

6LQFH WLPH ZLOO QRW EH DQ DEVROXWH TXDQWLW\�� LQ UHODWLYLW\ ZH KDYH WR ILQG D PHWKRG KRZ
ZH FDQ V\QFKURQLVH WZR FORFNV� 7ZR FORFNV DUH V\QFKURQLVHG LI WKH\ µVKRZµ WKH VDPH
WLPH� ZKHUH µVKRZµPHDQV WKDW LI ZH ORRN DW WZR GLVWDQW FORFNV ZHPLJKW VHH WZR GLIIHUHQW
WLPHV EHFDXVH WKH OLJKW IURP WKH FORFN IXUWKHU DZD\ QHHGV ORQJHU WR UHDFK RXU H\HV WKDQ
IURP WKH QHDUHU RQH� ,I WKH GLVWDQFH IURP WKH REVHUYHU WR HDFK FORFN LV WKH VDPH WKHQ
WKH REVHUYHUV VHHV WKH VDPH WLPH RQ WKH WZR V\QFKURQL]HG FORFNV� ,Q IDFW WKH µVKRZµ LV
GHILQHG PRUH SUHFLVHO\ E\ WKH SURFHVV RI V\QFKURQLVDWLRQ� )RU WKH V\QFKURQLVDWLRQ ZH RI
FRXUVH QHJOHFW DOO HIIHFWV WKDW PLJKW KDSSHQ LQ D UHDO�OLIH H[SHULPHQW VXFK DV LPSUHFLVH
FORFNV RU GHOD\HG GHWHFWRUV DQG VR RQ�
7R V\QFKURQL]H WZR FORFNV ZH VHQG RXW RQH OLJKW SXOVH DW WKH WLPH t0 IURP RQH FORFN� ZH
FDOO LW FORFN �� WR WKH RWKHU� FORFN �� 7KHUH LW LV �LPPHGLDWHO\� UHIOHFWHG DQG LW UHWXUQV WR
FORFN �� 7KH ZKROH WLPH IURP FORFN � WR FORFN � DQG EDFN WR FORFN � ZH GHQRWH DV �t�
&ORFN � LV QRZ VHW VXFK WKDW DW WKH WLPH WKH OLJKW SXOVH DUULYHG LW ZRXOG KDYH VKRZQ��

WKH WLPH t0 + �t
2 � :H WKHUHIRUH KDYH FRQVWUXFWHG WKH V\QFKURQLVDWLRQ VXFK WKDW WZR

OLJKW SXOVHV ZKLFK DUH VHQG RXW DW WKH WZR FORFNV DW WKH VDPH WLPH PHHW H[DFWO\ LQ WKH
PLGGOH RI WKH WZR FORFNV� $V ZH ZLOO VHH ODWHU� VLPXOWDQHRXVQHVV LV QRW LQ DOO IUDPHV WKH
VDPH� WKHUHIRUH LW GRHV QRW PDNH VHQVH WR V\QFKURQL]H WZR FORFNV LQ GLIIHUHQW IUDPHV RI
UHIHUHQFH�

������ 7LPH GLODWLRQ

/HW·V VWDUW H[DPLQH KRZ WKH GLIIHUHQW TXDQWLWLHV WUDQVIRUP IURP RQH LQHUWLDO IUDPH WR
DQRWKHU� :H VWDUW ZLWK D WLPH LQWHUYDO� $OUHDG\ QRZ LW VKDOO EH SRLQWHG RXW WKDW WKH
WUDQVIRUPDWLRQ RI WLPH LWVHOI EHKDYHV GLIIHUHQWO\ WKDQ WKH WUDQVIRUPDWLRQ RI WLPH LQWHUYDOV�
ZKLFK FDQ EH VHHQ LQ VHFWLRQ ������� 7R LQYHVWLJDWH WKH WUDQVIRUPDWLRQ RI WLPH LQWHUYDOV
ZH QHHG D FORFN RU HYHQ PRUH IXQGDPHQWDO VRPHWKLQJ WKDW FUHDWHV D SHULRGLF VLJQDO� 7KH
VLPSOHVW FORFN LV WKH VR FDOOHG OLJKW FORFN� ZKLFK LV VKRZQ LQ ILJXUH ����� $ OLJKW FORFN
FRQVLVWV RI WZR PLUURUV EHWZHHQ ZKLFK D VKRUW OLJKW SXOVH LV WUDSSHG� $VVXPH ZH REVHUYH
D OLJKW FORFN PRYLQJ SDUDOOHO WR WKH PLUURUV ZLWK D FRQVWDQW YHORFLW\ v� 7KH IUDPH ZH

��$EVROXWH WLPH PHDQV WLPH GRHV QRW GHSHQG RQ WKH SRVLWLRQ DQG WKH UHIHUHQFH IUDPH�
��7KLV ORRNV OLNH ZH KDYH WR VHW WKH WLPH RI FORFN � EHIRUH ZH DFWXDOO\ NQRZ ZKLFK WLPH ZH KDYH WR VHW�

%XW WKLV LV QRW QHFHVVDU\ EHFDXVH FORFN � FDQ UHPHPEHU WKH WLPH WKH OLJKW SXOVH DUULYHG DQG WKHQ FRPSDULQJ
ZLWK WKH WLPH t0 +�t DW FORFN � RQH FDQ FDOFXODWH E\ ZKLFK DPRXQW RQH KDV WR FKDQJH WKH WLPH DW FORFN ��
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REVHUYH WKH PRYLQJ FORFN ZH FDOO ⌃ DQG WKH UHVW IUDPH RI WKH FORFN ⌃0� 2QH SHULRG �t0

LQ ⌃0 LV WKHQ WKH WLPH WKH OLJKW QHHGV WR PDNH RQH FRPSOHWH F\FOH� ZKLFK LV

�t0 =
2L0

c

ZKHUH L0 LV WKH GLVWDQFH EHWZHHQ WKH PLUURUV DQG c LV WKH VSHHG RI OLJKW� ZKLFK LV WKH VDPH
LQ DOO IUDPHV �DQ WKHUHIRUH WKHUH LV QR ·��

L = L0

⌃0 ⌃

vt

ct

)LJXUH ����� /HIW� WKH OLJKW FORFN LQ WKH UHVW IUDPH RI LWVHOI� 7KH OLJKW SXOVH LV PRYLQJ
XS DQG GRZQ EHWZHHQ WKH PLUURUV� 5LJKW� 7KH VDPH OLJKW FORFN REVHUYHG IURP D IUDPH
ZKLFK LV PRYLQJ ZLWK UHVSHFW WR WKH FORFN� 7KH OLJKW LV QRW PRYLQJ VWUDLJKW XS DQG GRZQ
EXW PDNHV D ]LJ]DJ�

,Q RXU V\VWHP ZH VHH WKH VDPH GLVWDQFH EHWZHHQ WKH PLUURUV��� VRL = L0� ,Q⌃� KRZHYHU�
WKH OLJKW GRHV QRW PRYH SHUSHQGLFXODUO\ WR WKH PLUURUV� DV WKH ZKROH FORFN LV PRYLQJ� 7KH
3HULRG LV GHILQHG DV WKH WLPH WKH OLJKW QHHGV WR JR IURP RQH PLUURU WR WKH RWKHU DQG EDFN�
,Q 6LJPD WKLV LV

�t = 2
L

v?

ZKHUH v? LV WKH YHORFLW\ SHUSHQGLFXODU WR WKH PLUURUV� 8VLQJ 3\WKDJRUDV RQH FDQ FDOFXODWH
v? DQG RQH JHWV IRU �t�

��7KLV ZRXOG IROORZ LI RQH GHULYHV UHODWLYLW\ PRUH ULJRURXVO\ EXW WKLV ZRXOG QHHG PRUH PDWK DQG ZRXOG
QRW JLYH PRUH LQVLJKW�
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�t = 2L
1

v?
,

= 2L
1

p
c2 � v2

,

=
2L

c

1
p
1� �

= ��t0,

ZKHUH � DQG � DUH RIWHQ XVHG VKRUW FXWV GHILQHG DV

� =
v

c
,

� =
1p

1� �2
.

7KLV PHDQV WKDW LI RQ D FORFN LQ ⌃0 RQH WLPH LQWHUYDO SDVVHV� IRU H[DPSOH RQH VHFRQG� LQ
RXU IUDPH ⌃ PRUH WLPH SDVVHV� IRU H[DPSOH RQH DQG D KDOI VHFRQGV� 6LQFH ERWK V\VWHPV
DUH LQHUWLDO V\VWHPV RQH FDQQRW WHOO ZKHWKHU RQH LV PRYLQJ RU WKH RWKHU� 6R HDFK V\VWHP
VHHV WKH FORFN RI WKH RWKHU V\VWHP JRLQJ VORZHU� )XUWKHUPRUH LW GRHV QRW GHSHQG ZKHWKHU
ZH ORRN DW D OLJKW FORFN RU D �6ZLVV� ZDWFK� DOO ZLOO VKRZ WKH VDPH WLPH DQG WKHUHIRUH VKRZ
WKH SKHQRPHQRQ GHVFULEHG DERYH� 7KLV PHDQV ZH VHH WKH FORFNV LQ D PRYLQJ IUDPH JRLQJ
VORZHU WKDQ RXUV� 7KLV SKHQRPHQRQ LV FDOOHG WLPH GLODWDWLRQ�

������ /RUHQW] FRQWUDFWLRQ

6LPLODU WR WLPH ZH FDQ KDYH D ORRN DW GLVWDQFHV� 6LQFH ZH GRQ·W NQRZ \HW KRZ GLVWDQFHV
WUDQVIRUP� ZH FDQQRW VLPSO\ FRPSDUH DQ XQNQRZQ GLVWDQFH ZLWK D PHWHU VWLFN LQ LQ WZR
GLIIHUHQW V\VWHPV��� 6LQFH WKH VSHHG RI OLJKW LV FRQVWDQW LQ DOO V\VWHPV� ZH FDQ UHGXFH WKLV
SUREOHP WR PHDVXULQJ WKH WLPH WKH OLJKW QHHGV WR SDVV D FHUWDLQ GLVWDQFH� )LUVW ZH QRWLFH
WKDW GLVWDQFHV SHUSHQGLFXODU WR WKH GLUHFWLRQ RI PRWLRQ GR QRW FKDQJH��� 7KLV LV EHFDXVH
LI WKH OLJKW PRYHV SHUSHQGLFXODU WR WKH GLUHFWLRQ RI PRWLRQ WKHUH LV QR GLIIHUHQFH LQ WLPH
ZKHWKHU WKH\ PRYH LQ RQH RU WKH RWKHU GLUHFWLRQ �WR XQGHUVWDQG WKLV� NHHS RQ UHDGLQJ��
$ ILUVW �ZURQJ� DSSURDFK WR JHW WKH WUDQVIRUPDWLRQ IRU GLVWDQFHV SDUDOOHO WR WKH GLUHFWLRQ
RI PRQLWLRQ PLJKW EH�L = c�T ZKLFK WKHQ ZRXOG OHDG WR�L = ��L0 ZKLFK PHDQV
WKDW D PRYLQJ REMHFW VHHPV ORQJHU WKDQ LQ LWV UHVW IUDPH �ZKLFK LV ZURQJ�� 7KH PLVWDNH LQ

��:H GRQ·W NQRZ KRZ ORQJ D PHWHU VHHPV LQ D PRYLQJ V\VWHP�
��:H KDYH DOUHDG\ LPSOLFLWO\ XVHG WKLV DW WKH GHULYDWLRQ RI WKH WLPH GLODWDWLRQ�
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RXU GHULYDWLRQ KDSSHQHG EHFDXVH ZH GLG QRW WDNH LQWR DFFRXQW WKDW LQ D PRYLQJ V\VWHP�
WKH WLPH WKH OLJKW QHHGV IRU D FHUWDLQ GLVWDQFH GHSHQGV ZHDWKHU WKH OLJKW SURSDJDWHV LQ WKH
GLUHFWLRQ RI IOLJKW RU RSSRVLWH �VHH ILJXUH ������ ,Q IDFW� PRYLQJ REMHFWV VHHP VKRUWHU WKDQ
PHDVXUHG LQ WKH LQ WKHLU UHVW IUDPH�

)LJXUH ����� ��� 6HQGLQJ RXW D OLJKW SXOVH� �� $UULYDO RI WKH OLJKW SXOVH DW WKH PLUURU DIWHU
WKH WLPH�t1� �� 5HIOHFWLRQ RI WKH OLJKW DW WKH PLUURU �WKLV KDSSHQV LPPHGLDWHO\�� �� $UULYDO
RI WKH OLJKW SXOVH DW WKH GHWHFWRU� WKH WLPH WKH OLJKW QHHGV IURP WKH PLUURU WR WKH GHWHFWRU
LV�t2�

7R JHW WKH ULJKW UHVXOW ZH KDYH WR GR WKH IROORZLQJ� :H VHQG RXW D OLJKW SXOVH DORQJ WKH
GLUHFWLRQ ZH ZRXOG OLNH WR PHDVXUH� $W WKH RWKHU HQG RI WKLV GLVWDQFH ZH SODFH D PLUURU
ZKLFK UHIOHFWV WKH OLJKW SXOVH� 7KH WLPH WKH OLJKW QHHGV WR SDVV WKH GLVWDQFH VRXUFH�PLUURU
ZH GHQRWH E\�t1� 7KH WLPH IURP WKH PLUURU WR WKH GHWHFWRU E\�t2� 0HDVXULQJ WKH WLPH
IRU WZLFH WKH GLVWDQFH ��t1 +�t2� DQG GLYLGLQJ LW E\ 2c ZH JHW WKH ULJKW OHQJWK� ,Q WKH
UHVW IUDPH WKLV LV HDV\ EHFDXVH WKH WLPH WR WKH PLUURU DQG EDFN DUH WKH VDPH� :H GHQRWH
WKLV GLVWDQFH�L0 �ZH FDOO WKLV WKH V\VWHP ⌃0 DJDLQ VLQFH ZH ZDQW WR PHDVXUH LW IURP RXU
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V\VWHP ⌃� 7KHUHIRUH ⌃0 LV WKH PRYLQJ V\VWHP ZLWK UHVSHFW WR RXU V\VWHP ⌃�� 7KH WLPH
IRU WKH GLVWDQFH LQ ⌃0 LV WKHUHIRUH�t0 = �L0

c � ,Q ⌃ ZH JHW IRU �t1 DQG�t2

�t1 =
�L

c� v
,

�t2 =
�L

c+ v

ZKHUH WKH GHQRPLQDWRUV DUH JLYHQ WKLV ZD\ EHFDXVH WKH OLJKW SXOVH PRYHV LQ WKH VDPH RU
RSSRVLWH WKH GLUHFWLRQ RI IOLJKW� 7KH IDFW WKDW ZH VLPSO\ DGG RU VXEWUDFW YHORFLWLHV LV QR
FRQWUDGLFWLRQ WR WKH VWDWHPHQW DERYH EHFDXVH WKHUH LV QR SDUWLFOH PRYLQJ ZLWK c+v� 7KH
WHUP c + v DSSHDUV EHFDXVH WKH OLJKW SXOVH DQG ⌃0 DUH PRYLQJ� )URP WLPH GLODWDWLRQ ZH
NQRZ WKDW�t1 +�t2 = �(�t01 +�t02) = 2��t0 DQG XVLQJ VRPH PDWK ZH JHW

�t0 =
1

2�
(�t1 +�t2)

�L0

c
=

1

2�

✓
�L

c� v
+
�L

c+ v

◆

=
2c�L

2

q
1� v2

c2

c2 � v2

=
�L

c

1q
1� v2

c2

�L0 = ��L.

6LQFH � � 1� D PRYLQJ REMHFW VHHPV VKRUWHU WKDQ LW LV LQ LWV UHVW IUDPH�

������ 6\PPHWU\ RI WLPH GLODWDWLRQ DQG /RUHQW] FRQWUDFWLRQ

$FFRUGLQJ WR WKH ILUVW SRVWXODWH� WKH HTXDWLRQV �7LPH GLODWDWLRQ DQG /RUHQW] FRQWUDFWLRQ�
ORRN WKH VDPH LQ DOO LQHUWLDO IUDPHV� $VVXPH \RX DUH REVHUYLQJ D VSDFH VKLS� $FFRUGLQJ
WR WLPH GLODWDWLRQ \RX VHH WKH FORFNV LQ WKH VSDFH VKLS JRLQJ IDVWHU WKDQ \RXUV ZLWK�t =
��t0� $ FROOHDJXH LQ WKH VSDFH VKLS ZRXOG REVHUYH WKH VDPH ZLWK \RXU FORFNV� QDPHO\
WKDW \RXU FORFNV PRYH VORZHU WKDQ KLV� $FFRUGLQJ WR WKH FROOHJH� WKH HTXDWLRQ�t0 = ��t
KROGV�
2QH PLJKW QRZ DUJXPHQW WKDW IURP WKLV IROORZ �t = ��t0 = �2�t DQG WKHUHIRUH
�2 = 1 ZKLFK TXHVWLRQV RI FRXUVH DOO ZH GLG �VLQFH � > 1 LI v > 0�� 7KLV DUJXPHQWDWLRQ
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LV RI FRXUVH ZURQJ EHFDXVH ZH KDYH WR FRPSDUH VDPH WKLQJV ZLWK VDPH WKLQJV� ZKDW ZH
GLG QRW� %HFDXVH REVHUYLQJ D PRYLQJ FORFN �ZKLFK JRHV VORZHU WKDQ \RXUV� RQH KDV WR
PHDVXUH WKH WLPH DW WZR GLIIHUHQW SODFHV �ZKHUH DV WKH PRYLQJ FORFN LQ LWV UHVW IUDPH VWD\V
DW WKH VDPH SRVLWLRQ�� 7KLV OHDGV WR DQ DV\PPHWU\ LQ PHDVXULQJ WKH WLPH RI D FORFN�

������ /RUHQW] WUDQVIRUPDWLRQ

6LPLODUO\ WR WKH*DOLOHR 7UDQVIRUPDWLRQV ZH FDQ QRZ FDOFXODWH WKH WUDQVIRUPDWLRQ RI VSDFH
DQG WLPH EHWZHHQ PRYLQJ UHIHUHQFH IUDPHV� 7R GR WKLV ZH ILUVW KDYH WR EH DZDUH ZKDW
ZH PHDQ E\ WUDQVIRUPLQJ WLPH DQG VSDFH� )URP FODVVLFDO PHFKDQLFV ZH FDQ NHHS WKH
GHILQLWLRQ RI D �VSDWLDO� UHIHUHQFH IUDPH DV ZH KDYH GHILQHG LW LQ VHFWLRQ ������ EXW VLQFH
VSDFH DQG WLPH ZLOO PL[� ZH KDYH WR GHYHORS D QHZ LQWXLWLRQ IRU WLPH��� )RU WKLV ZH
LPDJLQH WR KDYH DW HYHU\ SRLQW LQ VSDFH DQ �LPDJLQDU\� FORFN DQG HDFK LQHUWLDO IUDPH RI
UHIHUHQFH KDV LWV RZQ FORFNV� $OO WKH FORFNV EHORQJLQJ WR RQH V\VWHP VKRZ WKH VDPH WLPH
LQ WKHLU UHVW IUDPH �VHH DOVR FKDSWHU ������ DERXW V\QFKURQLVDWLRQ RI FORFNV�� :H FDQ WKHQ
FRPSDUH WKH WLPH VKRZQ RQ WKH FORFNV RI GLIIHUHQW IUDPHV DW WKH VDPH SRVLWLRQ� 7KLV
LV QHFHVVDU\ EHFDXVH LI ZH FRPSDUH WKH WLPH VKRZQ RQ FORFNV DW GLIIHUHQW SRVLWLRQV ZH
ZRXOG KDYH WR WDNH LQWR DFFRXQW WKH WLPH WKH OLJKW QHHGV IURP WKH FORFN WR RXU H\HV� ,Q
UHODWLYLW\� WKLV XQLRQ RI VSDFH DQG WLPH LV FDOOHG VSDFHWLPH���
/HW ⌃ DQG ⌃0 EH WZR LQHUWLDO IUDPHV RI UHIHUHQFH ZLWK WKHLU FORFNV VKRZLQJ WKH WLPH t DQG
t0� ,Q WKH WZR IUDPHV� D FHUWDLQ SRLQW LV JLYHQ DV ~r = (x, y, z) LQ ⌃ DQG ~r0 = (x0, y0, z0)
LQ ⌃0� )RU FRQYHQLHQFH ZH FKRVH WKH WZR V\VWHPV VXFK WKDW WKH FRUUHVSRQGLQJ D[LV DUH
SDUDOOHO WR HDFK RWKHU DQG WKDW⌃0 LV PRYLQJ DORQJ WKH [�D[LV ZLWK WKH VSHHG v� )XUWKHUPRUH
ZH DVVXPH WKDW WKH WZR RULJLQV DW t = t0 = 0 FRLQFLGH� 7KHQ WKH WUDQVIRUPDWLRQ LV WKHQ
JLYHQ DV

t0 = �
⇣
t�

v

c2
x
⌘

x0 = � (x� vt)

y0 = y

z0 = z

ZKHUH � = 1q
1� v2

c2

LV WKH IDFWRU LQWURGXFHG DERYH� %HIRUH ZH ORRN DW D �URXJK� SURRI�

��,Q FODVVLFDO PHFKDQLFV WLPH LV DEVROXWH� ZKLFK PHDQV WKDW LW LV D JLYHQ TXDQWLW\ IRU DOO IUDPHV �XS WR D
FRQVWDQW VKLIW LQ WLPH��

��0DWKHPDWLFDOO\ LW LV D � GLPHQVLRQDO �YHFWRU� VSDFH EXW ZLWK DQ LPSRUWDQW GLIIHUHQFH WR WKH XVXDO �
GLPHQVLRQ �VSDWLDO� VSDFH� 7KHUH LV D GLIIHUHQW PHDVXUH RI GLVWDQFHV� VHH FKDSWHU �����
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ZH FDQ UHZULWH WKH WUDQVIRUPDWLRQ DERYH LQ RUGHU PDNH WKH WZR HTXDWLRQV V\PPHWULF� ,I
ZH DVVRFLDWH WLPH t E\ WKH GLVWDQFH ct DQG UHZULWH WKH HTXDWLRQV LQ WHUPV RI ct� ZH JHW

x0 = �
⇣
x�

v

c
ct
⌘

������

ct0 = �
⇣
ct�

v

c
x
⌘
. ������

7R SURYH WKLV WUDQVIRUPDWLRQV ZH EDVLFDOO\ KDYH WR UHSHDW WKH VWHSV ZH GLG GHGXFLQJ WLPH
GLODWDWLRQ DQG /RUHQW] FRQWUDFWLRQ� +HQFH WKHUH ZLOO EH UDWKHU D VNHWFK RI SURRI LQVWHDG
RI D ULJRURXV SURRI�

� 7KH WUDQVIRUPDWLRQ RI VSDFH LV LQ SULQFLSOH WKH VDPH DV LQ FODVVLFDO PHFKDQLFV �VHH
*DOLOHR WUDQVIRUPDWLRQ LQ FKDSWHU �������� 7KH RQO\ GLIIHUHQFH LV WKDW ZH KDYH WR
WDNH LQWR DFFRXQW /RUHQW] FRQWUDFWLRQ ZKLFK FDXVHV WKH � IDFWRU LQ HTXDWLRQ �������

� )RU WKH WUDQVIRUPDWLRQ RI WLPH� ZH ILUVW ORRN DW WKH VSDWLDO GHSHQGHQFH� 7KLV WUDQV�
IRUPDWLRQ GHSHQGV RQO\ RQ WKH FRRUGLQDWH WKDW LV LQ WKH GLUHFWLRQ RI PRYHPHQW RI
WKH WZR IUDPHV� :KHQ ZH ORRN DW WKH V\QFKURQLVDWLRQ RI FORFNV LQ D PRYLQJ IUDPH
�DV GHVFULEHG LQ FKDSWHU �������� ZH REVHUYH WKDW WKH WLPH WKH OLJKW SXOVH QHHGV LQ
RQH GLUHFWLRQ LV ORQJHU WKDQ LQ WKH RWKHU� :H KDYH DOUHDG\ REVHUYHG WKLV LQ WKH
VHFWLRQ DERXW /RUHQW] FRQWUDFWLRQ �VHFWLRQ �������� $V D FRQVHTXHQFH ZH REVHUYH
IRU D PRYLQJ IUDPH WKDW WKH WZR FORFNV �LQ WKH PRYLQJ IUDPH DW GLIIHUHQW SRVLWLRQV�
DUH QRW V\QFKURQRXV ZKLFK OLWHUDOO\ PHDQV WKH\ GR QRW VKRZ WKH VDPH WLPH��� 7KH
WLPH LQ WKH PRYLQJ IUDPH WKHUHIRUH GHSHQGV RQ WKH SRVLWLRQ�

� :KHQ ZH ORRN DW WKH WLPH GHSHQGHQFH LQ WKH WLPH WUDQVIRUPDWLRQ ZH ZRXOG H[SHFW
t0 = t

� DFFRUGLQJ WR WLPH GLODWDWLRQ �VHH VHFWLRQ �������� %XW WKHUH ZH ORRNHG DW D
VOLJKWO\ GLIIHUHQW FDVH WKDQ KHUH� ,Q VHFWLRQ ������ ZH REVHUYHG D WLPH LQWHUYDO LQ
WKH PRYLQJ IUDPH IURP RXU �UHVW� IUDPH� +HUH ZH ORRN DW WKH FRUUHVSRQGLQJ FORFN
WKDW SDVVHV D FHUWDLQ SRLQW ~r DW D FHUWDLQ WLPH t� 7KHUHIRUH ZH KDYH WR FDOFXODWH
ZKLFK FORFN LV DW WKH WLPH t DW WKH SRVLWLRQ ~r� ,W LV WKH FORFN WKDW ZDV DW WLPH t = 0
DW WKH SRVLWLRQ ~r0 = ~r � ~vt IRU ZKLFK ZH FDQ SHUIRUP D FORFN V\QFKURQLVDWLRQ DW
t = 0 �GHQRWHG E\ t00 DQG WKHQ FDOFXODWH KRZ PXFK WLPH LQ ⌃

0 LV SDVVHG XQWLO WKLV
FORFN UHDFKHG WKH SRLQW ~r� 7KH V\QFKURQLVDWLRQ DW t = 0 OHDGV WR t00 =

x0
0
c = � x0

c
DQG WKH WLPH SDVVHG LV WKHQ t0 = t

� � 7KH WLPH GHSHQGHQFH RI ~r0 DQG WKH WLPH LWVHOI
OHDG WKHQ WR WKH JLYHQ GHSHQGHQFH LQ HTXDWLRQ �����

��7R DYRLG DQ\ PLVXQGHUVWDQGLQJ� 7KH\ VKRZ WKH VDPH WLPH LQ WKHLU UHVW IUDPH EXW LQ RXU V\VWHP WKLV
IUDPH LV PRYLQJ DQG WKHQ WKH\ GR QRW VKRZ WKH VDPH WLPH DQ\ PRUH�

���
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7KH WUDQVIRUPDWLRQ IURP ⌃0 WR ⌃ LV WKH VDPH�� ZLWK WKH RQO\ GLIIHUHQFH WKDW LQ ⌃0 WKH
YHORFLW\ FKDQJHV VLJQ DQG ZH JHW

x = �
⇣
x0 +

v

c
ct0
⌘

������

ct = �
⇣
ct0 +

v

c
x0
⌘
. ������

%HIRUH ZH ILQLVK WKLV FKDSWHU DERXW WKH /RUHQW] WUDQVIRUPDWLRQ OHW·V GHGXFH WKH WLPH
GLODWDWLRQ IURP WKH /RUHQW] WUDQVIRUPDWLRQ� )RU WKLV FRQVLGHU WZR SRLQWV LQ WLPH t1 DQG
t2 LQ ⌃ DQG t01 DQG t

0
2 LQ ⌃

0� )RU WKH WLPH GLODWDWLRQ ZH KDYH WR REVHUYH RQH FORFN LQ ⌃0�
ZKLFK VKDOO EH ORFDWHG DW x1 DW WLPH t1 DQG x2 = x1 + v(t2 � t1) DW t2� ZKHUHDV x01 = x02
��� :H WKHQ JHW

�t0 = t02 � t01 = �
⇣
t2 �

v

c2
x2
⌘
� �

⇣
t1 �

v

c2
x1
⌘

= �
⇣
t2 �

v

c2
(x1 + v(t2 � t1))

⌘
� �

⇣
t1 �

v

c2
x1
⌘

= � (t2 � t1)� �
v2

c2
(t2 � t1)

=
1� v2

c2q
1� v2

c2

(t2 � t1) =
1

�
�t

DV ZH KDG LW LQ VHFWLRQ �������

���� 0LQNRZVNL PHWULF

,Q FODVVLFDO PHFKDQLFV D GLVWDQFH LQ WKH � GLPHQVLRQDO VSDFH LV FRQVHUYHG E\ WKH *DOLOHR
WUDQVIRUPDWLRQV� 7KLV PHDQV D GLVWDQFH EHWZHHQ WZR SRLQWV KDV WKH VDPH OHQJWK LQ DOO
LQHUWLDO IUDPHV�
6LPLODUO\ RQH FDQ GHILQH VRPHWKLQJ OLNH D µGLVWDQFHµ LQ WKH ��GLPHQVLRQDO WLPH VSDFH
ZKLFK ZLOO EH LQYDULDQW XQGHU /RUHQW] WUDQVIRUPDWLRQV� 7KLV VHFWLRQ ZLOO H[DPLQH WKLV
µGLVWDQFHµ DQG GHILQH VR FDOOHG IRXU YHFWRUV�

��7KLV LV EHFDXVH WKH WZR V\VWHPV DUH HTXLYDOHQW DFFRUGLQJ WR WKH ILUVW SRVWXODWH RI (LQVWHLQ DQG LQ ⌃0 WKH
YHORFLW\ RI ⌃ LV �v LQVWHDG RI v

��6LQFH WKH \ DQG ]�FRRUGLQDWH KDYH QR LQIOXHQFH RQ WKH WUDQVIRUPDWLRQ� ZH RPLW WKHP�

���
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t

x

cc

WLPH OLNH

IXWXUH

SDVW

t0

x0

�s = �s0

)LJXUH ����� 0LQNRZVNL GLDJUDP� 7KH x DQG t D[LV IRU D UHIHUHQFH IUDPH LV GUDZQ DV ZHOO
DV WKH x0 DQG t0 D[LV IRU DQRWKHU V\VWHP PRYLQJ ZLWK VRPH VSHHG UHODWLYH WR WKH ILUVW RQH�
7KH UHODWLYH VSHHG RI WKH WZR IUDPHV GHWHUPLQHV WKH VORSH RI WKH D[HV RI RQH IUDPH ZLWK
UHVSHFW WR WKH RWKHU RQH DV ZHOO DV WKH VFDOH RI WKH FRUUHVSRQGLQJ D[HV� ,Q DGGLWLRQ WKH
VSHHG�RI�OLJKW�OLQHV DUH GUDZQ ZKLFK DUH LQGHSHQGHQW RI WKH IUDPH� $OVR LQGHSHQGHQW LV
WKH VSDFH� DQG WLPH OLNH UHJLRQV� WKH ODWHU RQH LV JUD\ VKDGRZHG�

������ 'HILQLWLRQ RI 0LQNRZVNL PHWULF

/HW ⌃ DQG ⌃0 EH WZR IUDPHV RI UHIHUHQFH� ,Q ⌃ ZH KDYH WZR SRLQWV LQ VSDFH DQG WLPH
t1� ~r1 = (x1, y1, z1) DQG t2� ~r2 = (x2, y2, z2)� 7KHVH SRLQWV DUH RIWHQ FDOOHG HYHQWV
EHFDXVH DQ HYHQW KDSSHQV DW D FHUWDLQ WLPH DW D FHUWDLQ SODFH� ,Q ⌃0 ZH ORRN DW WKH VDPH
SRLQWV ZKLFK DUH JLYHQ DFFRUGLQJ WR WKH /RUHQW] WUDQVIRUPDWLRQ �VHH VHFWLRQ ����� DQG
GHQRWHG E\ t01� ~r

0 = (x01, y
0
1, z

0
1) DQG t

0
2� ~r2

0 = (x02, y
0
2, z

0
2)� 7KHQ WKH µGLVWDQFHµ LQ WKH �

GLPHQVLRQDO WLPH VSDFH JLYHQ E\

�s2 = c2�t2 ��~r 2 ������

= c2(t2 � t1)
2
� (x2 � x1)

2
� (y2 � y1)

2
� (z2 � z1)

2

= c2(t02 � t01)
2
� (x02 � x01)

2
� (y02 � y01)

2
� (z02 � z01)

2

= c2�t02 ��~r0 2 = �s02

���
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LV LQ ERWK IUDPHV WKH VDPH ��s02 = �s2�� 7KLV µGLVWDQFHµ LV FDOOHG 0LQNRZVNL PHWULF��

DQG LW KDV VRPH SURSHUWLHV WKDW DUH VLPLODU WR WKH GLVWDQFHV ZH NQRZ IURP � GLPHQVLRQV�
7R SURYH WKDW WKH 0LQNRZVNL PHWULF LV LQYDULDQW XQGHU /RUHQW] WUDQVIRUPDWLRQV ZH DV�
VXPH IRU VLPSOLFLW\ WKDW ⌃0 LV PRYLQJ DORQJ WKH [�D[LV RI ⌃ ZLWK YHORFLW\ v DQG WKDW WKH
FRUUHVSRQGLQJ D[LV RI WKH WZR V\VWHPV DUH SDUDOOHO WR HDFK RWKHU� 7KHUHIRUH ZH FDQ DO�
UHDG\ VWDWH WKDW (y2 � y1)2 + (z2 � z1)2 = (y02 � y01)

2 + (z02 � z01)
2� 6R ZH RQO\ KDYH

WR ORRN DW WLPH DQG WKH [�FRRUGLQDWH� :H JHW

c2�t02 ��x02 = c2(t02 � t01)
2
� (x02 � x01)

2

= �2
⇣
(ct2 � �x2 � ct1 + �x1)

2
� (x2 � �ct2 � x1 + �ct1)

2
⌘

= �2
�
c2�t2 + �2�x2 � 2c��t�x��x2 + c2�2�t2 + 2c��t�x

�

=
1

1� �2
c2�t2

�
1� �2

�
+

1

1� �2
�x2

�
1� �2

�
= c2�t2 ��x2

������ 3URSHUWLHV RI 0LQNRZVNL PHWULF

7KH UHDVRQ ZK\ WKH 0LQNRZVNL PHWULF LV DOZD\V GHQRWHG DV µGLVWDQFHµ ZLWK TXRWDWLRQ
PDUNV LV WKDW WKHUH LV RQH LPSRUWDQW GLIIHUHQFH WR GLVWDQFHV ZH NQRZ IURP � GLPHQVLRQV�
7KLV GLIIHUHQFH LV QRW WKH GLPHQVLRQDOLW\� 7KH UHDVRQ LV WKH PLQXV VLJQ EHWZHHQ WKH WLPH
DQG VSDFH SDUW� LI WKHUH ZRXOG EH D SOXV VLJQ RQH ZRXOG DOVR FDOO WKLV D GLVWDQFH� 7KH
UHDVRQ LV H[DFWO\ WKDW PLQXV VLJQ� $ GLVWDQFH LV VRPHWKLQJ WKDW KDV DOZD\V D SRVLWLYH YDOXH
�RU ]HUR�� +RZHYHU XVLQJ WKH 0LQNRZVNL PHWULF� LW LV DOVR SRVVLEOH WR JHW D QHJDWLYH YDOXH
LI c2�t2 < �~r 2� 7KLV FKDQJH RI VLJQ DOORZV XV WR FODVVLI\ WKH µGLVWDQFHµ RI WZR HYHQWV�

OLJKW FRQH

,I WZR HYHQWV KDYH �s2 = 0 ZH VD\ WKDW WKH\ OLH RQ WKH OLJKW FRQH� 7KLV PHDQV LI DW WKH
WLPH t1 DW ~r1 D OLJKW SXOVH ZRXOG EH VHQG WRZDUGV ~r2 LW ZRXOG UHDFK ~r2 H[DFWO\ DW t2� 7KLV
SURSHUW\ LV REYLRXV EHFDXVH �s2 = 0 OHDGV WR

c�t = |�~r|

c =
|�~r|

�t
��,Q VRPH ERRNV� WKH 0LQNRZVNL PHWULF LV GHILQHG DV �s

2 = �~r
2 � c

2�t
2� 2EYLRXVO\ WKLV GHILQLWLRQ

GRHV QRW FKDQJH WKH IDFW WKDW�s
2 LV LQYDULDQW XQGHU /RUHQW] WUDQVIRUPDWLRQV DQG WKH SURSHUWLHV DUH DOVR WKH

VDPH �XS WR D VLJQ�

���
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ZKHUH WKH ULJKW VLGH LV WKH PHDQ YHORFLW\ RI DQ REMHFW PRYLQJ IURP ~r1 WR ~r2 LQ WKH WLPH
�t� 7KLV YHORFLW\ LV WKH VSHHG RI OLJKW c�

WLPHOLNH

,Q FDVH�s2 > 0 WKH µGLVWDQFHµ LV FDOOHG WLPHOLNH� 7KLV PHDQV WKH ��GLPHQVLRQDO GLVWDQFH
RI WKH WZR HYHQWV LV VPDOOHU WKDQ WKH WLPH D OLJKW SXOVH QHHGV WR WUDYHO IURP WKH ILUVW WR WKH
VHFRQG HYHQW� 7KHUHIRUH WKHUH H[LVWV D IUDPH RI UHIHUHQFH ZKHUH WKH WZR HYHQWV KDSSHQ
DW WKH VDPH SRVLWLRQ� 7KLV IUDPH LV WUDYHOOLQJ ZLWK WKH VSHHG v = |�~r|

�t < c� )XUWKHUPRUH
WKH FRQGLWLRQ �s2 > 0 PHDQV WKDW WKH ILUVW HYHQW PLJKW KDYH FDXVHG WKH VHFRQG HYHQW�
7KLV LV EHFDXVH LI DW t1 D OLJKW SXOVH ZRXOG EH VHQG RXW DW ~r1� LW ZRXOG UHDFK ~r2 EHIRUH t2
DQG PLJKW WKHUHIRUH FDXVHV DQ DFWLRQ DW t2�

VSDFHOLNH

7KH RSSRVLWH RI WLPHOLNH LV VSDFHOLNH� ZKHUH �s2 < 0� 7KLV PHDQV OLJKW ZRXOG KDYH
ORQJHU EHWZHHQ WKH VSDWLDO SRVLWLRQV RI WKH WZR HYHQWV WKDQ�t� 6LQFH WKH VSHHG RI OLJKW LV
WKH KLJKHVW VSHHG IRU LQWHUDFWLRQ WKHUH LV QR SRVVLELOLW\ WKDW WKH ILUVW HYHQW FRXOG LQIOXHQFH
WKH VHFRQG RQH� %XW WKHUH LV D IUDPH RI UHIHUHQFH ZKHUH WKH WZR HYHQWV KDSSHQ DW WKH
VDPH WLPH� 6LQFH LQ WKLV IUDPH �t = 0 DQG �s2 LQGHSHQGHQW RI WKH IUDPH� �~r 2 PXVW
EH PLQLPDO�

������ )RXU YHFWRUV

$ FRPSDFW QRWDWLRQ IRU DQ HYHQW LV WKH VR FDOOHG IRXU YHFWRU� $ IRXU YHFWRU LV D IRXU
GLPHQVLRQDO YHFWRU ZKLFK KDV DV ILUVW FRPSRQHQW WLPH PXOWLSOLHG E\ WKH VSHHG RI OLJKW c
DQG WKH RWKHU IRXU FRPSRQHQWV DUH WKH VSDFH FRPSRQHQWV� 7KH IRXU YHFWRU WR WKH HYHQW
DW t1 DQG SRVLWLRQ ~r1 LV WKHUHIRUH

r1 =

0

BB@

ct1
x1
y1
z1

1

CCA

ZKHUH ZH XVH WKH FRQYHQWLRQ WKDW D IRXU YHFWRU KDV QR DUURZ DERYH DQG D VSDWLDO �SRVLWLRQ�
YHFWRU KDV DQ DUURZ� 8VXDOO\ LW LV FOHDU IURP FRQWH[W LI D V\PERO UHSUHVHQWV D IRXU YHFWRU
RU D VFDODU� ,Q WKLV VFULSW ZH ZLOO QRW UHDOO\ XVH IRXU YHFWRUV VR \RX GR QRW KDYH WR ERWKHU
DERXW WKH GLVWLQFWLRQ RI IRXU YHFWRUV DQG VFDODUV�

���
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7KH VSHFLDO IHDWXUH DERXW IRXU YHFWRUV LV WKDW RQH FDQ GHILQH D µVFDODU SURGXFWµ IRU WKHP�
:H KDYH DOUHDG\ VHHQ WKLV µVFDODU SURGXFWµ DQG LW LV QRWKLQJ HOVH WKDQ WKH 0LQNRZVNL
PHWULF� 6R WKH �UHODWLYLVWLF� µVFDODU SURGXFWµ RI WZR IRXU YHFWRUV LV GHILQHG DV

0

BB@

ct1
x1
y1
z1

1

CCA ·

0

BB@

ct2
x2
y2
z2

1

CCA = ct1ct2 � (x1x2 + y1y2 + z1z2)

������ 1RWH RQ ULJRURXV GHULYDWLRQ

7R GHULYH UHODWLYLW\ PRUH ULJRURXV RQH ZRXOG VWDUW IURP WKH 0LQNRZVNL PHWULF� 6LQFH WKLV
GHULYDWLRQ ZRXOG QHHG PRUH PDWK EXW ZRXOG QRW JLYH PRUH LQWXLWLYH LQVLJKW LQWR UHODWLYLW\
ZH RPLW LW� 1HYHUWKHOHVV D YHU\ URXJK VNHWFK RI WKH GHULYDWLRQ VKDOO EH JLYHQ LQ RUGHU WR
VKRZ WKH LPSRUWDQFH RI WKH 0LQNRZVN\ PHWULF DQG WKH XVH RI IRXU YHFWRUV���
)URP 1HZWRQV ODZV ZH NQRZ WKDW LQ D LQHUWLDO IUDPH RI UHIHUHQFH D IUHH SDUWLFOH�� PRYHV
ZLWK D FRQVWDQW YHORFLW\� 7KLV PXVW EH WUXH LQ DOO LQHUWLDO IUDPHV EHFDXVH RWKHUZLVH (LQ�
VWHLQ·V SRVWXODWH QXPEHU RQH ZRXOG EH YLRODWHG� )URP WKLV RQH FDQ FRQFOXGH WKDW WKH
WUDQVIRUPDWLRQV �ZLWK ZLOO OHDG WR WKH /RUHQW] WUDQVIRUPDWLRQ� EHWZHHQ WKH WZR IUDPHV
PXVW EH D OLQHDU PDS� $GGLWLRQDOO\ D OLJKW SXOVH VKRXOG WUDYHO ZLWK WKH VSHHG RI OLJKW LQ
DOO LQHUWLDO IUDPHV� WKHUHIRUH ZH VHDUFK IRU D WUDQVIRUPDWLRQ WKDW OHDYHV WKH 0LQNRZVNL
PHWULF LQYDULDQW��� 7KH WDVN LV WKHUHIRUH WR ILQG WKH WUDQVIRUPDWLRQV IRU D � GLPHQVLRQDO
�YHFWRU� VSDFH WKDW OHDYHV WKH 0LQNRZVNL PHWULF LQYDULDQW� 2QH WKHQ FDQ GLUHFWO\ GHGXFH
WKH /RUHQW] WUDQVIRUPDWLRQ DV WUDQVIRUPDWLRQ RI IRXU YHFWRUV�

���� 9HORFLWLHV

,Q WKLV FKDSWHU ZH ZLOO WDNH D FORVHU ORRN DW WKH SK\VLFDO TXDQWLW\ YHORFLW\� :H ZLOO H[DPLQH
KRZ YHORFLWLHV µDGGµ LQ UHODWLYLW\ ZKLFK ZLOO SUHSDUH XV IRU WKH G\QDPLFDO SDUW RI UHODWLYLW\�
$GGLWLRQDOO\ ZH ZLOO KDYH D ORRN DW WKH IRXU YHFWRU RI WKH YHORFLW\�
%HIRUH ZH VWDUW OHW·V UHSHDW DQ LPSRUWDQW SURSHUW\ RI WKH YHORFLW\ EHWZHHQ WR IUDPHV RI
UHIHUHQFH� $VVXPH \RX DUH LQ DQ LQHUWLDO IUDPH DQG \RX REVHUYH D VSDFH VKLS SDVVLQJ ZLWK
D FRQVWDQW YHORFLW\ v� )URP WKH IUDPH RI WKH VSDFH VKLS \RX DUH DOVR PRYLQJ ZLWK WKH
VSHHG �v� 7KLV PHDQV WKH UHODWLYH YHORFLW\ EHWZHHQ WZR IUDPHV LV VRPHWKLQJ DEVROXWH
DQG QRW UHODWLYH�

��,I \RX FDQQRW IROORZ WKH VNHWFK GR QRW PLQG� \RX ZLOO VHH LW LQ IXOO GHWDLO LI \RX VWXG\ SK\VLFV�
��$ IUHH SDUWLFOH LV D SDUWLFOH RQ ZKLFK QR IRUFH LV DFWLQJ�
��%HFDXVH WKH 0LQNRZVNL PHWULF IXOILOV H[DFWO\ WKH FRQGLWLRQ ZLWK WKH OLJKW SXOVH�

���
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������ $GGLWLRQ RI 3DUDOOHO 9HORFLWLHV

,Q ⌃ \RX DUH REVHUYLQJ DQ RWKHU IUDPH ⌃0 ZKLFK LV PRYLQJ ZLWK D FRQVWDQW VSHHG v�
$VVXPH WKDW ZLWK UHVSHFW WR ⌃0 DQ REMHFW LV PRYLQJ LQ WKH VDPH GLUHFWLRQ DV ⌃0 ZLWK
D VSHHG u0 �PHDVXUHG LQ ⌃0���� 7KH TXHVWLRQ LV� ZKDW LV WKH VSHHG RI WKDW REMHFW LQ ⌃"
$V DOUHDG\ PHQWLRQHG� LW FDQQRW EH u = v + u0 EHFDXVH WKLV PLJKW EH JUHDWHU WKDQ WKH
VSHHG RI OLJKW c� 7R FDOFXODWH WKH ULJKW YHORFLW\ ZH KDYH WR JR EDFN WR WKH GHILQLWLRQ RI
WKH YHORFLW\ DQG DSSO\ WKH /RUHQW] WUDQVIRUPDWLRQ��� :H GHQRWH E\ x WKH SRVLWLRQ RI WKH
REMHFW� WKH YHORFLW\ LV WKHQ JLYHQ DV

u =
Gx
Gt

=
� (Gx0 + vGt0)
�
�
Gt0 + v

c2 Gx
0
� =

Gx0

Gt0 + v

1 + v
c2
Gx0
Gt0

=
u0 + v

1 + vu0

c2

ZKHUH ZH UHGXFHG WKH IUDFWLRQ EH Gt0 DQG XVHG WKH GHILQLWLRQ RI u0 = Gx0

Gt0 � 7KH REWDLQHG
UHVXOW KDV VRPH LQWHUHVWLQJ IHDWXUHV�

� )RU VPDOO VSHHGV �v ⌧ c DQG u0 ⌧ c� WKH GHQRPLQDWRU LV QHDUO\ 1 DQG DV D FRQVH�
TXHQFH ZH JHW WKH FODVVLFDO UHVXOW�

� ,I v = c RU u0 = c ZH DOVR JHW u = c�

7KH REWDLQHG UHVXOW PLJKW OHDG WR WKH FRQFOXVLRQ WKDW WKH UHODWLYLVWLF DGGLWLRQ RI YHORFLWLHV
LV V\PPHWULF LQ v DQG u0� %XW WKLV LV QRW WKH FDVH� DQG ZRXOG EH REYLRXV LI RQH ZRXOG
ORRN DW YHORFLWLHV ZKLFK DUH QRW SDUDOOHO WR HDFK RWKHU� 7KH V\PPHWU\ KDSSHQV EHFDXVH
WKH � LQ WKH QXPHUDWRU DQG GHQRPLQDWRU GURSV�

������ $GGLWLRQ RI 3HUSHQGLFXODU 9HORFLWLHV

$VVXPH QHDUO\ WKH VDPH VHWXS DV DERYH �VHFWLRQ ������� ZLWK WKH GLIIHUHQFH WKDW WKH REMHFW
LQ ⌃0 PRYHV SHUSHQGLFXODU WR WKH UHODWLYH PRWLRQ EHWZHHQ ⌃ DQG ⌃0� 7R PDNH D GLVWLQF�
WLRQ WR WKH FDOFXODWLRQ DERYH ZH GHQRWH WKH YHORFLWLHV WKDW DUH PHDVXUHG SHUSHQGLFXODU WR
v ZLWK D VXEVFULSW ?� WKHUHIRUH u? DQG u0?� %HIRUH ZH FDOFXODWH WKH UHODWLRQ EHWZHHQ u?
DQG u0? OHWV VWDWH DQ LPSRUWDQW IDFW� $OWKRXJK WKH REMHFW LV PRYLQJ SHUSHQGLFXODU WR v

��7KLV PLJKW EH ZULWWHQ D ELW WKHRUHWLFDOO\� 6R DVVXPH WKH IROORZLQJ H[DPSOH� <RX REVHUYH D VSDFH VKLS
�⌃0� ZKLFK PRYHV ZLWK v� ,Q WKDW VSDFH VKLS VRPH RQH WKURZV D EDOO ZLWK VSHHG u0 LQ WKH VDPH GLUHFWLRQ DV
WKH VSDFH VKLS LV PRYLQJ�

��$FWXDOO\ RQH QHHG PXOWLGLPHQVLRQDO DQDO\VLV EXW VLQFH WKH /RUHQW] WUDQVIRUPDWLRQ LV D OLQHDU PDS�
WKH GHULYDWLYH µEHKDYHVµ OLNH WKH /RUHQW] WUDQVIRUPDWLRQ LWVHOI� 6R Gx = � (Gx0 + vGt0) DQG Gt =
�
�
Gt0 + v

c2
Gx0��

���
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LQ WKH IUDPH ⌃0 LW LV QRW PRYLQJ SHUSHQGLFXODU LQ ⌃ EHFDXVH WKHUH LW DOVR PRYHV ZLWK WKH
VSHHG v LQ WKH GLUHFWLRQ RI WKH UHODWLYH PRWLRQ EHWZHHQ ⌃ DQG ⌃0� 2I FRXUVH LW DOVR KDV D
SHUSHQGLFXODU FRPSRQHQW ZKLFK LV H[DFWO\ WKH RQH GHQRWHG E\ u?� 7KLV PHDQV u? LV QRW

WKH VSHHG RI WKH REMHFW LQ⌃� WKH VSHHG ZRXOG EH JLYHQ DV
q
v2 + u2?� 1RZ OHW·V FDOFXODWH

u? E\ IROORZLQJ WKH VDPH VWHSV DV DERYH EXW XVLQJ WKDW WKHUH LV QR /RUHQW] FRQWUDFWLRQ
SHUSHQGLFXODU WR WKH GLUHFWLRQ RI PRWLRQ� VR x? = x0?�

u? =
Gx?
Gt

=
Gx0?

�
⇣
Gt0 + v

c2 Gx
0
k

⌘ =
u0?

�
⇣
1 + v

c2u
0
k

⌘ =
u0?
�

ZKHUH ZH XVHG WKDW WKH SDUDOOHO FRPSRQHQW RI WKH YHORFLW\ LI WKH REMHFW LQ ⌃0 LV ]HUR��

�u0k = 0� � ,Q FDVH RI u? LW LV REYLRXV WKDW v DQG u0? GR QRW HQWHU V\PPHWULFDOO\ WKH
IRUPXOD �v HQWHUV WKH IRUPXOD WKURXJK ���

������ 9HORFLW\ )RXU 9HFWRU

6LPLODUO\ WR WKH IRXU YHFWRU GHILQHG LQ VHFWLRQ ������ RQH FDQ GHILQH IRXU YHFWRUV IRU
YHORFLWLHV� /HW r = (ct, x, y, z) EH WKH IRXU YHFWRU RI DQ REMHFW PRYLQJ ZLWK D FRQVWDQW
VSHHG� 7KLV PHDQV DW WKH WLPH t WKDW REMHFW LV DW WKH SRVLWLRQ ~r = (x, y, z)� $ ILUVW �ZURQJ�
DSSURDFK WR D IRXU YHFWRU IRU WKH YHORFLW\ u PLJKW EH

u =
G
Gt

0

BB@

ct
x
y
z

1

CCA =

0

BB@

c
vx
vy
vz

1

CCA

ZKHUH vx LV WKH x FRPSRQHQW RI WKH YHORFLW\ DQG VLPLODUO\ IRU y DQG z� %XW WKLV DSSURDFK
FRQWUDGLFWV WKH LGHD RI WKH DEVROXWH YDOXH RI WKH IRXU YHFWRU EHLQJ LQYDULDQW XQGHU /RUHQW]
WUDQVIRUPDWLRQV� 7KLV LV EHFDXVH WKH VFDODU SURGXFW RI u ZLWK LWVHOI LV JLYHQ DV

u · u = u2 = c2 � v2x � v2y � v2z .

'HSHQGLQJ RQ WKH IUDPH WKH YHORFLWLHV DUH GLIIHUHQW VR |u|2 LV QRW LQYDULDQW�
7R JHW WKH ULJKW UHVXOW E\ DQ LQWXLWLYH DSSURDFK ZH KDYH WR JR EDFN DW WKH GHILQLWLRQ RI WKH
GHULYDWLYH� $ GHULYDWLYH LV EDVLFDOO\ WKH IUDFWLRQ RI WZR TXDQWLWLHV �x

�t ZLWK WKH OLPHV �t
JRLQJ WRZDUGV ]HUR �DQG �x WRR�� ,I WKH QXPHUDWRU LV D IRXU YHFWRU �DV ZH DVVXPH KHUH�

��,I WKH REMHFW ZRXOG PRYH LQ DQ DUELWUDU\ GLUHFWLRQ �QRW SHUSHQGLFXODU� ZH ZRXOG NHHS u0
k�

���



�� 6SHFLDO 5HODWLYLW\

DQG WKH GHQRPLQDWRU LV D TXDQWLW\ WKDW LV FRQVWDQW LQ DOO IUDPHV� WKHQ WKH ZKROH IUDFWLRQ
LV DJDLQ D IRXU YHFWRU WKDW KDV DQ DEVROXWH YDOXH LQGHSHQGHQW RI WKH IUDPH� 7KHUH LV RQH
VSHFLDO WLPH� QDPHO\ WKH SURSHU WLPH ⌧ ZKLFK LV LQGHSHQGHQW RI DOO IUDPHV� 7KLV LV WKH
WLPH LQ WKH UHVW IUDPH RI WKH PRYLQJ REMHFW� :H REWDLQ�⌧ E\ WKH WLPH GLODWDWLRQ� ZKLFK
OHDGV WR�⌧ = 1

��t� 7DNLQJ WKH OLPLW IRU WKH GHULYDWLYH ZH KDYH GR UHSODFH WKH� E\ WKH
d �URXJKO\ VSHDNLQJ� DQG ZH JHW

u =
G

1
� Gt

0

BB@

ct
x
y
z

1

CCA = �

0

BB@

c
vx
vy
vz

1

CCA .

,I RXU FRQVWUXFWLRQ RI WKH IRXU YHFWRU ZDV VXFFHVVIXO� u · u VKRXOG EH LQYDULDQW XQGHU
/RUHQW] WUDQVIRUPDWLRQV� /HWV FKHFN WKLV E\ FRQVLGHULQJ u · u LQ WKH UHVW IUDPH RI WKH
REMHFW DQG LQ DQ DUELWUDU\ IUDPH� ,Q WKH UHVW IUDPH WKH REMHFW GRHV QRW PRYH� WKHUHIRUH
vx = vy = vz = 0 DQG WKHUHIRUH u · u = c2� ,Q DQ DUELWUDU\ IUDPH LW LV PRYLQJ DQG ZH
JHW

u · u = u2 = �2(c2 � v2x � v2y � v2z)

=
1

1� v2

c2

c2(1� v2) = c2

ZKHUH ZH XVHG v2x + v2y + v2z = v2� 2EYLRXVO\ WKLV LV LQYDULDQW XQGHU /RUHQW] WUDQVIRU�
PDWLRQV DQG ZH VXFFHHGHG LQ FRQVWUXFWLQJ D IRXU YHFWRU IRU WKH YHORFLW\�

���� '\QDPLFV

8QWLO QRZ ZH RQO\ GLG UHODWLYLVWLF NLQHPDWLFV� WKLV PHDQV ZH GHYHORSHG D IRUPDOLVP GR
GHVFULEH WKH PRWLRQ RI DQ REMHFW DQG KRZ WKLV GHVFULSWLRQ FKDQJHV E\ D /RUHQW] WUDQV�
IRUPDWLRQ� 1RZ ZH ZLOO ORRN DW G\QDPLFV� $ SURSHU GHVFULSWLRQ RI G\QDPLFV LQ VSHFLDO
UHODWLYLW\ DV ZH NQRZ LQ FODVVLFDO PHFKDQLFV �1HZWRQ·V ODZV� LV PRUH GLIILFXOW� 1HYHU�
WKHOHVV ZH FDQ GHILQH TXDQWLWLHV DV PRPHQWXP RU HQHUJ\ ZKLFK ZLOO EH FRQVHUYHG DQG
ZKLFK DOORZ WR FDOFXODWH D ORW RI H[DPSOHV �XVLQJ WKHVH FRQVHUYDWLRQ ODZV�� 7R GHULYH WKLV
ZH VWDUW ZLWK WKH ��GLPHQVLRQDO PRPHQWXP DQG WKHQ VHDUFK IRU WKH IRXU YHFWRU RI WKH
PRPHQWXP� )URP WKH IRXU YHFWRU RI PRPHQWXP RQH FDQ GHULYH HQHUJ\ FRQVLGHUDWLRQV
LQFOXGLQJ (LQVWHLQ·V IDPRXV IRUPXOD E = mc2� $W WKH HQG RI WKLV VHFWLRQ ZH ZLOO EULHIO\
ORRN DW DFFHOHUDWLRQ DQG IRUFHV�

���
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������ 0RPHQWXP

/RRNLQJ DW WKH IROORZLQJ H[DPSOH RQH FDQ VHH WKDW WKH PRPHQWXP FDQQRW VLPSO\ EH
~p = m~v ZKHUH m LV WKH �UHVW� PDVV RI WKH REMHFW� :H REVHUYH D VSDFH VKLS WKDW PRYHV
ZLWK YHORFLW\ v DORQJ WKH x�D[LV� ,Q WKH VSDFH VKLS WZR EDOOV ZLWK VSHHG v DUH PRYLQJ SHU�
SHQGLFXODU WR WKH x�D[LV WRZDUGV HDFK RWKHU �VHH ILJXUH ������ :KHQ WKH\ PHHW WKH ERXQFH
DZD\ VXFK WKDW WKH\ PRYH LQ WKH x GLUHFWLRQ� )URP HQHUJ\ DQG PRPHQWXP FRQVHUYDWLRQ
ZH FDQ GHGXFH WKDW WKH\ PRYH DOVR ZLWK YHORFLW\ v DORQJ WKH x�D[LV LQ WKH IUDPH RI WKH
VSDFH VKLS� )URP RXU V\VWHP �ZKHUH WKH VSDFH VKLS LV PRYLQJ�� WKH WRWDO PRPHQWXP RI
WKH WZR EDOOV LV 2p ZKHUH p LV WKH PRPHQWXP LQ WKH [�GLUHFWLRQ RI HDFK EDOO �VLQFH WKH
EDOOV DUH PRYLQJ WRZDUGV HDFK RWKHU� WKH WRWDO PRPHQWXP SHUSHQGLFXODU WR WKH x�D[LV LV
]HUR�� $IWHU WKH FROOLVLRQ WKH WRWDO PRPHQWXP PXVW EH FRQVHUYHG� %XW WKH EDOO PRYLQJ WR
WKH OHIW GRHV QRW PRYH LQ RXU IUDPH EHFDXVH LQ WKH VSDFH VKLS LW PRYHV ZLWK �v DQG WKH
VSDFH VKLS LWVHOI PRYHV ZLWK v� VR WKH RYHUDOO PRYHPHQW RI WKLV EDOO LV ]HUR� 7KH VHFRQG
EDOO PRYLQJ WR WKH ULJKW KDV DFFRUGLQJ WR WKH UHODWLYLVWLF DGGLWLRQ RI YHORFLWLHV D VSHHG RI

v2 =
v + v

1 + vv
c2

=
2v

1 + v2

c2

,I WKH PRPHQWXP ZRXOG EH p = mv WKLV OHDGV WR D FRQWUDGLFWLRQ VLQFH

pEHIRUH = 2mv 6=
2v

1 + v2

c2

m = pDIWHU.

&RQVHTXHQWO\ WKH PRPHQWXP FDQQRW GHSHQG OLQHDU IURP WKH YHORFLW\� 7KH ULJKW GHSHQ�
GHQFH LV JLYHQ DV

p = �mv =
1q

1� v2

c2

mv.

%\ D ORQJHU FDOFXODWLRQ RQH FDQ VKRZ WKDW WKH PRPHQWXP GHILQHG WKLV ZD\ IXOILOV WKH
FRQVHUYDWLRQ RI PRPHQWXP� 6LQFH WKHUH LV DQ RWKHU PHWKRG VKRZLQJ WKDW WKLV LV D JRRG
FDQGLGDWH IRU WKH PRPHQWXP XVLQJ IRXU YHFWRUV ZH ZLOO ORRN DW IRXU YHFWRUV�
2QH LPSRUWDQW QRWH DERXW WKH PDVV m� 6RPHWLPHV D UHODWLYLVWLF PDVV mUHO = �m LV
GHILQHG� 7KLV LV D XQVXLWDEOH GHILQLWLRQ �VHH VHFWLRQ �������� ZKHQ ZH WDON DERXW PDVVHV
ZH DOZD\V PHDQ WKH �UHVW� PDVV� VR WKH PDVV PHDVXUHG LQ WKH UHVW IUDPH RI WKH PDVV�

���



�� 6SHFLDO 5HODWLYLW\

)LJXUH ����� &ROOLVLRQ DQG VFDWWHULQJ RI WZR EDOOV LQ WKH PRYLQJ VSDFH VKLS� ,QLWLDOO\� WKH
WZR EDOOV PRYH ZLWK WKH YHORFLW\ v SHUSHQGLFXODU WR WKH GLUHFWLRQ RI IOLJKW RI WKH VSDFH
VKLS� $IWHU WKH VFDWWHULQJ WKH\ PRYH LQ WKH VDPH GLUHFWLRQ DV WKH VSDFH VKLS�

������ 0RPHQWXP )RXU 9HFWRU

6LQFH ~p = m~v LV ZURQJ� WKH QH[W DSSURDFK PLJKW EH WDNLQJ WKH ODVW WKUHH FRPSRQHQWV
RI WKH IRXU YHFWRU RI YHORFLW\ v DQG PXOWLSO\ WKHP ZLWK WKH PDVV ��� $QG LQGHHG WKLV
OHDGV WR WKH ULJKW UHVXOW� (QFRXUDJHG IURP WKLV VXFFHVV ZH GHILQH WKH IRXU YHFWRU IRU WKH
PRPHQWXP DV

p = mv = �m

0

BB@

c
vx
vy
vz

1

CCA .

$V WKH DEVROXWH YDOXH RI WKH YHORFLW\ IRXU YHFWRU LV LQYDULDQW XQGHU /RUHQW] WUDQVIRUPD�
WLRQV DQG WKH PDVV LV D FRQVWDQW� WKH DEVROXWH YDOXH RI WKH PRPHQWXP IRXU YHFWRU LV DOVR
FRQVWDQW ZLWK p2 = m2c2� :KDW ZH GRQ·W XQGHUVWDQG \HW LV WKH ILUVW FRPSRQHQW RI WKH
PRPHQWXP IRXU YHFWRU� QDPHO\ �mc� 7KLV ZLOO FODULI\ LQ WKH QH[W VHFWLRQ�

��1RWH WKDW D � IDFWRU LV LQFOXGHG LQ WKH YHORFLW\ IRXU YHFWRU

���
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������ (QHUJ\

7KH �WRWDO� HQHUJ\ RI DQ REMHFW FDQ EH FDOFXODWHG E\

E =

ˆ
F Gs =

ˆ
Gp
Gt
Gs m�c2 ������

ZKHUH PDQ\ VWHSV ZHUH OHIW RXW LQFOXGLQJ VRPH ORQJHU FDOFXODWLRQ� /RRNLQJ DW WKH PR�
PHQWXP IRXU YHFWRU� ZH VHH WKDW WKH ILUVW FRPSRQHQW LV H[DFWO\ WKH HQHUJ\ GLYLGHG E\ c�
7KLV PHDQV ZH FDQ UHZULWH WKH IRXU YHFWRU DV

p = mv = �m

0

BB@

c
vx
vy
vz

1

CCA = �

0

BB@

E
c
px
py
pz

1

CCA .

7KLV GLVFRYHU\ OHDGV WR VRPH LQWHUHVWLQJ FRQFOXVLRQV�

5HVW (QHUJ\

,Q WKH UHVW IUDPH RI DQ REMHFW RQH KDV ~p = 0 DQG � = 1� 6LQFH p2 = m2c2 ZH JHW IRU WKH
UHVW IUDPH

E2

c2
= m2c2

E = mc2

ZKLFK LV H[DFWO\ (LQVWHLQ·V IDPRXV PDVV�HQHUJ\ HTXLYDOHQFH� 7KLV PHDQV WKH PDVV LWVHOI
LV HQHUJ\ DQG WKH PLQLPDO SRVVLEOH HQHUJ\ RI DQ REMHFW LV E = mc2 WKH UHVW PDVV �WLPHV
c2� RI WKDW REMHFW�

(QHUJ\�PRPHQWXP UHODWLRQ

)RU DQ DUELWUDU\ V\VWHP WKH DEVROXWH YDOXH VTXDUH RI p PXOWLSOLHG ZLWK c2 OHDGV WR

p2c2 = m2c4 = E2
� ~p 2c2

E2 = ~p 2c2 +m2c4. ������

���



�� 6SHFLDO 5HODWLYLW\

7KLV HTXDWLRQ UHODWHV WKH PRPHQWXP RI DQ REMHFW ZLWK LWV HQHUJ\� 2I FRXUVH WKLV HQHUJ\ LV
WKH VDPH DV WKH RQH REWDLQHG DERYH LQ HTXDWLRQ ������ DV WKH IROORZLQJ FDOFXODWLRQ VKRZV�

E =
p

~p 2c2 +m2c4 = mc2
p

�2�2 + 1

= mc2

s
�2

1� �2
+ 1

= mc2

s
�2 + 1� �2

1� �2

= mc2
r

1

1� �2
= mc2�.

6PDOO 6SHHG /LPLW

,I ZH ORRN DW VPDOO YHORFLWLHV WKH (QHUJ\ DV ZULWWHQ LQ HTXDWLRQ ������ FDQ EH DSSUR[LPDWHG
E\ D 7D\ORU H[SDQVLRQ DURXQG v = 0 DQ RQH REWDLQV

E = �mc2 ⇡

✓
1 +

G�
Gv2

����
v2=0

v2
◆
mc2

=

✓
1 +

1

2

v2

c2

◆
mc2 = mc2 +

1

2
mv2.

7KH ILUVW WHUP LV WKH UHVW HQHUJ\� ZKLFK LV DOZD\V WKHUH EXW WKH VHFRQG WKHUP LV LQWHUHVW�
LQJ� VLQFH WKLV LV H[DFWO\ WKH NLQHWLF HQHUJ\ ZH NQRZ IURP FODVVLFDO PHFKDQLFV� 6R LQ WKH
OLPLW IRU VPDOO YHORFLWLHV� WKH NLQHWLF HQHUJ\ RI DQ REMHFW LV H[DFWO\ WKH RQH IURP FODVVLFDO
PHFKDQLFV�

������ $FFHOHUDWLRQ DQG )RUFHV

$FFRUGLQJ WR 1HZWRQ·V ODZ RI PRWLRQ WKH IRUFH DFWLQJ RQ D ERG\ LV HTXDO WR WKH UDWH RI
FKDQJH RI WKH PRPHQWXP ~F = G~p

Gt � 6LQFH ~p = m�~v DQG m FRQVWDQW� WKH GHULYDWLYH LV
RQO\ DFWLQJ RQ �~v� 7KHUH DUH WZR VLPSOH FDVHV RQH KDV WR FRQVLGHU�

5DGLDO DFFHOHUDWLRQ

,I WKH )RUFH DFWV SHUSHQGLFXODU WR WKH GLUHFWLRQ RI PRWLRQ� DV LW LV WKH FDVH DW FLUFXODU
PRWLRQ� WKH DEVROXWH YDOXH RI ~v GRHV QRW FKDQJH� 7KHUHIRUH � GRHV QRW FKDQJH DQG ZH
JHW

���
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~F = �m
G~v
Gt

/LQHDU DFFHOHUDWLRQ

,I ZH DFFHOHUDWH LQ WKH GLUHFWLRQ RI PRWLRQ ZH DOVR KDYH WR WDNH WKH GHULYDWLYH RI � ZKLFK
LV G�Gt = �3 ~v

c2
G~v
Gt � 7KLV OHDGV WKHQ WR

~F = m

✓
�3

v2

c2
G~v
Gt

+ �
G~v
Gt

◆
= m�3

G~v
Gt

6LQFH WKHVH WZR FDVHV ZKLFK VFDOH GLIIHUHQW ZLWK � DQ DUELWUDU\ IRUFH LV QRW SDUDOOHO WR
WKH DFFHOHUDWLRQ DQ\ PRUH� 7KDW·V ZK\ LW PDNHV QR VHQVH WR WDON DERXW D UHODWLYLVWLF PDVV
EHFDXVH D UHODWLYLVWLF PDVV VKRXOG EH GHILQHG DV SURSRUWLRQDOLW\ FRQVWDQW EHWZHHQ ~F DQG
~a� %XW VLQFH WKHVH WZR TXDQWLWLHV DUH QRW SURSRUWLRQDO DQ\ PRUH �H[FHSW LQ WKH WZR FDVHV
DERYH�� RQH FDQQRW WDON DERXW D UHODWLYLVWLF PDVV� 6R WKH RQO\ PHDQLQJIXO PDVV LV WKH UHVW
PDVVm� DV ZH KDYH GHILQHG DERYH �VHH VHFWLRQ ��������

���� 3DUDGR[HV

,Q WKLV VHFWLRQ ZH ZLOO ORRN DW VRPH SDUDGR[ ZKLFK PLJKW DSSHDU ZKHQ PL[LQJ FODVVLFDO
PHFKDQLFV DQG UHODWLYLW\� 6RPH FDQ EH UHVROYHG XVLQJ VSHFLDO UHODWLYLW\� VRPH QHHG JHQHUDO
UHODWLYLW\ DQG ZH ZRQ·W EH DEOH WR WRWDOO\ UHVROYH WKHP�

������ /DGGHU DQG EDUQ

$ IDUPHU KDV D ODGGHU DQG D EDUQ ZKHUH WKH ODGGHU LV VOLJKWO\ ORQJHU WKDQ WKH EDUQ� 7KH
IDUPHU ZDQWV WR SXW WKH ODGGHU LQ WKH EDUQ EXW VLQFH WKH EDUQ LV VKRUWHU WKLV GRHV QRW ZRUN�
+LV LGHD LV WR SXW WKH ODGGHU RQ KLV KLJK VSHHG WUDFWRU DQG WKHQ PRYHV ZLWK ⇡ 0.25c LQ
WKH EDUQ� 'XH WR OHQJWK FRQWUDFWLRQ WKH ODGGHU VKRXOG EH VPDOOHU DQG WKHUHIRUH ILW LQWR
WKH EDUQ �VHH ILJXUH ����� 7KH VRQ RI WKH IDUPHU� ZKR UHDG WKLV VFULSW DQG WKHUHIRUH
XQGHUVWRRG UHODWLYLW\ YHU\ ZHOO� UHGRHV WKH FDOFXODWLRQ DQG SRLQWV RXW WKDW LQ WKH IUDPH RI
WKH PRYLQJ ODGGHU� WKH EDUQ VHHPV VKRUWHU DQG WKHUHIRUH WKHUH LV DEVROXWHO\ QR ZD\ KRZ
WKH ODGGHU ZRXOG ILW LQWR WKH EDUQ� )DWKHU DQG VRQ GHFLGH WR ULVN WKH H[SHULPHQW� ZKR LV
ULJKW"

���



�� 6SHFLDO 5HODWLYLW\

)LJXUH ����� /DGGHU DQG EDUQ� 7KHUH LV D GRRU RQ HDFK VLGH RI WKH EDUQ VXFK WKDW WKH
IDUPHU FDQ GULYH WKURXJK WKH EDUQ� /HIW� 7KH PRYLQJ ODGGHU DQG WKH EDUQ LQ WKH IUDPH RI
WKH EDUQ� 5LJKW� 7KH ODGGHU DQG WKH PRYLQJ EDUQ LQ WKH IUDPH RI WKH ODGGHU�

7KH TXHVWLRQ µILW LQWR WKH EDUQ RU QRWµ LV HTXLYDOHQW WR WKH TXHVWLRQ ZHDWKHU WKH KHDG
RI WKH ODGGHU SDVVHV WKH VHFRQG GRRU EHIRUH WKH EDFN RI WKH ODGGHU SDVVHV WKH ILUVW GRRU
RU QRW� 7KLV LV WKHUHIRUH D TXHVWLRQ DERXW VLPXOWDQHRXVQHVV� ZKLFK LV RI FRXUVH UHODWLYH�
2U WR EH PRUH SUHFLVH� WKH IUDPH RI WKH WUDFWRU DQG WKH IUDPH RI WKH EDUQ XVH GLIIHUHQW
FORFNV DQG WKH TXHVWLRQ ZKHQ ZKLFK SDUW RI WKH ODGGHU SDVVHV ZKLFK GRRU GHSHQGV RQ
WKH WLPH LQGLFDWHG RQ WKH FORFNV� 6R WKH IDWKHU RQ WKH WUDFWRU HIIHFWLYHO\ PHDVXUHV �� WKDW
WKH ODGGHU GRHV QRW ILW LQWR WKH EDUQ ZKHUHDV WKH VRQ VWDQGLQJ RXWVLGH VKRUWO\ VHHV WKH
ODGGHU GLVDSSHDU LQ WKH EDUQ �DVVXPLQJ WKH IDWKHU GULYHV ZLWK FRQVWDQW VSHHG WKURXJK WKH
EDUQ��

6LQFH WKH VRQ ZDV D FXULRXV JX\ KH VXJJHVWV WKH IROORZLQJ PRGLILFDWLRQ RI WKH H[SHULPHQW�
+H LQVWDOOV D SKRWRHOHFWULF VHQVRU DW HDFK GRRU RI WKH EDUQ DQG SXWV D ODPS LQ WKH PLGGOH
RI WKH EDUQ� ,I WKH IURQW RI WKH ODGGHU SDVVHV WKH SKRWRHOHFWULF VHQVRU DW WKH VHFRQG GRRU
EHIRUH WKH HQG RI WKH ODGGHU SDVVHV WKH SKRWRHOHFWULF VHQVRU DW WKH ILUVW GRRU� WKH ODPS
JHWV RQ� 7KLV H[SHULPHQW VKRXOG DOORZ WR WDNH D GHFLVLRQ ZKHWKHU WKH ODGGHU ILWV LQWR WKH
EDUQ RU QRW� :KDW ZLOO WKH\ REVHUYH"
7KH\ LQGHHG REVHUYH WKDW WKH OLJKW JRHV RQ� ,Q WKH IUDPH RI WKH VRQ �VWDQGLQJ QH[W WR WKH
EDUQ� WKLV LV REYLRXV VLQFH WKH ODGGHU JHWV VPDOOHU DV LW PRYHV� ,Q WKH IUDPH RI WKH IDWKHU

��0HDVXUH LQVWHDG RI VHH EHFDXVH WR VHH VRPHWKLQJ� WKH OLJKW QHHGV VRPH WLPH WR SDVV WKH FRUUHVSRQGLQJ
GLVWDQFH

���
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RQ WKH WUDFWRU WKLV LV QRW WKDW REYLRXV DQG ZH KDYH WR FRQVLGHU KRZ WKH VLJQDO IURP WKH
SKRWRHOHFWULF VHQVRU JHWV WR WKH ODPS� $VVXPH WKHUH LV D FDEOH EHWZHHQ WKH SKRWRHOHFWULF
VHQVRU DQG WKH ODPS ZKHUH WKH VLJQDO PRYHV ZLWK WKH VSHHG RI OLJKW c DQG WKDW WKHUH DUH
QR HIIHFWV WKDW GHOD\ WKH VLJQDO� 6LQFH WKH VSHHG RI OLJKW LV D QDWXUDO FRQVWDQW� ERWK WKH
IDWKHU DQG WKH VRQ VHH LW PRYH ZLWK c� %XW LQ WKH IUDPH RI WKH IDWKHU WKH ODPS LV PRYLQJ
ZLWK YHORFLW\ v� 7KHUHIRUH WKH RYHUDOO�� HIIHFW RI WKH VHFRQG GRRU PRYLQJ ZLWK YHORFLW\
v DQG WKH VLJQDO PRYLQJ ZLWK c LV WKH VDPH DV c � v� 7KLV LV RSSRVLWH DW WKH ILUVW GRRU�
ZKHUH WKH IDUPHU VHHV DQ RYHUDOO YHORFLW\ RI c + v� $OWKRXJK WKH GLVWDQFH EHWZHHQ WKH
ODPS DQG HDFK GRRU LV WKH VDPH� WKH VLJQDO IURP WKH VHFRQG GRRU UHDFKHV WKH ODPS ILUVW
DQG DV D FRQVHTXHQFH LW VKLQHV�
,Q WKLV SDUDGR[ ZH VHH YHU\ QLFHO\ WKDW WKHUH DUH H[DPSOHV LQ UHODWLYLW\ ZKLFK VHHP FRQ�
WUDGLFWRU\ EXW DW D FORVHU ORRN WKHUH LV QR PLVWDNH LQ WKH WKHRU\�

������ 7ZLQ SDUDGR[

7KH SUREDEO\ PRVW IDPRXV SDUDGR[ LV WKH WZLQ SDUDGR[� 2QH RI WKH WZR WZLQV PDNHV D
VSDFH WULS LQ D YHU\ IDVW VSDFH VKLS ZKHUHDV WKH RWKHU WZLQ VWD\V DW KRPH� $IWHU VHYHUDO
\HDUV WKH ILUVW WZLQ UHWXUQV DQG PHHWV WKH RWKHU WZLQ� 7KH RQH ZKR PDGH WKH WULS LV PXFK
\RXQJHU WKDQ WKH RQH VWD\HG DW KRPH�
1RW NQRZLQJ UHODWLYLW\ WKLV LV DVWRQLVKLQJ EHFDXVH WLPH LV XVXDOO\ FRQVLGHUHG DV DEVROXWH
ZKLFK VKRXOG QRW EH LQIOXHQFHG E\ PRYHPHQWV� .QRZLQJ UHODWLYLW\ WKLV PLJKW EH DVWRQ�
LVKLQJ EHFDXVH HDFK RI WKH WZLQV VHH WKH RWKHU WZLQ PRYH DQG WKHUHIRUH WKH RWKHU WZLQ
VKRXOG VWD\ \RXQJHU� 7KH SRLQW LQ WKLV SDUDGR[ LV WKDW RQH RI WKH WZLQV KDV WR DFFHOHUDWH LQ
RUGHU WR UHWXUQ WR WKH RWKHU WZLQ� 7KLV DFFHOHUDWLRQ EUHDNV WKH V\PPHWU\ RI WKH SUREOHP
DQG OHDGV WR WKH IDFW WKDW RQH WZLQ VWD\V \RXQJHU WKDQ WKH RWKHU�
7KH VLPSOHVW ZD\ WR FDOFXODWH WKH SDUDGR[ LV WR DVVXPH WKDW WKH WZLQ ZKLFK PDNHV KLV WULS
PRYHV ZLWK FRQVWDQW YHORFLW\ v XQWLO KH FKDQJHV WR DQRWKHU VSDFH VKLS ZKLFK PRYHV ZLWK
�v EDFN WR HDUWK� 7KH FORFNV RI WKH WZR VSDFH VKLSV DUH VHW VXFK WKDW WKH\ KDYH WKH VDPH
WLPH DW WKH PRPHQW WKH\ PHHW DQG DW WKH SRVLWLRQ WKH\ PHHW�

������ 6ROXWLRQ WR WKH IO\LQJ HOHFWURQ SUREOHP

:H QRZ ZDQW WR JR EDFN WR WKH SUREOHP IURP WKH EHJLQQLQJ� QDPHO\ WKH IO\LQJ HOHFWURQ
�VHH VHFWLRQ �������� )RU VLPSOLFLW\ ZH DVVXPH WKDW WKH HOHFWURQV LQ WKH ZLUH PRYH ZLWK

��7KLV LV WKH DGGLWLRQ RI WZR UHODWLYH �DQG SDUDOOHO� YHORFLWLHV PHDVXUHG LQ WKH VDPH IUDPH DQG QRW WKH
UHODWLYLVWLF YHORFLW\ DGGLWLRQ GLVFXVVHG LQ VHFWLRQ �������

���



�� 6SHFLDO 5HODWLYLW\

WKH VDPH VSHHG DV WKH HOHFWURQ DERYH WKH ZLUH��� )XUWKHUPRUH ZH DVVXPH WKDW LQ WKH ODE
IUDPH �ZKHUH WKH HOHFWURQ LV PRYLQJ� WKH ZLUH LV QHXWUDO� WKLV PHDQV WKH GLVWDQFH EHWZHHQ
WZR QHLJKERXU SRVLWLYH DWRPV DQG WKH GLVWDQFH EHWZHHQ WZR QHLJKERXU QHJDWLYH HOHFWURQV
LV WKH VDPH� /HW·V GHQRWH WKLV GLVWDQFH ZLWK L�
)LUVW RI DOO ZH KDYH WR VWDWH WKDW IURP WKH SRLQW RI WKH ODE ZH VHH WKH GLVWDQFH RI WZR
QHLJKERXU PRYLQJ HOHFWURQV LQ WKH ZLUH ZLWK D /RUHQW] FRQWUDFWLRQ� 7KHUHIRUH WKHLU GLV�
WDQFH �LQ WKH GLUHFWLRQ RI IOLJKW� LQ WKHLU RZQ IUDPH LV L0

e = L� ZKHUH WKH � = 1p
1��2

DQG � = v
c WKH YHORFLW\ LQ WHUPV RI c� ,I ZH QRZ ORRN DW WKH IUDPH RI WKH PRYLQJ HOHF�

WURQ� WKH HOHFWURQV LQ WKH ZLUH DUH QRW PRYLQJ DQ\ PRUH �E\ RXU DVVXPSWLRQ DERYH�� WKHLU
GLVWDQFH LV WKHUHIRUH L0� $GGLWLRQDOO\ WKH SRVLWLYH DWRPV DUH PRYLQJ ZKLFK OHDGV DFFRUG�
LQJ WR WKH /RUHQW] FRQWUDFWLRQ WR D GLVWDQFH EHWZHHQ QHLJKERXU DWRPV RI L0

p = 1
�L� $V

D FRQVHTXHQFH WKH GHQVLW\ RI WKH SRVLWLYH DWRPV LV ELJJHU WKDQ WKH RQH RI WKH QHJDWLYH
HOHFWURQV� WKH ZLUH LV WKHUHIRUH HOHFWULFDOO\ SRVLWLYH FKDUJHG� 7KLV SRVLWLYH FKDUJH OHDGV WR
DQ DWWUDFWLRQ RI WKH VLQJOH HOHFWURQ� VLPLODUO\ ZH REVHUYH LQ WKH ODE IUDPH�
7KLV H[DPSOH VKRZ KRZ LPSRUWDQW UHODWLYLW\ LV LQ HOHFWURG\QDPLFV� :LWKRXW UHODWLYLW\
HOHFWURG\QDPLFV ZRXOG QRW EH D FRQVLVWHQW WKHRU\� PHDQLQJ WKDW GLIIHUHQW REVHUYHUV ZRXOG
REVHUYH GLIIHUHQW UHVXOW RI RQH H[SHULPHQW� 1HYHUWKHOHVV RQH QHHGV D ELW PRUH PDWK WR
SUHFLVHO\ IRUPXODWH HOHFWURG\QDPLFV ZLWK UHODWLYLW\�

��2QH FDQ GR WKH ZKROH FDOFXODWLRQ ZLWKRXW WKLV DVVXPSWLRQ ZKLFK OHDGV WR WKH VDPH UHVXOW EXW QHHGV D
ORQJHU FDOFXODWLRQ UHVSHFWLYHO\ LV OHVV LQWXLWLYH�
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:HUQHU +HLVHQEHUJ ZDV GULYLQJ LQ KLV
FDU� WKLQNLQJ DERXW WKH SUREOHP RI
WLPH� 6XGGHQO\ D SROLFH FDU DSSHDUHG
DQG VWRSSHG KLP� 7KH SROLFHZRPDQ
DVNHG� ´'R \RX NQRZ KRZ IDVW \RX
ZHUH GULYLQJ"µ� 8SRQ ZKLFK
+HLVHQEHUJ DQVZHUHG� ´'R \RX NQRZ
ZKHUH , KDYH EHHQ"µ�

([HUFLVH� ZK\ ZDV KH ILQHG
QRQWKHOHVV"

���� ([SHULPHQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ %ODFN ERG\ UDGLDWLRQ � � � � � � � � � � � � � � � � � � � � � � ���
������ 3KRWRHOHFWULF HIIHFW � � � � � � � � � � � � � � � � � � � � � � ���
������ 'RXEOH VOLW H[SHULPHQW � � � � � � � � � � � � � � � � � � � � � ���

���� /DZV RI 4XDQWXP 0HFKDQLFV � � � � � � � � � � � � � � � � � � � � � � ���
������ :DYHIXQFWLRQ DQG SUREDELOLW\ � � � � � � � � � � � � � � � � ���
������ 0HDVXUHPHQW � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 'H %URJOLH K\SRWKHVLV � � � � � � � � � � � � � � � � � � � � � ���
������ 8QFHUWDLQW\ 3ULQFLSOH � � � � � � � � � � � � � � � � � � � � � � ���
������ 6FKU|GLQJHU (TXDWLRQ � � � � � � � � � � � � � � � � � � � � � � ���

���� ([DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ %RKU PRGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 5LJRURXV H[DPSOH � � � � � � � � � � � � � � � � � � � � � � � � ���
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�� 4XDQWXP 0HFKDQLFV

&ODVVLFDO PHFKDQLFV GHVFULEHV KRZ SDUWLFOHV RU ERGLHV EHKDYH LQ WLPH� 6R LW FKDUDFWHULVHV LQ
ZKLFK ZD\ D SDUWLFOH PRYHV� ,Q 1HZWRQLDQ PHFKDQLFV WKH PDLQ IRUPXOD WKDW FKDUDFWHULVHV
WKH ZD\ SDUWLFOHV PRYH LV ~F = m~a� 2QH WKHQ DVVXPHV WKDW WKH SDUWLFOH PRYHV DFFRUGLQJ
WKH WKH IRUPXOD DERYH RQ D ZHOO GHILQHG SDWK� $W WKH HQG RI WKH ��WK FHQWXU\ VRPH
SKHQRPHQD GLG QRW ILW WR WKH SUHGLFWLRQV RI FODVVLFDO PHFKDQLFV� $ QHZ GHVFULSWLRQ ZDV
GHYHORSHG ZKLFK LV FDOOHG TXDQWXP PHFKDQLFV�
4XDQWXP PHFKDQLFV GHVFULEHV DOVR KRZ D SDUWLFOH EHKDYHV LQ WLPH EXW WKH ODZV DUH YHU\
GLIIHUHQW RI WKRVH RI FODVVLFDO PHFKDQLFV DQG LQWXLWLYHO\ QRW UHDOO\ XQGHUVWDQGDEOH� 7KH
PDLQ LGHD LV WKDW D SDUWLFOH GRHV QRW PRYH RQ D ZHOO GHILQHG SDWK EXW WKH SUREDELOLW\ WR ILQG
LW DW D FHUWDLQ ORFDWLRQ LV FRQQHFWHG WR ZDYH SURSHUWLHV� 7KLV FKDSWHU VKRZV WKH SKHQRP�
HQD ZKLFK GLG QRW ILW WR FODVVLFDO PHFKDQLFV DQG ZKDW FKDQJHG LQ WKH GHVFULSWLRQ VZLWFKLQJ
WR TXDQWXP PHFKDQLFV� 7KHQ VRPH FRQFHSWV RI TXDQWXP PHFKDQLFV DUH GLVFXVVHG� 6LQFH
WKH JHQHUDO GHVFULSWLRQ RI TXDQWXP PHFKDQLFV LV SUHWW\ FRPSOLFDWHG WKH FRQFHSWV DUH GLV�
FXVVHG LQ D PRUH LQWXLWLYH ZD\� $W WKH HQG ZH ZLOO ORRN KRZ D ULJRURXV FDOFXODWLRQ LQ
TXDQWXP PHFKDQLFV ORRNV OLNH� 7KLV ULJRURXV FDOFXODWLRQ LV VXUO\ QRW QHFHVVDULO\ WR NQRZ
IRU WKH 2O\PSLDGV �QRW HYHQ IRU WKH ,3K2� EXW LW VKRXOG VKRZ KRZ TXDQWXP PHFKDQLFV
UHDOO\ ORRNV OLNH� 7KH PDLQ VRXUFHV IRU WKLV FKDSWHU DUH >��@� >��@ DQG >��@�

���� ([SHULPHQWV

:H ZDQW WR ORRN DW VRPH H[SHULPHQWDO VHWXSV DQG GLVFXVV KRZ TXDQWXP PHFKDQLFV
FKDQJHG WKH XQGHUVWDQGLQJ RI SK\VLFV DQG ZKDW WKH PDLQ VWDWHPHQWV DUH�

������ %ODFN ERG\ UDGLDWLRQ

$ ERG\ ZLWK D FHUWDLQ WHPSHUDWXUH T HPLWV HOHFWURPDJQHWLF ZDYHV� FDOOHG UDGLDWLRQ� 'H�
SHQGLQJ RQ WKH VXUIDFH� WKH ERG\ FDQ HPLW HOHFWURPDJQHWLF ZDYHV IRU FHUWDLQ IUHTXHQFLHV
EHWWHU WKDQ IRU RWKHUV� ,I WKHUH DUH WZR ERGLHV DQG RQH ERG\ LV KRWWHU WKDQ WKH RWKHU�
HQHUJ\ FDQ RQO\ JR IURP WKH KRWWHU WR WKH FROGHU ERG\� 7KHUHIRUH IRU DQ\ IUHTXHQF\ WKH
FDSDELOLW\ RI D ERG\ WR DEVRUE DQ HOHFWURPDJQHWLF ZDYH LV WKH VDPH DV WKH FDSDELOLW\ WR
HPLW D ZDYH�
$ EODFN ERG\ LV D ERG\ ZKLFK DEVRUEV DOO HOHFWURPDJQHWLF ZDYHV� $V D FRQVHTXHQFH LW
DOVR HPLWV ZDYHV YHU\ ZHOO� ,I D ERG\ DEVRUEV DQ HOHFWURPDJQHWLF ZDYH LW JHWV KHDWHG XS
E\ WKH HQHUJ\ RI WKH ZDYH� 7KH HPLVVLRQ RI DQ HOHFWURPDJQHWLF ZDYH LV DOVR GXH WR WKH
WKHUPDO HQHUJ\ RI D ERG\�
$ VXUIDFH ZKLFK KDV WKH SURSHUW\ RI D EODFN ERG\ FDQ E\ DFKLHYHG LI RQH WDNHV D FORVHG
FDYLW\ ZLWK D OLWWOH KROH �VHH ILJXUH ������ 7KH DUHD ZKHUH WKH KROH LV EHKDYHV OLNH D EODFN
ERG\ EHFDXVH DW WKH VSRW ZKHUH WKH KROH LV DOO WKH LQFLGHQW ZDYHV ZLOO JR LQWR WKH FDYLW\
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DQG DUH WKHUHIRUH DEVRUEHG E\ WKH ERG\�

)LJXUH ����� $ FDYLW\ ZLWK D OLWWOH KROH >��@�

,QVLGH WKH ERG\ WKHUH DUH VRPH RWKHU LQWHUHVWLQJ SURSHUWLHV� 6LQFH DOO WKH ZDOOV RI WKH
FDYLW\ KDYH WKH VDPH WHPSHUDWXUH WKHUH LV QR QHW IORZ RI HQHUJ\ IURP RQH ZDOO WR WKH
RWKHU� 7KHUHIRUH WKH HOHFWURPDJQHWLF ZDYHV LQVLGH WKH FDYLW\ KDYH D LQWHQVLW\ VXFK WKDW
WKH HPLVVLRQ DQG DEVRUSWLRQ DW WKH ZDOOV LV LQ DQ HTXLOLEULXP� :H DVVXPH WKH KROH WR EH
YHU\ VPDOO� WKHUHIRUH DW WKH KROH WKH UDGLDWLRQ LV WKH VDPH DV LQVLGH WKH FDYLW\� 6LQFH WKH
KROH EHKDYHV OLNH D EODFN ERG\ WKH HOHFWURPDJQHWLF ZDYHV LQVLGH WKH FDYLW\ ORRN OLNH WKH\
ZHUH HPLWWHG E\ D EODFN ERG\� DOWKRXJK WKH ZDOOV RI WKH FDYLW\ QHHG QRW WR EH EODFN� 7KLV
LV EHFDXVH WKH HOHFWURPDJQHWLF ILHOG DQG WKH ZDOOV DUH LQ DQ HTXLOLEULXP�

$W WKH HQG RI WKH ��WK DQG EHJLQQLQJ RI WKH ��WK FHQWXU\ WKHUH ZDV D ELJ GLVFXVVLRQ DERXW
WKH TXHVWLRQ KRZ WKH SRZHU WKDW D EODFN ERG\ UDGLDWHV LV GLVWULEXWHG DV D IXQFWLRQ RI WKH
IUHTXHQF\ f � 7KLV PHDQV KRZ PXFK SRZHU LV UDGLDWHG EHWZHHQ D VPDOO LQWHUYDO f DQG
f + Gf �
7KH FODVVLFDO DSSURDFK LV WR PRGHO WKH HOHFWULF ILHOG LQVLGH WKH FDYLW\ DV VWDQGLQJ ZDYHV
EHWZHHQ RSSRVLWH ZDOOV� $FFRUGLQJ WR WKHUPRG\QDPLFV DQ\ SRVVLEOH VWDQGLQJ ZDYH KDV
WKH VDPH DPRXQW RI HQHUJ\ �HTXLSDUWLWLRQ WKHRUHP�� %XW IRU KLJKHU IUHTXHQFLHV DOVR GLDJ�
RQDO VWDQGLQJ ZDYHV FDQ KDSSHQ WKHUHIRUH WKH QXPEHU RI VWDQGLQJ ZDYHV SHU IUHTXHQF\
LV QRW IL[� 6LQFH XVXDOO\ WKH GLPHQVLRQ RI VXFK D FDYLW\ LV LQ WKH RUGHU FHQWLPHWUH DQG WKH
ZDYHOHQJWK RI OLJKW LV LQ WKH RUGHU RI 500 QDQRPHWUHV WKH GLVFUHWH GLIIHUHQFH EHWZHHQ
WZR VXFFHVVLYH IUHTXHQFLHV LV YHU\ VPDOO DQG ZH WUHDW WKH VSHFWUXP FRQWLQXRXV� $ ULJ�
RURXV FDOFXODWLRQ WKHQ JLYHV WKDW WKH QXPEHU RI VWDQGLQJ ZDYHV EHWZHHQ f DQG f + Gf
LV
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�� 4XDQWXP 0HFKDQLFV

g(f)Gf =
4⇡f2V

c3
Gf

ZKHUH V LV WKH YROXPH RI WKH FDYLW\� :H VHH WKDW WKH QXPEHU RI VWDQGLQJ ZDYHV RI D
FHUWDLQ IUHTXHQF\ LV SURSRUWLRQDO WR WKH VTXDUH RI WKH IUHTXHQF\ �IRU KLJK IUHTXHQFLHV��
7KH HTXLSDUWLWLRQ WKHRUHP IURP WKHUPRG\QDPLFV VWDWHV WKDW HDFK VWDQGLQJ ZDYH KDV WKH
PHDQ HQHUJ\ kBT ZKHUH kB LV WKH %ROW]PDQQ FRQVWDQW DQG T WKH WHPSHUDWXUH� 7KHUHIRUH
ZH KDYH DQ HQHUJ\ GHQVLW\ �(QHUJ\ SHU YROXPH� LQVLGH WKH FDYLW\ RI

⇢(f)Gf = kBT
8⇡f2

c3
Gf

7KLV ODZ LV FDOOHG 5D\OHLJK�-HDQV ODZ �VHH SLFWXUH ������ 7KH DGGLWLRQDO IDFWRU 2 DSSHDUV
EHFDXVH WKHUH DUH WZR SRVVLELOLWLHV RI SRODULVDWLRQ� 7KH ELJ SUREOHP LV WKDW WKH HQHUJ\
GHQVLW\ IRU KLJK IUHTXHQFLHV JRHV WR LQILQLW\� 7KHUHIRUH LQ WKH FDYLW\ VKRXOG EH LQILQLWH
HQHUJ\ ZKLFK LV RI FRXUVH QRW SRVVLEOH�

,Q ����� 0D[ 3ODQFN LQWURGXFHV DQ RWKHU LGHD� +H VDLG WKDW WKH HQHUJ\ RI OLJKW �RI D
FHUWDLQ IUHTXHQF\� GRHV QRW KDYH DQ DUELWUDU\ DPRXQW� ,QVWHDG KH FODLPHG WKDW OLJKW DW D
FHUWDLQ IUHTXHQF\ KDV D VPDOOHVW DPRXQW RI HQHUJ\ ZKLFK LV JLYHQ E\ E0 = hf ZKHUH h LV
WKH 3ODQFN FRQVWDQW ZLWK h = 6.626 · 10�34-·V� +H GLG QRW EHOLHYH WKDW KLV DVVXPSWLRQ
GHVFULEHV D UHDO SURSHUW\ RI QDWXUH� KH MXVW WULHG WR GR WKH FDOFXODWLRQ D ELW GLIIHUHQW� 7KH
FDOFXODWLRQ OHDG WR WKH IRUPXOD

⇢(f)Gf =
8⇡hf3

c3
1

e
hf

kBT � 1

7KH DGGLWLRQDO H[SRQHQWLDO LQ WKH GHQRPLQDWRU FDXVHV WKH FXUYH WR JHW VPDOO IRU KLJK IUH�
TXHQFLHV� 7KH FXUYH LV GUDZQ IRU GLIIHUHQW WHPSHUDWXUHV LQ ILJXUH ����� 7KHPHDVXUHPHQWV
FRQILUP 3ODQFNV FDOFXODWLRQ�

6LQFH IRU VPDOO IUHTXHQFLHV� e
hf

kBT � 1 ⇡ 1 + hf
kBT � 1 = hf

kBT WKH 5D\OHLJK�-HDQV ODZ LV
WKHUHIRUH DQ DSSUR[LPDWLRQ IRU VPDOO IUHTXHQFLHV�

7KLV ZDV WKHQ WKH EHJLQQLQJ RI D QHZ WKHRU\� WKH TXDQWXP WKHRU\� 7KH LQWURGXFWLRQ
RI WKH VPDOOHVW HQHUJ\ E0 TXDQWLVHV WKH HQHUJ\ RI DQ HOHFWURPDJQHWLF ILHOG� 7KHUHIRUH
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)LJXUH ����� 5DGLDWHG LQWHQVLW\ IRU GLIIHUHQW WHPSHUDWXUHV� 7KH [�D[LV LV WKH ZDYHOHQJWK
DQG LW LV REYLRXV WKDW IRU KLJK IUHTXHQFLHV �VPDOO ZDYHOHQJWK� WKH LQWHQVLW\ DFFRUGLQJ WR
3ODQFNV FDOFXODWLRQ JHWV VPDOO� )RU WKH FODVVLFDO DSSURDFK WKH LQWHQVLW\ JRHV WRZDUGV LQILQ�
LW\ >��@�

HOHFWURPDJQHWLF ZDYHV EHKDYH OLNH ZDYHV EXW KDYH DOVR TXDQWLVHG SURSHUW\ ZKLFK VXLWV
PRUH WR WKH PRGHO RI SDUWLFOHV WKDQ ZDYHV� 7KLV SDUWLFOH SURSHUW\ JHWV FOHDUHU LQ WKH QH[W
FKDSWHU�

������ 3KRWRHOHFWULF HIIHFW

,I RQH VKLQHV OLJKW RQ D FKDUJHG PHWDOOLF SODWH RQH FDQ REVHUYH WKDW WKH SODWH ORVHV FKDUJH
ZLWK WLPH� 7R H[DPLQH WKLV HIIHFW OHW·V ORRN DW WKH H[SHULPHQWDO VHWXS VKRZQ LQ ILJXUH
����� :H VKLQH OLJKW ZLWK D IUHTXHQF\ f RQ WKH OHIW PHWDOOLF SODWH� :H ZLOO VHH WKDW WKLV
SODWH ORVHV HOHFWURQV WKHUHIRUH ZH FDOO LW FDWKRGH� 3DUDOOHO WR WKLV SODWH ZH KDYH DQ RWKHU
SODWH ZKHUH QR OLJKW VKLQHV RQ� ZH FDOO LW DQRGH� %HWZHHQ WKHVH WZR SODWHV ZH FRQQHFW
D YROWDJH VRXUFH ZLWK YDULDEOH YROWDJH U � :H GHILQH U > 0 LI WKH FDWKRGH LV FRQQHFWHG
WR WKH SOXV SROH RI WKH YROWDJH VRXUFH �VR HOHFWURQV IORZ IURP WKH FDWKRGH WR WKH YROWDJH
VRXUFH� DQG U < 0 LI WKH FDWKRGH LV FRQQHFWHG WR WKH PLQXV SROH� $GGLWLRQDOO\ ZH SXW DQ
DPPHWHU RQ WKH HOHFWULF FLUFXLW LQ RUGHU WR PHDVXUH WKH FXUUHQW I WKDW IORZV�
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�� 4XDQWXP 0HFKDQLFV

)LJXUH ����� /LJKW VKLQHV RQ DQ PHWDO SODWH �&DWKRGH� ZKLFK HPLWV HOHFWURQV� 'HSHQGLQJ
RQ WKH YROWDJHU WKH HOHFWURQV UHDFK DQ RWKHU PHWDO SODWH �$QRGH�� ,I WKH\ UHDFK WKH DQRGH
WKH HOHFWULF FLUFXLW LV FORVHG DQG D FXUUHQW IORZV ZKLFK LV PHDVXUHG DW WKH DPPHWHU �$� >��@�

'HSHQGHQFH RI YROWDJH U

:H VHH WKDW IRU DOO YROWDJHV WKDW DUH VPDOOHU WKDQ D FHUWDLQ YROWDJH Ut �DOVR FDOOHG WKUHVKROG
YROWDJH� WKHUH LV D FXUUHQW IORZLQJ IURP WKH DQRGH WR WKH FDWKRGH� 6LQFH PHWDOOLF DWRPV
FDQ QRW UHDOO\ OHDYH WKH PHWDOOLF SODWH ZH FRQFOXGH WKDW WKH HOHFWURQV PRYH� 6LQFH WKH
HOHFWURQV DUH QHJDWLYH FKDUJHG DQG WKH FXUUHQW IORZV IURP WKH DQRGH WR WKH FDWKRGH� WKH
HOHFWURQV PRYH IURP WKH FDWKRGH WR WKH DQRGH� 7KH OLJKW VHHPV WR KLW RXW HOHFWURQV DW
WKH FDWKRGH DQG WKH\ WUDYHO WR WKH DQRGH� 7KH H[LVWHQFH RI Ut �IRU D FHUWDLQ LQWHQVLW\� LV
UHDVRQDEOH EHFDXVH IRU KLJKHU YROWDJHV WKH HOHFWURQV QHHG PRUH HQHUJ\ WR IO\ DJDLQVW WKH
HOHFWULF ILHOG EHWZHHQ WKH DQRGH DQG FDWKRGH�

'HSHQGHQFH RI LQWHQVLW\

,I WKH YROWDJH LV VPDOOHU WKDQ WKH WKUHVKROG YROWDJH U < Ut ZH UHFRJQLVH WKDW WKH FXUUHQW
LV SURSRUWLRQDO WR WKH LQWHQVLW\� 7KLV VHHPV DOVR UHDVRQDEOH EHFDXVH LI ZH VKLQH ZLWK PRUH
OLJKW RQ WKH FDWKRGH WKHUH ZLOO EH PRUH HOHFWURQV KLWWLQJ RXW DQG UHDFKLQJ WKH DQRGH �XQWLO
VDWXUDWLRQ HIIHFWV RFFXUV��
)RU D FHUWDLQ LQWHQVLW\ WKH H[LVWHQFH RI D PD[LPDO YROWDJH Ut LV UHDVRQDEOH EHFDXVH LI
ZH UDLVH WKH YROWDJH WKH HOHFWURQV QHHG PRUH HQHUJ\ WR RYHUFRPH WKH HOHFWULF ILHOG� 7KH
UHPDUNDEOH WKLQJ WKDW WKH H[SHULPHQW VKRZV LV� WKDW Ut LV LQGHSHQGHQW RI WKH LQWHQVLW\�
7KLV PHDQV WKDW DQ HOHFWURQ GRHV QRW FROOHFW HQHUJ\ IURP WKH OLJKW XQWLO LW FDQ OHDYH WKH
FDWKRGH DQG UHDFK WKH DQRGH� ,QVWHDG LW JHWV RQFH D FHUWDLQ DPRXQW RI HQHUJ\ DQG LI WKH
HQHUJ\ LV ELJ HQRXJK WR OHDYH WKH FDWKRGH DQG UHDFK WKH DQRGH WKH HOHFWURQ ZLOO GR VR�
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7KHUHIRUH WKH HQHUJ\ IURP WKH OLJKW LV FRQFHQWUDWHG LQ VPDOO SDFNHWV� :H FDOO WKLV HQHUJ\
SDFNHWV SKRWRQV�

'HSHQGHQFH RI IUHTXHQF\

,I ZH FKDQJH WKH IUHTXHQF\ RI WKH OLJKW ZH VHH WKDW WKH WKUHVKROG YROWDJH DOVR FKDQJHV� ,I
ZH ULVH WKH IUHTXHQF\ WKH WKUHVKROG YROWDJH DOVR ULVHV� 7KH GHSHQGHQFH VHHPV WR EH OLQHDU
IXQFWLRQ ZKLFK LV GUDZQ LQ ILJXUH ����� 7KHUHIRUH WKH HQHUJ\ RI D SKRWRQ LV SURSRUWLRQDO
WR WKH IUHTXHQF\� 7KH \�LQWHUFHSW FDQ EH LQWHUSUHWHG DV WKH ZRUN WKDW KDV WR EH DSSOLHG WR
WKH HOHFWURQ LQ RUGHU WR H[WUDFW LW IURP WKH PHWDOOLF SODWH� 7KH ZRUN WR OHDYH WKH SODWH LV
WKHUHIRUH V0e ZKHUH e LV WKH FKDUJH RI DQ HOHFWURQ�

)LJXUH ����� 'HSHQGHQFH RI WKH FXW�RII SRWHQWLDO Ut RQ WKH IUHTXHQF\ f >��@�

,QWHUSUHWDWLRQ

$V ZH DOUHDG\ VWDWHG� WKH HQHUJ\ RI WKH OLJKW GRHV QRW IORZ FRQWLQXRXVO\ EXW LQ VPDOO
SDFNHWV� :H FDQ UHDG RXW WKH DPRXQW RI (QHUJ\ SHU IUHTXHQF\ RI ILJXUH ���� E\ WDNLQJ
WKH VORSH RI WKH OLQHDU IXQFWLRQ� ,I ZH GR WKLV� ZH JHW WKDW WKH VORSH LV h� WKH 3ODQFN·V
FRQVWDQW� 7KHUHIRUH WKH HQHUJ\ RI VXFK DQ HQHUJ\ SDFNHW LV JLYHQ E\ E = hf DV ZH
DOUHDG\ DVVXPHG LQ FKDSWHU �������
7KH LQWHQVLW\ RI WKH OLJKW LV RQO\ D PHDVXUH RI KRZ PDQ\ 3KRWRQV DUULYH DW WKH FDWKRGH
SHU VHFRQG�
/LJKW LV WKHUHIRUH RQ RQH KDQG D ZDYH EHFDXVH ZH KDYH ZDYH SKHQRPHQD OLNH UHIUDFWLRQ
DQG GLIIUDFWLRQ �VHH FKDSWHU �������� 2Q WKH RWKHU KDQG LW KDV SDUWLFOH�OLNH SURSHUWLHV
EHFDXVH LWV HQHUJ\ �DQG DOVR LWV PRPHQWXP� WUDYHOV LQ VPDOO SDFNHWV� 7KLV VKRZV WKH YHU\
XQLQWXLWLYH QDWXUH RI TXDQWXP PHFKDQLFV�
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������ 'RXEOH VOLW H[SHULPHQW

7KH GRXEOH VOLW H[SHULPHQW LV DQ H[SHULPHQW ZKLFK SRLQWV RXW WKH ZDYH SURSHUW\ RI TXDQ�
WXP REMHFWV� 7KLV H[SHULPHQW �VHH ILJXUH ����� FRQVLVWV RI D OLJKW VRXUFH ZKLFK HPLWV OLJKW
ZLWK D ZDYH OHQJWK � DQG D ZDOO ZKLFK DEVRUEV OLJKW H[FHSW DW WZR VPDOO VOLWV �VPDOO FRP�
SDUHG WR WKH ZDYHOHQJWK� ZKLFK DUH VHSDUDWHG E\ D GLVWDQFH VLPLODU WR �� 7KH OLJKW FDQ JR
WKURXJK WKHVH WZR VOLWV DQG LV PHDVXUHG RQ D VFUHHQ�

)LJXUH ����� 'RXEOH VOLW H[SHULPHQW� 7KH VRXUFH VKLQHV RQ WKH ZDOO ZKLFK JLYHV D SDWWHUQ�
7KHUH DUH WZR GLIIHUHQW SDWWHUQ VKRZQ� ,Q WKH OHIW SDWWHUQ WKH LQWHQVLW\ I1 IURP WKH ILUVW
VOLW �XSSHU RQH� LV GUDZQ LI ZH EORFN WKH VHFRQG VOLW DQG DOVR WKH LQWHQVLW\ I2 IURP WKH
VHFRQG VOLW LI ZH EORFN WKH ILUVW RQH� $GGLWLRQDOO\ WKH VXP I = I1 + I2 LV GUDZQ� 7KH
ULJKW SDWWHUQ LV WKH ZDYH SDWWHUQ ZKLFK RQH H[SHFWV ZKHQ D ZDYH KLWV ERWK VOLWV DQG JHWV
GLIIUDFWHG >��@�

/HW·V QRZ GLVFXVV ZKDW ZH PHDVXUH RQ WKH VFUHHQ DQG ZKDW KDSSHQV LI ZH FKDQJH WKH
VHWXS VOLJKWO\�

1RUPDO VHWXS� QR FKDQJH

7KH OLJKW EHKDYHV DV D ZDYH DQG JHWV GLIIUDFWHG DW WKH WZR VOLWV� 7KLV PHDQV WKDW ZH KDYH
WR WUHDW HDFK VOLW DV D VRXUFH RI QHZ VSKHULFDO ZDYHVA1 DQGA2 DQG WKHQ IRU HDFK SRLQW RQ
WKH VFUHHQ DGG WKH DPSOLWXGHV IURP HDFK VOLWA = A1+A2� 7KH PHDVXUHG SDWWHUQ LV WKHQ
SURSRUWLRQDO WR A2 EHFDXVH ZH PHDVXUH WKH LQWHQVLW\� 7KHUHIRUH ZH JHW DQ LQWHUIHUHQFH
SDWWHUQ �WKH ULJKW SDWWHUQ LQ ILJXUH ������
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&ORVLQJ RQH VOLW

,I ZH FORVH RQH VOLW WKH OLJKW JRHV RQO\ WKURXJK WKH RWKHU VOLW� 7KHUH D VSKHULFDO ZDYH LV
FDXVHG ZKLFK KLWV WKH VFUHHQ PDNLQJ D SDWWHUQ OLNH I1 �RU I2 LI WKH ILUVW VOLW LV FORVHG��

0HDVXULQJ WKH SDWK

,I ZH KDYH ERWK VOLWV RSHQ ZH JHW D GLIIUDFWLRQ SDWWHUQ DV GHVFULEHG DERYH� 7KLQNLQJ WKH
OLJKW WR EH D IORZ RI SKRWRQV ZKLFK �VKRXOG� EHKDYH OLNH SDUWLFOHV ZHPLJKW EH LQWHUHVWHG LQ
PHDVXULQJ WKURXJK ZKLFK VOLW WKH LQGLYLGXDO SKRWRQV SDVV� 7KHUHIRUH ZH LQVWDOO D GHWHFWRU
ZKLFK PHDVXUHV ZKHUH WKH SDUWLFOHV FRPH IURP� $V VRRQ DV WKH GHWHFWRU LV LQVWDOOHG DQG
PHDVXUHV� WKH OLJKW EHKDYHV GLIIHUHQWO\� 7KH GLIIUDFWLRQ SDWWHUQ GLVDSSHDUV DQG ZH JHW D
SDWWHUQ DV LI WKH SDUWLFOH ZRXOG IO\ WKURXJK RQH RU WKH RWKHU VOLW� WKHUHIRUH ZH JHW WKH OHIW
SDWWHUQ LQ ILJXUH ����� 7KLV �SURFHVV� LV FDOOHG FROODSVH RI WKH ZDYH �IXQFWLRQ� EHFDXVH WKH
ZDYH SURSHUW\ LV GLVDSSHDUHG� :H VWDWH WKDW WKH PHDVXUHPHQW LQIOXHQFHV WKH RXWFRPH RI
WKH H[SHULPHQW� ZKLFK LV W\SLFDO IRU TXDQWXP PHFKDQLFV�

9HU\ ORZ LQWHQVLW\

,I ZH UHGXFH WKH LQWHQVLW\ XQWLO RQO\ RQH SKRWRQ LV HPLWWHG DW D WLPH ZH ZLOO DOVR JHW
WKH LQWHUIHUHQFH SDWWHUQ LI ZH ZDLW ORQJ HQRXJK �VHH ILJXUH ������ 7KHUHIRUH HDFK VLQJOH
SKRWRQ LQWHUIHUHV ZLWK LWVHOI�

)LJXUH ����� 7KH OLJKW VKLQHV ZLWK YHU\ ORZ LQWHQVLW\ VXFK WKDW VLQJOH SKRWRQV UHDFK WKH
VFUHHQ� 2Q WKH OHIW VLGH WKH EHJLQQLQJ RI WKH H[SHULPHQW LV VKRZQZKHUH QRW PDQ\ SKRWRQV
KLW WKH VFUHHQ� 2Q WKH ULJKW VLGH PDQ\ SKRWRQV KLW WKH VFUHHQ DQG DQ LQWHUIHUHQFH SDWWHUQ
LV YLVLEOH� >��@�
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7KH SDWWHUQ LV WKHQ QR LQWHQVLW\ GLVWULEXWLRQ DQ\ PRUH EHFDXVH VLQJOH SKRWRQV SURGXFH
RQO\ VPDOO GRWV� 7KH OLJKW GRWV VKRZ WKDW OLJKW KLWV WKH VFUHHQ DV D VPDOO SDFNHW �LQ IDFW LW
LV QRW SRVVLEOH WR VHH D SKRWRQ KLWWLQJ DQ XVXDO VFUHHQ� %XW LI RQH UHSODFHV WKH VFUHHQ E\
D YHU\ VHQVLWLYH GHWHFWRU LW LV SRVVLEOH WR PHDVXUH VLQJOH SKRWRQV�� 7KHUHIRUH WKH SDWWHUQ
LV WKH VXP RI DOO WKHVH SKRWRQV DQG LW LV SURSRUWLRQDO WR WKH SUREDELOLW\ WKDW D SKRWRQ
LQWHUIHUHV WR WKDW SRVLWLRQ�
:H FDQ DOVR VZLWFK RQ WKH GHWHFWRU WR PHDVXUH WKURXJK ZKLFK VOLW D SKRWRQ SDVVHV� ,I ZH
GR VR ZH PHDVXUH DJDLQ D SUREDELOLW\ GLVWULEXWLRQ OLNH WKH OHIW SDWWHUQ LQ ILJXUH �����

,QWHUSUHWDWLRQ

6LQFH WKH EHKDYLRXU RI WKH H[SHULPHQW GRHV QRW FKDQJH LI ZH SHUIRUP LW ZLWK VLQJOH SKR�
WRQV ZH KDYH WR GHVFULEH WKH REVHUYDWLRQV E\ EHKDYLRXU RI VLQJOH SKRWRQV �DQG QRW E\
WKH LQWHUDFWLRQ RI PDQ\ SKRWRQV�� :H UHODWH WKH IDFW WKDW D SKRWRQ LV D OLJKW SDFNHW WR D
SDUWLFOH SURSHUW\� 7KHUHIRUH D SKRWRQ LV D SDUWLFOH ZKLFK WUDYHOV DQG LI LW KLWV WKH VFUHHQ
ZH VHH D GRW OLNH ZH ZRXOG H[SHFW LI D EDOO KLWV D ZDOO� 7KH LQWHUIHUHQFH SDWWHUQ KRZHYHU
LV FOHDUO\ FDXVHG E\ D ZDYH SURSHUW\�
,I ZH FRPELQH WKHVH WZR SURSHUWLHV ZH JHW WKDW OLJKW LV D IORZ RI SDUWLFOHV DQG WKH SURED�
ELOLW\ WR ILQG D SDUWLFOH LV FRQQHFWHG WR D ZDYH OLNH SUREDELOLW\ GLVWULEXWLRQ� ,I ZH GHVFULEH
WKH OLJKW WKLV ZD\ ZH FDQ DOVR H[SODLQ LQWXLWLYHO\ WKH FROODSVH RI WKH ZDYH ZKHQ ZH SHUIRUP
WKH PHDVXUHPHQW RI WKH SDWK� %HFDXVH LQ WKDW PRPHQW ZH VHH WKH SKRWRQ JRLQJ WKURXJK
RQH VOLW WKH SUREDELOLW\ WR ILQG WKDW SKRWRQ LQ WKH RWKHU VOLW LV ]HUR� 7KHUHIRUH WKH SKRWRQ
VWDUWV LWV ZDYH OLNH EHKDYLRXU IURP WKH VOLW ZH REVHUYH LW DQG WKHUHIRUH LW JHWV DQ RWKHU
SUREDELOLW\ GLVWULEXWLRQ�
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���� /DZV RI 4XDQWXP 0HFKDQLFV

$V ZH KDYH VHHQ LQ WKH H[SHULPHQWV DERYH TXDQWXP V\VWHPV EHKDYH SUHWW\ GLIIHUHQW WR
ZKDW ZH NQRZ IURP FODVVLFDO PHFKDQLFV� :H QRZ ZDQW WR H[DPLQH VRPH EDVLF SURSHUWLHV
RI TXDQWXP PHFKDQLFV� 6LQFH WKH JHQHUDO GHVFULSWLRQ LV WRR FRPSOLFDWHG IRU WKLV OHYHO ZH
ZLOO QRW EH DEOH WR GHULYH DOO ODZV DQG XQGHUVWDQG DOO FRQQHFWLRQV�

������ :DYHIXQFWLRQ DQG SUREDELOLW\

$V ZH KDYH VHHQ LQ WKH GRXEOH VOLWV H[SHULPHQW WKH SUREDELOLW\ P LV SURSRUWLRQDO WR WKH
VTXDUH RI WKH VXSHUSRVHG OLJKW ZDYHV P / (E1 + E2)2 ZKHUH E1 LV WKH HOHFWULF ILHOG
FRPLQJ IURP WKH ILUVW VOLW DQG E2 IURP WKH VHFRQG VOLW� 7KHUHIRUH WKH LQWHUIHUHQFH LV
GXH WR WKH IDFW WKDW RQH WDNHV WKH VXP DQG WKHQ VTXDUHV DQG QRW WKH RWKHU ZD\ URXQG
(E1 + E2)2 6= E2

1 + E2
2 �

,I ZH GHVFULEH TXDQWXP V\VWHPV JHQHUDOO\ ZH KDYH D IXQFWLRQ (x) ZKLFK LV FDOOHG ZDYH�
IXQFWLRQ DQG ZKLFK DVVLJQV WR HDFK SODFH x D YDOXH  (x)� 7KH SUREDELOLW\ P WR ILQG D
SDUWLFOH DW D FHUWDLQ SODFH x LV WKHQ JLYHQ E\ P = | (x)|2� 7KH DEVROXWH YDOXH LV QHFHVVDU\
LI WKH IXQFWLRQ  LV D FRPSOH[ QXPEHU�
7KH SUREDELOLW\ P LV D SUREDELOLW\ GLVWULEXWLRQ� 7KLV PHDQV WKDW WKH SUREDELOLW\ WR ILQG
WKH SDUWLFOH DW H[DFW WKH SRVLWLRQ x0 LV ]HUR YRU HYHU\ x0� ,W·V OLNH VKRRWLQJ D IRRWEDOO RQ D
WDUJHW� ,W LV LPSRVVLEOH WR KLW WKH WDUJHW H[DFWO\ LQ WKH PLGGOH DQG LI LW VHHPV RQH KDV KLW LW LQ
WKH PLGGOH \RX KDYH WR ORRN PRUH SUHFLVH �SHUIRUP D PRUH H[DFW PHDVXUHPHQW� DQG \RX
ZLOO ILQG RXW WKDW LW ZDV QRW WKH PLGGOH� 7KHUHIRUH WKH SUREDELOLW\ KDV WR EH XQGHUVWRRG D
ELW GLIIHUHQW� 7KH SUREDELOLW\ P12 WR ILQG D SDUWLFOH EHWZHHQ x1 DQG x2 LV

P12 =

x2ˆ
x1

P (x)Gx =

x2ˆ
x1

| (x)|2Gx

7KHUHIRUH RQH FDQ XQGHUVWDQG D SUREDELOLW\ GLVWULEXWLRQ �RI WKH SODFH� DV PGx LV WKH SURE�
DELOLW\ WR ILQG D SDUWLFOH EHWZHHQ x DQG x+ Gx�

������ 0HDVXUHPHQW

,I ZH SHUIRUP D PHDVXUHPHQW WKH ZDYH EHKDYLRXU �RI WKH PHDVXUHG TXDQWLW\� RI D TXDQ�
WXP PHFKDQLF SDUWLFOH GLVDSSHDUV DQG ZH JHW D FRQFUHWH YDOXH �ZLWK D FHUWDLQ XQFHUWDLQW\�
VHH FKDSWHU �������� ,I RXU ZDYHIXQFWLRQ  (x) LV UHODWHG WR WKH SUREDELOLW\ WR ILQG WKH
SDUWLFOH DW D FHUWDLQ SRVLWLRQ x �WR EH PRUH SUHFLVH WR ILQG LW EHWZHHQ x DQG x+ Gx� DQG
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ZH PHDVXUH WKH SRVLWLRQ ZH JHW D YDOXH RI WKH SRVLWLRQ RI WKH SDUWLFOH DFFRUGLQJ WR WKH
SUREDELOLW\ GLVWULEXWLRQ�
%XW LI  (x) LV WKH ZDYHIXQFWLRQ WR ILQG WKH SDUWLFOH DW D FHUWDLQ SRVLWLRQ DQG ZH PHD�
VXUH WKH PRPHQWXP RI WKH SDUWLFOH ZH ZLOO QRW JHW D PRPHQWXP GLVWULEXWLRQ DFFRUGLQJ
WR | (x)|2� 7R JHW WKH SUREDELOLW\ GLVWULEXWLRQ |�(p)|2 IRU WKH PRPHQWXP p ZLWK ZDYH�
IXQFWLRQ �(P ) ZH KDYH WR PDNH VRPH PRUH FDOFXODWLRQV ZKLFK ZH GR QRW WUHDW KHUH� %XW
ZH UHFRJQLVH WKDW SHUIRUPLQJ D PHDVXUHPHQW RI WKH PRPHQWXP NQRZLQJ WKH SRVLWLRQ
GLVWULEXWLRQ LV VLPLODU WR WUDQVIRUPLQJ WKH SRVLWLRQ GLVWULEXWLRQ WR WKH PRPHQWXP GLVWUL�
EXWLRQ� 7KHUHIRUH PHDVXUHPHQWV DUH DVVRFLDWHG WR RSHUDWRUV� 7KH PHDVXUHPHQW RI WKH
PRPHQWXP LV OLNH DQ RSHUDWRU p̂ ZKLFK DFWV DV p̂( (x)) = �(p) p(x) ZKHUH  p(x) LV
WKH ZDYHIXQFWLRQ ZLWK | p(x)|2 GHVFULEHV WKH SUREDELOLW\ GLVWULEXWLRQ WR ILQG WKH SDUWLFOH
ZLWK PRPHQWXP p DW WKH SRVLWLRQ x �IRU DQ\ PRPHQWXP p ZH JHW D FHUWDLQ GLVWULEXWLRQ
 p(x)�� ,I ZH PHDVXUH WKH PRPHQWXP ZH PHDVXUH D FRQFUHWH YDOXH p0 ZLWK ZDYHIXQF�
WLRQ  p0(x)� ,I  p0(x) 6=  (x) ZH JHW DQ QHZ ZDYHIXQFWLRQ� 7KLV PHDQV WKDW WKH
PHDVXUHPHQW PLJKW FKDQJHV WKH EHKDYLRXU RI WKH TXDQWXP V\VWHP�

������ 'H %URJOLH K\SRWKHVLV

8QWLO QRZ ZH RQO\ ORRNHG DW WKH SKRWRQ DV TXDQWXP REMHFW� ,Q ���� 'H %URJOLH VWDWHG
WKDW DQ\ REMHFW LV D TXDQWXP REMHFW ZKLFK EHKDYHV DFFRUGLQJ WR TXDQWXP ODZV� 6LQFH
TXDQWXP SK\VLFV ZRUNV ZLWK ZDYHV ZH KDYH WR FRQWULEXWH D ZDYHOHQJWK WR HDFK REMHFW�
'H %URJOLH VWDWHG WKDW WKH ZDYHOHQJWK � RI DQ\ REMHFW LV JLYHQ E\

� =
h

p
������

ZKHUH p LV WKH PRPHQWXP RI WKH REMHFW DQG h = 6.626 · 10�34-·V WKH 3ODQFN FRQVWDQW�
7KHUHIRUH ELJ REMHFWV ZLWK D KLJK PDVV KDYH D YHU\ VPDOO ZDYHOHQJWK� 7KLV LV DOVR WKH
UHDVRQ ZK\ ZH GR QRW H[SHULHQFH TXDQWXP HIIHFWV LQ HYHU\ GD\ OLIH� %HFDXVH WR JHW WKH
W\SLFDO SURSHUWLHV RI D ZDYH WKH ZDYH KDV WR KLW VWUXFWXUHV ZKLFK KDYH D VLPLODU VL]H DV
WKH ZDYHOHQJWK �IRU H[DPSOH GLIIUDFWLRQ LV QHDUO\ QRW REVHUYDEOH LI VOLWV DUH YHU\ IDU DZD\
IURP HDFK RWKHU�� 6LQFH WKH ZDYHOHQJWK RI REMHFWV DURXQG XV �OLNH D IRRWEDOO� LV YHU\ VPDOO
�⇡ 10�34P� WKHUH H[LVW QR VOLWV RU VRPHWKLQJ VLPLODU ZLWK VXFK D VPDOO GLVWDQFH �$WRPV
KDYH D GLDPHWHU RI ⇡ 10�10P�� 7KHUHIRUH QR LQWHUIHUHQFH SKHQRPHQD RFFXU ZLWK HYHU\
GD\ REMHFWV�
%XW RQH FDQ WDNH IRU H[DPSOH HOHFWURQV RU DWRPV DQG SHUIRUP VLPLODU H[SHULPHQWV DV
WKH GRXEOH VOLWV H[SHULPHQW �VHH FKDSWHU ������� DQG RQH JHW DOVR WKH ZDYH EHKDYLRXU RI
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WKRVH SDUWLFOHV�

$ FRPPHQW WR WKH SKRWRQ� )URP UHODWLYLW\ WKHUH LV WKH HTXDWLRQ

E2 = c2p2 + c4m2

ZLWK E WKH HQHUJ\� p WKH PRPHQWXP� c WKH VSHHG RI OLJKW DQG m WKH PDVV �WR EH PRUH
SUHFLVH WKH UHVW PDVV�� 6LQFH WKH SKRWRQ KDV QR PDVV� RQH JHWV WKDW E = pc� ,I ZH SXW
WKLV LQ HTXDWLRQ ������ ZH JHW � = hc

E DQG XVLQJ �f = c ZH KDYH E = hf DV ZH VWDWHG DW
WKH EODFN ERG\ UDGLDWLRQ DQG WKH SKRWRHOHFWULF HIIHFW �FKDSWHU ������ DQG ��������

������ 8QFHUWDLQW\ 3ULQFLSOH

,I ZH ZDQW WR PHDVXUH WKH SRVLWLRQ RI D TXDQWXP REMHFW ZH PLJKW XVH OLJKW� $ OLPLWDWLRQ
RI WKH PHDVXULQJ SUHFLVLRQ LV WKH DQJXODU UHVROXWLRQ� 7R GLVWLQJXLVK WZR REMHFWV ZKLFK
DUH VHSDUDWHG E\ D GLVWDQFH l ZH QHHG OLJKW ZLWK D ZDYHOHQJWK � < l� 2WKHUZLVH WKH
LQWHUIHUHQFH SDWWHUQV RI WKH WZR REMHFWV LQ RXU H\H �RU RQ WKH ILOP LQ D FDPHUD� DUH WRR
FORVH WR HDFK RWKHU WR GLVWLQJXLVK WKHP� ,I ZH ZDQW WR PHDVXUH WKH SRVLWLRQ RI D TXDQWXP
REMHFW YHU\ SUHFLVHO\ ZH QHHG OLJKW ZLWK YHU\ ORZ ZDYHOHQJWK� %XW OLJKW ZLWK YHU\ ORZ
ZDYHOHQJWK KDV D YHU\ KLJK PRPHQWXP DQG LI WKH OLJKW RI RXU PHDVXUHPHQW LQWHUDFWV ZLWK
WKH TXDQWXP REMHFW� WKH TXDQWXP REMHFW PLJKW JDLQ D ORW RI PRPHQWXP� 7KHUHIRUH ZH
NQRZ LWV SRVLWLRQ YHU\ ZHOO EXW ZH NQRZ QRWKLQJ DERXW LWV PRPHQWXP�
+HLVHQEHUJ VWDWHG WKDW WKH XQFHUWDLQW\ RI WKH SRVLWLRQ �x DQG WKH XQFHUWDLQW\ RI WKH PR�
PHQWXP �p DUH QRW LQGHSHQGHQW� 7KHUH LV D QDWXUDO ERXQG ZKLFK DYRLGV WKDW ZH FDQ
PHDVXUH WKH SRVLWLRQ DQG WKH PRPHQWXP YHU\ SUHFLVHO\� 7KH 8QFHUWDLQW\ 3ULQFLSOH LV

�x · �p �
h

4⇡

ZKHUH h LV DJDLQ WKH 3ODQFN FRQVWDQW�
7KLV LQHTXDOLW\ GRHV QRW RQO\ KROG LI ZH PHDVXUH ZLWK OLJKW� LW LV D IXQGDPHQWDO XQFHUWDLQW\
DQG LQGHSHQGHQW RI WKH PHDVXULQJ PHWKRG�
7KHUH LV DOVR DQ XQFHUWDLQW\ RI WKH WLPH DQG HQHUJ\ ZKLFK LV JLYHQ E\

�E · �t �
h

4⇡

ZKHUH �E LV WKH XQFHUWDLQW\ DERXW WKH HQHUJ\ DQG �t DERXW WLPH�
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7KH XQFHUWDLQW\ SULQFLSOH LV DQ LQWHUSUHWDWLRQ RI WKH GLIIUDFWLRQ RI D TXDQWXP REMHFW DW
D YHU\ VPDOO VOLW� 7KH VPDOOHU WKH VOLW LV WKH PRUH SUHFLVH ZH NQRZ ZKHUH WKH SDUWLFOH LV
ZKHQ LW FURVVHV WKH VOLW� %XW D VPDOO VOLW SURGXFHV D ZLGH GLIIUDFWLRQ SDWWHUQ� WKHUHIRUH WKH
VPDOOHU WKH VOLW LV WKH OHVV ZH NQRZ DERXW WKH PRPHQWXP SHUSHQGLFXODU WR WKH VOLW�

������ 6FKU|GLQJHU (TXDWLRQ

8QWLO QRZ ZH QHYHU GLVFXVVHG KRZ D TXDQWXP V\VWHP FKDQJHV ZLWK WLPH� 7KLV KDV LWV
UHDVRQ EHFDXVH WKH WLPH HYROXWLRQ LV GHVFULEHG E\ WKH 6FKU|GLQJHU HTXDWLRQ ZKLFK LV D
SUHWW\ FRPSOLFDWHG GLIIHUHQWLDO HTXDWLRQ� 7KHUHIRUH WKLV FKDSWHU LV PRUH WR JLYH D FRPSOHWH
RYHUYLHZ RYHU TXDQWXPPHFKDQLFV DQG LW LV DEVROXWHO\ QRW UHOHYDQW WR NQRZ RU XQGHUVWDQG
WKH HTXDWLRQV�
/HW  (x, t) EH WKH ZDYHIXQFWLRQ RI D TXDQWXP SDUWLFOH DORQJ WKH [�D[LV ZKLFK DOVR GH�
SHQGV RQ WKH WLPH t� 7KH �WLPH GHSHQGHQW� 6FKU|GLQJHU HTXDWLRQ LV JLYHQ E\

i
h

2⇡

@ 

@t
= �

h2

8⇡2m

@2 

@x2
+ V (x) ������

ZKHUH i LV WKH LPDJLQDU\ XQLW� m WKH PDVV RI WKH SDUWLFOH DQG V (x) WKH SRWHQWLDO HQHUJ\�
7KH @ 

@t LV WKH GHULYDWLYH ZLWK UHVSHFW WR WKH WLPH� 7KH UHDVRQ ZK\ ZH XVHG @ LQVWHDG RI
G LV EHFDXVH  GHSHQGV RQ WKH WLPH t DQG WKH SRVLWLRQ x DQG E\ XVLQJ @ ZH LQGLFDWH WKDW
ZH RQO\ GLIIHUHQWLDWH DFFRUGLQJ WR WLPH� @2 

@x2 LV WKH VHFRQG GHULYDWLYH ZLWK UHVSHFW WR x
DQG LW LV UHODWHG WR WKH NLQHWLF HQHUJ\ RI WKH SDUWLFOH�
7KH GLIIHUHQWLDO RSHUDWRU i h

2⇡
@
@t LV WKH RSHUDWRU ZKLFK LV UHODWHG WR WKH HQHUJ\ GLVWULEXWLRQ�

,I ZH KDYH D FRQVWDQW HQHUJ\ E WKH HQHUJ\ RSHUDWRU JLYHV XV MXVW WKH HQHUJ\� WKHUHIRUH
i h
2⇡

@ 
@t = E � 7KLV OHDGV WR WKH WLPH LQGHSHQGHQW 6FKU|GLQJHU HTXDWLRQ

E = �
h2

8⇡2m

@2 

@x2
+ V (x) ������

,Q D SUREOHP RQH RIWHQ VHDUFKHV D IXQFWLRQ  ZKLFK VROYHV WKH HTXDWLRQ� $V \RX FDQ
LPDJLQH WKLV LV SUHWW\ FRPSOLFDWHG�

���
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���� ([DPSOHV

:H QRZ ZDQW WR ORRN DW VRPH H[DPSOHV DQG DSSO\ WKH SULQFLSOHV RI TXDQWXP SK\VLFV�

������ %RKU PRGHO

2QH ELJ DSSOLFDWLRQ RI TXDQWXP SK\VLFV LV WKH GHVFULSWLRQ RI DWRPV� 7KH VLPSOHVW DWRP
LV WKH K\GURJHQ DWRP ZLWK RQH SURWRQ DV QXFOHXV LQ WKH PLGGOH DQG RQH HOHFWURQ µIO\LQJµ
DURXQG WKH SURWRQ� 6LQFH WKH SUHFLVH FDOFXODWLRQ RI WKH K\GURJHQ DWRP LV SUHWW\ ODERULRXV
DQG QHHGV PXFK PDWK ZH ZLOO GHULYH WKH %RKU PRGHO� 7KH %RKU PRGHO LV D VHPL FODV�
VLFDO GHVFULSWLRQ RI WKH K\GURJHQ DWRP ZKLFK LV QRW UHDOO\ FRUUHFW EXW JLYHV VRPH QLFH
SUHGLFWLRQV�
7KH %RKU PRGHO DVVXPHV WKH IROORZLQJ SURSHUWLHV�

� 7KH HOHFWURQ RUELWV DURXQG WKH QXFOHXV� 6LQFH DQ DFFHOHUDWHG FKDUJH UDGLDWHV HQHUJ\�
D FODVVLFDO RUELW� DV WKH PRWLRQ RI SODQHWV DURXQG WKH VXQ� LV QRW SRVVLEOH� ,QVWHDG
ZH DVVXPH WKDW WKH HOHFWURQ EHKDYHV OLNH D ZDYH ZLWK IUHTXHQF\ f � 7KLV ZDYH JRHV
DURXQG WKH QXFOHXV DQG KDV WR EH D VWDQGLQJ ZDYH �WKLV PHDQV WKDW WKH µVWDUWµ DQG
µHQGµ SRLQW RI WKH ZDYH PXVW PHHW HDFK RWKHU�� 7KHVH VWDQGLQJ ZDYHV DUH GUDZQ
LQ ILJXUH �����

� ,I DQ HOHFWURQ FKDQJHV WKH RUELW ZLWK HQHUJ\ GLIIHUHQFH�E LW HPLWV D SKRWRQ ZLWK
IUHTXHQF\ ⌫ DFFRUGLQJ WR �E = h⌫�

)LJXUH ����� 7KH QXFOHXV LQ WKH PLGGOH DQG WZR SRVVLEOH HOHFWURQ RUELWV� 7KH RUELWV DUH
OLNH FORVHG VWDQGLQJ ZDYHV >��@�

���



�� 4XDQWXP 0HFKDQLFV

7KH ILUVW DVVXPSWLRQ OHDGV WR WKH UHVWULFWLRQ� WKDW FLUFXPIHUHQFH RI WKH RUELW PXVW EH D
PXOWLSOH RI WKH ZDYHOHQJWK RI WKH HOHFWURQ ZDYH� 7KHUHIRUH

2⇡r = n� =
nh

mv

ZKHUH r LV WKH UDGLXV RI WKH RUELW DQG n LV DQ LQWHJHU� :H DOVR XVHG WKH GH %URJOLH
ZDYHOHQJWK � = h

p ZKHUH WKH PRPHQWXP LV FODVVLFDOO\ JLYHQ E\ p = mv ZKHUHm LV WKH
PDVV RI WKH HOHFWURQ DQG v LWV YHORFLW\�

$Q RWKHU HTXDWLRQ LV JLYHQ E\ WKH FODVVLFDO RUELW HTXDWLRQ ZKHUH WKH FHQWULSHWDO IRUFH LV
GXH WR WKH HOHFWULF DWWUDFWLRQ� 7KHUHIRUH ZH JHW

m
v2

r
=

Ze2

4⇡✏0r2
������

ZKHUH Z LV WKH QXPEHU RI SURWRQV LQ WKH QXFOHXV �ZKLFK LV 1 IRU K\GURJHQ� EXW ZH ZDQW
WR FDOFXODWH LW PRUH JHQHUDOO\��

,I ZH FRPELQH WKHVH WZR HTXDWLRQV ZH JHW

rn = n2 ✏0h2

⇡mZe2

ZKHUH rn ODEHOV WKH GLIIHUHQW RUELWV DFFRUGLQJ WR n� )RU WKH VPDOOHVW UDGLXV RI WKH
K\GURJHQ DWRP ZH JHW r1 = 5.3 · 10�11P

,I ZH QRZ FDOFXODWH WKH HQHUJ\ RI WKH HOHFWURQ JRLQJ IURP DQ RUELW ZLWK UDGLXV ra WR
RQH ZLWK UDGLXV rb ZH KDYH WR WDNH LQWR DFFRXQW WZR WHUPV� 7KH NLQHWLF HQHUJ\ DQG WKH
SRWHQWLDO HQHUJ\� 7KH SRWHQWLDO HQHUJ\ LV JLYHQ E\

�ESRW =
Ze2

4⇡✏0

✓
1

ra
�

1

rb

◆

7KH NLQHWLF HQHUJ\ RI WKH HOHFWURQ RQ DQ RUELW rn LV JLYHQ E\

ENLQ rn =
1

2
mv2n =

1

2

Ze2

4⇡✏0rn

���
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ZKHUH ZH XVHG HTXDWLRQ ������ WR H[SUHVV WKH YHORFLW\ E\ WKH UDGLXV�
7KH WRWDO HQHUJ\ GLIIHUHQFH EHWZHHQ ra DQG rb LV WKHUHIRUH

�EWRW = �ESRW + ENLQ rb � ENLQ ra

=
1

2

Ze2

4⇡✏0

✓
1

ra
�

1

rb

◆

=
1

2

Ze2

4⇡✏0r1

✓
1

a2
�

1

b2

◆

ZKHUH ZH XVHG WKDW ra = a2r1 DQG rb = b2r1 ZLWK a DQG b LQWHJHUV�
,I ra > rb WKH HOHFWURQ ORVHV HQHUJ\ ZKLFK FDXVHV D SKRWRQ OHDYLQJ WKH DWRP ZLWK WKH
IUHTXHQF\ ⌫ = E

h UHVSHFWLYHO\ ZLWK WKH ZDYHOHQJWK � = ch
E � )RU WUDQVLWLRQ IURP WKH

VHFRQG a = 2 WR WKH ILUVW b = 1 RUELW ZH JHW D ZDYH OHQJWK RI 121QP ZKLFK LV FOHDUO\ LQ
WKH XOWUD YLROHW� 6LQFH DQ\ RWKHU WUDQVLWLRQ WR WKH ILUVW RUELW KDV PRUH HQHUJ\� DOO WUDQVLWLRQV
WR WKH ILUVW RUELW DUH QRW YLVLEOH� 7KLV LV GLIIHUHQW IRU WUDQVLWLRQV WR WKH VHFRQG RUELW b = 2
ZKHUH ZH PLJKW JHW YLVLEOH OLJKW� 7KLV LV VKRZQ LQ ILJXUH ����� $Q LPSRUWDQW SURSHUW\
RI WKH FDOFXODWHG HQHUJLHV LV WKDW WKH\ KDYH GLVFUHWH YDOXHV� 7KHUHIRUH D K\GURJHQ DWRP
KDV VRPH FHUWDLQ IUHTXHQFLHV ZKLFK LW FDQ HPLW OLJKW� 7KLV IUHTXHQFLHV FRUUHVSRQG WR WKH
VSHFWUDO OLQHV RI K\GURJHQ�
,I ZH FDOFXODWH KRZ PXFK HQHUJ\ LV QHHGHG WR WDNH WKH HOHFWURQ IURP WKH ILUVW RUELW WR
LQILQLW\ ZH JHW DQ HQHUJ\ RI 13.6H9 ZKLFK DJUHHV WR WKH PHDVXUHPHQW�

7KH %RKU PRGHO LV D ILUVW DSSURDFK WR GHVFULEH WKH EHKDYLRXU RI DWRPV ZLWK RQO\ RQH
HOHFWURQ� 7KH SUREOHP ZLWK WKH PRGHO LV� WKDW LW VWLOO GRHV QRW UHDOO\ DYRLG WKH SUREOHP
WKDW DFFHOHUDWHG FKDUJH UDGLDWHV HOHFWURPDJQHWLF ZDYHV DQG WKHUHIRUH ORRVHV HQHUJ\� $G�
GLWLRQDOO\ LW YLRODWHV WKH +HLVHQEHUJ·V XQFHUWDLQW\ SULQFLSOH� 7R JHW WKH SUHFLVH GHVFULSWLRQ
RI DQ DWRP RQH KDV WR VROYH 6FKU|GLQJHU·V HTXDWLRQ �VHH FKDSWHU ��������

������ 5LJRURXV H[DPSOH

,Q WKLV FKDSWHU ZH ZDQW WR ORRN KRZ WKH FDOFXODWLRQ ZLWK WKH ZDYH IXQFWLRQ ORRNV OLNH�
7KLV LV QRW UHOHYDQW IRU DQ\ VHOHFWLRQ URXQG� DQG QRW HYHQ IRU WKH ,3K2� 6LQFH WKH PDWK
LV VRPHWLPHV EH\RQG WKLV OHYHO� QRW DQ\WKLQJ FDQ EH GHULYHG�

7KH VLPSOHVW FDVH IRU D TXDQWXP V\VWHP LV ZKHQ ZH KDYH D SDUWLFOH LQ DQ LQWHUYDO [0, a]
ZKHUH WKH SRWHQWLDO LV ]HUR DQG LQILQLWH DQ\ZKHUH HOVH �VHH ILJXUH ������

���



�� 4XDQWXP 0HFKDQLFV

)LJXUH ����� 7UDQVLVWLRQV WR WKH VHFRQG RUELW >��@�

:H QRZ VHDUFK IRU VWDWLF ZDYH IXQFWLRQV ZKLFK PHDQV WKDW WKH\ GR QRW FKDQJH ZLWK WLPH�
7KLV VLPSOLILHV WKH FDOFXODWLRQ D ORW EHFDXVH ZH FDQ XVH WKH WLPH LQGHSHQGHQW HTXDWLRQ
������ LQVWHDG RI WKH WLPH GHSHQGHQW ������� )RU x < 0 RU x > a ZH JHW WKHUHIRUH

�
h2

8⇡2m

@2 

@x2
= (E � V ) 

6LQFH E � V LV VRPHWKLQJ OLNH PLQXV LQILQLW\ ZH VHH WKDW WKH SDUWLFOH ZRXOG QHHG LQILQLWH
HQHUJ\ WR EH LQ WKLV UHJLRQ ZKLFK LV LPSRVVLEOH� 7KHUHIRUH WKH SUREDELOLW\ WR ILQG WKH
SDUWLFOH WKHUH LV ]HUR DQG DV D FRQVHTXHQFH WKH ZDYH IXQFWLRQ WRR�
0RUH LQWHUHVWLQJ LV WKH UHJLRQ 0 < x < a EHFDXVH WKHUH ZH KDYH WR VROYH WKH HTXDWLRQ

���
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)LJXUH ����� ,QILQLWH SRWHQWLDO �V � IRU x < 0 DQG x > a� $GGLWLRQDOO\ WKH ILUVW WKUHH
VWDQGLQJ ZDYHV DUH VKRZQ�

�
h2

8⇡2m

@2 

@x2
= E ������

,I WKH VHFRQG GHULYDWLYH DSSHDUV LW LV DOZD\V D JRRG LGHD WR WKLQN RI VLQ(x) DQG FRV(x)�
:H WU\ WR VROYH WKH HTXDWLRQ ������ E\ DWWHPSWLQJ (x) = A VLQ(kx)+B FRV(kx) ZKHUH
A DQG k DUH FRQVWDQWV ZKLFK KDYH WR EH GHWHUPLQHG� ,I ZH IRUPXODWH HTXDWLRQ ������ D
ELW GLIIHUHQW DQG XVH WKH DWWHPSW ZH JHW

�
8⇡2mE

h2
 =

@2 

@x2

�
8⇡2mE

h2
(A VLQ(kx) +B FRV(kx)) = �k2(A VLQ(kx) +B FRV(kx))

k =
p

2mE
2⇡

h

7R JHW D UHVWULFWLRQ RQA DQGB ZH KDYH WR FRQVLGHU WKH IROORZLQJ� DW WKH SRVLWLRQ x = 0
WKH ZDYH PXVW KDYH DPSOLWXGH ]HUR EHFDXVH WKHUH WKH LQILQLWH SRWHQWLDO EHJLQV� 7KHUHIRUH
B = 0� $GGLWLRQDOO\ ZH KDYH DOVR WKH UHVWULFWLRQ  (a) = 0 ZKLFK OHDGV WR WKH IDFW WKDW
WKH DUJXPHQW LQ WKH VLQ PXVW EH D PXOWLSOH RI ⇡� 7KLV PHDQV ka = n⇡ ZKHUH n LV DQ
LQWHJHU� %XW WKLV FDQ RQO\ EH WKH FDVH LI WKH (QHUJ\ E KDV D FHUWDLQ YDOXH� QDPHO\

���
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En =
n2⇡2h2

2ma24⇡2
=

n2h2

8ma2

7KLV PHDQV WKDW RQO\ GLVFUHWH HQHUJ\ OHYHOV DUH DOORZHG LQ RUGHU WR JHW WLPH LQGHSHQGHQW
VROXWLRQV� 7KH VXEVFULSW n DW En LQGLFDWHV ZKLFK HQHUJ\ ZH ORRN DW�
7R JHW WKH A ZH XVH WKH FRQGLWLRQ WKDW WKH WRWDO SUREDELOLW\ WR ILQG WKH SDUWLFOH EHWZHHQ
0 DQG a PXVW EH 1

1 =

aˆ

0

| (x)|2Gx

=

aˆ

0

A2 VLQ(kx)2Gx

= A2


1

2
(�

1

k
VLQ(kx) FRV(kx) + x)

�a

0

= A2a

2

A =

r
a

2

7KHUHIRUH WKH SRVVLEOH ZDYHIXQFWLRQV DUH VXSHUSRVLWLRQV RI WKH  n(x) ZKLFK DUH

 n(x) =

r
2

a
VLQ(

n⇡

a
x)

ZKHUH WKH  n(x) KDV WKH HQHUJ\

En =
n2⇡2h2

2ma24⇡2
=

n2h2

8ma2
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7KH FKDQFH WR JHW D GLVHDVH LV
GUDVWLFDOO\ UHGXFHG LI \RXU VXUQDPH
VWDUWV ZLWK DQ ;�

���� 6WDWLVWLFDO 0HWKRGV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 0HDVXUHPHQW (UURU� $FFXUDF\ DQG 3UHFLVLRQ � � � � � � � � ���
������ 0HDQ DQG PHGLDQ� WKH ORFDWLRQ RI GDWD � � � � � � � � � � � ���
������ 6WDQGDUG GHYLDWLRQ� WKH VSUHDG RI GDWD � � � � � � � � � � � ���
������ 3URSDJDWLRQ RI 8QFHUWDLQW\ � � � � � � � � � � � � � � � � � � ���
������ 'LPLQLVK 8QFHUWDLQW\ E\ 5HSHDWLQJ 0HDVXUHPHQWV � � � � ���
������ 4XDQWLOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ %LYDULDWH $QDO\VLV� &RYDULDQFH� &RUUHODWLRQ DQG /LQHDU

5HJUHVVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� *UDSKLFDO 5HSUHVHQWDWLRQ RI 'DWD � � � � � � � � � � � � � � � � � � ���

������ 7DEOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 3ORW WKH 'DWD � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ +LVWRJUDPV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� /LQHDULVDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 7UHQG /LQH � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ ([SRQHQWLDO GHSHQGHQFH � /RJ 3ORW � � � � � � � � � � � � � ���
������ 3RZHU GHSHQGHQFHV� .QRZQ 3RZHU � � � � � � � � � � � � � ���
������ 3RZHU GHSHQGHQFHV � /RJ�/RJ 3ORW � � � � � � � � � � � � � ���
������ *HQHUDO &DVH � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���



�� 'DWD (YDOXDWLRQ

6WDWLVWLFV
8QWLO QRZ� WKH VFULSW PDLQO\ FRYHUHG WKHRUHWLFDO WRSLFV ZKLFK PDWKHPDWLFDOO\ GHVFULEH WKH
ODZV RI SK\VLFV� 6LQFH SK\VLFV LV D QDWXUDO VFLHQFH� ZH ZDQW WR YHULI\ WKHVH GHVFULSWLRQ�
L�H� GRLQJ DQ H[SHULPHQW� +RZHYHU� WKH H[SHULPHQW ZLOO QHYHU DJUHH E\ ���� ZLWK WKH
WKHRU\� RQ RQH KDQG VLPSOH PHDVXUHPHQW LPSUHFLVLRQV RU HUURUV OHDG WR VOLJKW GHYLDWLRQV
IURP WKH H[SHFWDWLRQ� 2Q WKH RWKHU KDQG WKHUH PLJKW EH HIIHFWV EH\RQG WKH RQH ZH ZDQW
WR PHDVXUH ZKLFK DOVR LQIOXHQFH WKH RXWFRPH RI WKH H[SHULPHQW� $V DQ H[DPSOH WDNH
WKH GHWHUPLQDWLRQ RI WKH JUDYLWDWLRQ DFFHOHUDWLRQ g RI WKH HDUWK� (YHQ LI ZH SHUIRUP D
VXSHU SUHFLVH H[SHULPHQW ZKHUH ZH OHW D ERG\ IDOO LQ D YDSRUL]HG SLSH DQG LI ZH DUH DEOH WR
GHWHUPLQH g XS WR PDQ\ PDQ\ GLJLWV� ZH ZLOO VXIIHU IURP XQZDQWHG HIIHFWV VXFK DV HDUWK
URWDWLRQ� WLGHV RU HYHQ WKH JUDYLWDWLRQDO DWWUDFWLRQ RI WKH PRRQ�
,Q RUGHU WR LPSURYH WKH UHOLDELOLW\ RI WKH RXWFRPH RI DQ H[SHULPHQW DQG WR TXDQWLI\ WKLV
UHOLDELOLW\� ZH KDYH WR XVH VWDWLVWLFDO PHWKRGV DQG TXDQWLWLHV VXFK DV PHDQ RU VWDQGDUG
GHYLDWLRQ� 7KLV ZH ZLOO GLVFXVV LQ D ILUVW VHFWLRQ� $Q RWKHU LPSRUWDQW SDUW RI YLVXDOL]LQJ
WKH RXWFRPH RI DQ H[SHULPHQW DUH SORWV DQG JUDSKV� ZKLFK ZLOO EH WKH WRSLF RI WKH VHF�
RQG VHFWLRQ� 7KH ODVW VHFWLRQ ZLOO WKHQ FRPELQH WKH ILUVW WZR WRSLFV ZKHUH YHU\ HIILFLHQW
PHWKRGV DUH SUHVHQWHG WR HYDOXDWH DQG YLVXDOL]H GDWD� 7KLV PHWKRG LV FDOOHG OLQHDULVDWLRQ
RI GDWDVHWV�� 7KH PDLQ VRXUFHV DUH >��@� >��@� >��@� >��@ DQG >��@�

���� 6WDWLVWLFDO 0HWKRGV

7KH PDLQ JRDO RI VWDWLVWLFDO PHWKRGV LV WR PDNH LQIHUHQFHV EDVHG RQ GDWD� 7KHUH DUH WKUHH
LPSRUWDQW VWHSV LQ WKLV SURFHVV� &ROOHFWLQJ WKH GDWD� GHVFULELQJ WKH GDWD DQG DQDO\]LQJ WKH
GDWD� :KLOH ZH ZLOO IRFXV RQ GHVFULSWLYH VWDWLVWLFV LQ WKLV LQWURGXFWLRQ� LW LV LPSRUWDQW WR
PHQWLRQ WKDW HYHU\ VWHS KHDYLO\ UHOLHV RQ WKH SUHYLRXV VWHS� ,I \RXU H[SHULPHQWDO VHWXS
GRHV QRW SURYLGH JRRG GDWD� \RX ZLOO QRW EH DEOH WR GUDZ DQ\ PHDQLQJIXO FRQFOXVLRQV
�*DUEDJH LQ � *DUEDJH RXW��
7KH ILUVW VHFWLRQ VKRZV GLIIHUHQW NLQGV RI HUURUV� L�H� DUELWUDU\ HUURUV LQ RSSRVLWH WR V\V�
WHPDWLF HUURUV� 7KHQ ZH GLYH LQWR VWDWLVWLFDO TXDQWLWLHV LQ SDUWLFXODU PHDQ DQG VWDQGDUG
GHYLDWLRQ� $OWKRXJK WKH PHDQ XVXDOO\ LV RI PRUH LQWHUHVW� WKH VWDQGDUG GHYLDWLRQ LV TXLWH
LPSRUWDQW WR GHWHUPLQH WKH TXDOLW\ RI WKH GDWD DQG ZKHWKHU ZH FDQ UHO\ RQ LW� +RZHYHU�
WKH VWDQGDUG GHYLDWLRQ FDQ QRW DOZD\V EH FRPSXWHG GLUHFWO\� KHQFH ZH KDYH WR DSSO\ *DXV�
VLDQ HUURU SURSDJDWLRQ� ,Q WKH HQG ZH ORRN DW PHWKRGV WR LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ
VHYHUDO TXDQWLWLHV� WKH VR FDOOHG FRUUHODWLRQ DQG FRYDULDQFH�

�7KLV LV WKH PDLQ WRRO WKDW LV QHHGHG IRU WKH GDWD HYDOXDWLRQ DW WKH ILQDO URXQG DQG�RU WKH LQWHUQDWLRQDO
FRPSHWLWLRQV DV LW LV YHU\ IDVW DQG DSSOLFDEOH WR PDQ\ SUREOHPV�

���
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������ 0HDVXUHPHQW (UURU� $FFXUDF\ DQG 3UHFLVLRQ

:KHQ WDNLQJ D VHW RI GDWD� WZR IXQGDPHQWDOO\ GLIIHUHQW NLQG RI HUURUV PLJKW KDSSHQ� VHH
ILJXUH ����� 2Q RQH KDQG RQH PLJKW V\VWHPDWLFDOO\ PHDVXUH D ZURQJ YDOXH� )RU H[DPSOH
ZKHQ PHDVXULQJ D WLPH EXW WKH FORFN UXQV WRR VORZ� RQH V\VWHPDWLFDOO\ PHDVXUHV D WRR
VPDOO YDOXH IRU WKH WLPH� 2U D VHFRQG H[DPSOH ZRXOG EH WKH PHDVXUHPHQW RI D YROWDJH
ZKHUH V\VWHPDWLFDOO\ DQ RIIVHW LV PHDVXUHG� 7KH GHYLDWLRQ RI WKH GDWD FORXG IURP WKH
µUHDOµ YDOXH LV FDOOHG DFFXUDF\� LW LV D V\VWHPDWLF HUURU ZKLFK JHQHUDOO\ FDQQRW EH FRPSHQ�
VDWHG E\ VWDWLVWLFDO PHWKRGV�
7KH VHFRQG NLQG RI PHDVXUHPHQW HUURU DUH DUELWUDU\ HUURUV ZKLFK OHDG WR GLIIHUHQW PHD�
VXUHG YDOXHV ZKHQ UHSHDWLQJ WKH PHDVXUHPHQW ZLWKRXW FKDQJLQJ DQ\WKLQJ� )RU H[DPSOH
ZKHQ PHDVXULQJ WKH YROWDJH ZLWK D YROWPHWHU� WKH YDOXH PLJKW MLWWHU IURP WLPH WR WLPH�
2U D VHFRQG H[DPSOH� PHDVXULQJ WKH WLPH ZLWK D VWRSZDWFK �HYHQ LI WKH ZDWFK UXQV YHU\
DFFXUDWH�� RQH PLJKW WULJJHU LW QRW H[DFWO\ DW WKH ULJKW PRPHQW OHDGLQJ WR GLIIHUHQW YDOXHV
DOWKRXJK WKH H[SHULPHQWDO FRQGLWLRQV DUH NHSW WKH VDPH� 7KH VSUHDG GXH WR WKHVH DUELWUDU\
HUURUV LV FDOOHG SUHFLVLRQ�

SUHFLVLRQ

YDOXH

PHDVXUHPHQW LQGH[ L� �� ��

UHDO YDOXH
DFFXUDF\

)LJXUH ����� 9LVXDOL]DWLRQ RI WKH DFFXUDF\ DQG WKH SUHFLVLRQ� $ PHDVXUHPHQW LV UHSHDWHG
VHYHUDO WLPHV DQG WKH UHFRUGHG YDOXH IRU HDFK PHDVXUHPHQW i SORWWHG� 7KH VSUHDG RI
WKH GDWD FRUUHVSRQGV WR WKH SUHFLVLRQ� $OWKRXJK WKH YDOXHV DUH QLFHO\ GLVWULEXWHG DURXQG
RQH YDOXH� WKLV YDOXH VXIIHUV IURP VRPH RIIVHW� ZKLFK FRUUHVSRQGV WR WKH DFFXUDF\ RI WKH
PHDVXUHPHQW�

,Q JHQHUDO LW LV FUXFLDO WR KDYH DQ H[SHULPHQW ZLWK KLJK DFFXUDF\� %HFDXVH D ORZ SUHFLVLRQ
FDQ EH FRPSHQVDWHG E\ UHSHDWLQJ WKH PHDVXUHPHQW PDQ\ WLPHV DQG DYHUDJLQJ WKH RXW�
FRPH� VHH DOVR ������� ,Q DGGLWLRQ LW LV YHU\ GLIILFXOW WR ILQG D V\VWHPDWLF HUURU DV VLQFH LW
LV KDUGO\ YLVLEOH LQ VWDWLVWLFDO HYDOXDWLRQ PHWKRGV�

���
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������ 0HDQ DQG PHGLDQ� WKH ORFDWLRQ RI GDWD

$V DOUHDG\ PHQWLRQHG� WKHUH DUH PDQ\ VRXUFHV RI HUURUV ZKLFK OHDG WR D GHYLDWLRQ RI WKH
PHDVXUHG YDOXH IURP WKH LGHDO RQH� 6R KRZ GR ZH GHDO ZLWK WKLV" :KLOH LQDFFXUDFLHV �V\V�
WHPDWLF HUURUV� FDQ RQO\ EH DYRLGHG E\ SURSHU PHDVXUHPHQW VWUDWHJLHV DQG FDOLEUDWLRQV �L�H�
VXEWUDFWLQJ RIIVHW�� LW LV SRVVLEOH WR LPSURYH WKH SUHFLVLRQ E\ UHSHDWLQJ WKH PHDVXUHPHQW�
,Q PRVW FDVHV WDNLQJ WKH DYHUDJH RI WKH GDWD LV WKHQ WKH EHVW JXHVV RI WKH DFWXDO YDOXH� /HW
X = {x1, x2, . . . , xn} GHQRWH D VHW RI n GDWD SRLQWV� 7KH PHDQ x̄ LV GHILQHG DV

x̄ =
1

n

nX

i=1

xi. ������

7KH PHDQ LV VRPHWLPHV DOVR FDOOHG DYHUDJH�
6RPHWLPHV WKH PHDQ RI D GDWDVHW JHWV LQIOXHQFHG E\ YHU\ IHZ GDWD SRLQWV D ORW� WKHQ LW
PLJKW QRW EH D JRRG FKDUDFWHUL]DWLRQ RI WKH PHDVXUHPHQW DQ\PRUH�� 2QH RWKHU RSWLRQ
LV WKH PHGLDQ� ZKLFK LV D VSHFLDO W\SH RI D TXDQWLOH �VHH DOVR �������� 7KH PHGLDQ x̃ LV WKH
YDOXH� ZKHUH KDOI RI WKH GDWD SRLQWV DUH EHORZ DQG KDOI RI WKH GDWD SRLQWV DUH DERYH WKDW
YDOXH RU IRUPDOO\

x̃ =

(
x[n+1

2 ] n RGG
1
2 · (x[n2 ] + x[n2+1]) n HYHQ

������

ZKHUH [n2 ] GHQRWHV IRU H[DPSOH WKH GDWD SRLQW ZLWK LQGH[
n
2 RI WKH VRUWHG �GHVFHQGLQJ RU

DVFHQGLQJ� GRHV QRW PDWWHU� GDWD VHW�

([DPSOH�
$VVXPH ZH PHDVXUH WKH SHULRG RI D SHQGXOXP� )RU WKLV ZH PHDVXUH WKH WLPH RI 10
RVFLOODWLRQV DQG UHSHDW WKLV PHDVXUHPHQW 5 WLPHV� 7KH DYHUDJH RI WKHVH 5 PHDVXUH�
PHQWV LV WKHQ GLYLGHG E\ 10 �QRWH� \RX FRXOG DOVR GLYLGH HDFK PHDVXUHPHQW E\ 10
DQG WKHQ WDNH WKH DYHUDJH�� 7KH 5PHDVXUHPHQW UHYHDO WKH IROORZLQJ WLPHV IRU WKH 10
RVFLOODWLRQV� t1 = 10.3V, t2 = 9.6V, t3 = 9.8V, t4 = 10.5V, t5 = 10.3V� 7DNLQJ WKH
DYHUDJH

t̄ =
t1 + t2 + t3 + t4 + t5

5
= 10.1V

�)RU H[DPSOH ZKHQ VWDWLVWLFDOO\ LQYHVWLJDWH KRZ PXFK PRQH\ SHRSOH KDYH� ,I MXVW WKH PHDQ RI WKH ZHDOWK
RI IRU H[DPSOH 6ZLVV FLWL]HQV LV WDNHQ� WKHQ D IHZ YHU\ ULFK SHRSOH OHDG WR D PHDQ WKDW LV PXFK ODUJHU WKDQ
ZKDW KDOI RI WKH SRSXODWLRQ SRVVHVVHV�

���
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UHYHDOV D SHULRG RI T̄ = 1.01V�
7R WDNH WKH PHGLDQ� ZH VRUW WKH YDOXHV LQ GHFUHDVLQJ RUGHU
9.6V, 9.8V, 10.3V, 10.3V, 10.5V DQG ZH SLFN WKH PLGGOH RQH� L�H� WKH PHGLDQ LV
t̃ = 10.3V, DQG FRUUHVSRQGLQJO\ WKH PHGLDQ SHULRG T̃ = 1.03V

������ 6WDQGDUG GHYLDWLRQ� WKH VSUHDG RI GDWD

$OWKRXJK WKH RXWFRPH RI DQ H[SHULPHQW LV PRVWO\ UHSUHVHQWHG E\ WKH PHDQ RI D GDWD
VHW� WKH VSUHDG RI WKH GDWD VHW JLYHV VRPH YHU\ LPSRUWDQW LQVLJKWV LQWR LWV UHOLDELOLW\ DQG
VRPHWLPHV RQH FDQ HYHQ GHGXFH VRPH FKDUDFWHULVWLFV IURP WKH VSUHDG RI WKH GDWD� $
FRPPRQ VWDWLVWLFDO PHDVXUH� RI WKLV VSUHDG RI GDWD LV WKH YDULDQFH �2 DQG WKH VWDQGDUG
GHYLDWLRQ ��

�2 =
1

n� 1

nX

i=1

(xi � x̄)2 =
1

n� 1

 
nX

i=1

x2i � nx̄2
!

������

%\ WDNLQJ WKH VTXDUH URRW RI �2� ZH ILQG WKH VWDQGDUG GHYLDWLRQ �� D FRPPRQ PHDVXUH
IRU KRZ VSUHDG WKH GDWD LV� ZKLFK KDV WKH QLFH SURSHUW\ RI KDYLQJ WKH VDPH XQLWV DV WKH
RULJLQDO GDWD� %\ GLYLGLQJ WKH VWDQGDUG GHYLDWLRQ E\ WKH PHDQ� ZH JHW WKH FRHIILFLHQW RI
YDULDWLRQ CV � DQ LQGLFDWRU IRU WKH UHODWLYH VSUHDG RI WKH GDWD�

� =
p

�2

CV =
�

x̄

&RUUHVSRQGLQJO\ WKHUH DUH WZR GLIIHUHQW UHSUHVHQWDWLRQV RI XQFHUWDLQW\ IRU D PHDVXUH�
PHQW� $GGLWLYH XQFHUWDLQW\ LV H[SUHVVHG DV DQ DEVROXWH UDQJH E\ ZKLFK WKH UHDO YDOXH
PLJKW EH GLIIHUHQW IURP WKH PHDVXUHG YDOXH �H�J� "add = ±0.001P�� ZKLOH UHODWLYH XQ�
FHUWDLQW\ LV H[SUHVVHG DV D IUDFWLRQ RI WKH PHDVXUHPHQW �H�J� "rel = ±0.1��� 7KH\ DUH
HDVLO\ FRQYHUWLEOH LQWR RQH DQRWKHU�

"rel =
"add
|X|

�7KH GHULYDWLRQ RI WKH ILUVW DQG HTXDWLRQ LV JLYHQ LQ WKH DSSHQGL[ $����

���
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ZKHUH |X| LV WKH DEVROXWH YDOXH RI WKH TXDQWLW\ ZKHUH WKLV XQFHUWDLQW\ LV UHODWHG WR �VRPH�
WLPHV WKH DYHUDJH� VRPHWLPHV D VLQJOH GDWD SRLQW LWVHOI� GHSHQGV RQ WKH FRQWH[W�� ,Q WKH
IROORZLQJ ZH ZLOO IRFXV RQ WKH DEVROXWH XQFHUWDLQW\�
,Q DQ DFWXDO PHDVXUHPHQW� WKH TXHVWLRQ RIWHQ DULVHV ZKDW WKH XQFHUWDLQW\ H[DFWO\ PHDQV
DQG ZKDW LW GHVFULEHV� ,Q JHQHUDO WKHUH LV HLWKHU WKH FDVH� ZKHUH WKH SUHFLVLRQ LV OLPLWHG
E\ WKH UHVROXWLRQ RI WKH PHDVXUHPHQW GHYLFH RU ZKHUH WKH VWDWLVWLFDO IOXFWXDWLRQ RI WKH
RXWFRPH FDQ EH UHVROYHG E\ WKH GHYLFH�

3UHFLVLRQ /LPLWHG E\ 'HYLFH

,I WKH SUHFLVLRQ RI WKH PHDVXUHPHQW LV PDLQO\ OLPLWHG E\ WKH UHVROXWLRQ RI WKH PHDVXUH�
PHQW GHYLFH DQG LI WKH VWDWLVWLFDO IOXFWXDWLRQ RI WKH PHDVXUHPHQW LV VPDOOHU WKDQ WKH SUH�
FLVLRQ RI WKH GHYLFH� RQH XVXDOO\ GHQRWHV E\ � KDOI WKH H[SHFWHG UHVROXWLRQ� )RU H[DPSOH
ZKHQ PHDVXUHPHQW WKH OHQJWK RI D WDEOH� LW LV XVHOHVV WR UHSHDWHGO\ ORRNLQJ DW WKH UXOHU
DQG UHDGLQJ RII LWV YDOXH� 2QH ZLOO DOZD\V VHH WKH VDPH YDOXH� KRZHYHU WKH SUHFLVLRQ LV
FRQVWUDLQHG E\ WKH VFDOH RQ WKH UXOHU� 8VXDOO\ UXOHUV KDYH D VSDFLQJ RI WKH VFDOH RI 1PP�
VR RQH ZRXOG VD\ WKDW WKH XQFHUWDLQW\ LV � = 0.5PP� KHQFH D W\SLFDO RXWFRPH ZRXOG EH
l = 1012± 0.5PP�

-LWWHU RI PHDVXUHG YDOXH

,I WKH UHVROXWLRQ RI WKH PHDVXUHPHQW GHYLFH LV JRRG HQRXJK WR PHDVXUH WKH MLWWHU RI WKH
YDOXH� UHSHDWHGO\ PHDVXUH WKH VDPH YDOXH DOORZV RQ RQH KDQG WR LQFUHDVH WKH SUHFLVLRQ
RI WKH PHDQ �VHH ������� DQG RQ WKH RWKHU KDQG WR HVWLPDWH WKH VSUHDG E\ FRPSXWLQJ WKH
VWDQGDUG GHYLDWLRQ DV GHVFULEHG LQ HTXDWLRQ ����� ,Q RUGHU WR JHW DQ LQWXLWLRQ ZKDW WKH
VWDQGDUG GHYLDWLRQ � PHDQV� ZH DVVXPH WKDW WKH GDWD SRLQWV DUH GLVWULEXWHG DFFRUGLQJ WR
D *DXVVLDQ GLVWULEXWLRQ�� )RU D *DXVVLDQ GLVWULEXWLRQ� 68.3� RI WKH GDWD SRLQWV OLH LQVLGH
WKH LQWHUYDO [x̄ � �, x̄ + �]� $Q LQWHUYDO RI [x̄ � 2�, x̄ + 2�] DOUHDG\ FRQWDLQV 95.4� RI
WKH GDWD� VHH ILJXUH ���� 7KHVH QXPEHUV ZLOO JHW LPSRUWDQW LQ WKH QH[W VHFWLRQ ZKHQ ZH
GLVFXVV WKH 3URSDJDWLRQ RI 8QFHUWDLQW\ �VHH ��������

�7KHUH DUH DOVR RWKHU GLVWULEXWLRQV EXW WKHLU SURSHUWLHV DUH XVXDOO\ QRW WRR GLIIHUHQW IURP D *DXVVLDQ
GLVWULEXWLRQ� )XUWKHUPRUH WKHUH LV D WKHRUHP LQ VWDWLVWLFV WKDW WKH GLVWULEXWLRQ RI WKH PHDQ RI D GDWD VHW LV
DOZD\V *DXVVLDQ �L�H� ZKHQ RQH ZRXOG PHDVXUH GLIIHUHQW GDWD VHWV IRU WKH VDPH FRQILJXUDWLRQ DQG WDNLQJ WKH
PHDQ IRU HDFK GDWD VHW� WKHQ WKHVH PHDQV ZRXOG EH GLVWULEXWHG OLNH D *DXVVLDQ���
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)LJXUH ����� 3UREDELOLW\ GLVWULEXWLRQ RI D WZR *DXVVLDQ GLVWULEXWLRQ ZLWK GLIIHUHQW VSUHDG�

([DPSOH�
/HW·V UHWXUQ WR RXU H[DPSOH ZLWK WKH SHQGXOXP� )RU 10 RVFLOODWLRQV� D WLPH t1 =
10.3V, t2 = 9.6V, t3 = 9.8V, t4 = 10.5V, t5 = 10.3V LV PHDVXUHG� 7R FRPSXWH WKH
VWDQGDUG GHYLDWLRQ� ZH ILUVW GLYLGH WKHVH WLPHV E\ 10� REWDLQLQJ Ti = ti/10 DQG JHW
DV VWDQGDUG GHYLDWLRQ

�T =

vuut 1

N � 1

NX

i=1

(ti � t̄)2

=

r
1

4
(0.022 + (�0.052) + (�0.03)2 + 0.042 + 0.022)

= 0.038078 ⇡ 0.04.

7KH FRPSXWHG VWDQGDUG GHYLDWLRQ UHSUHVHQWV WKH VSUHDG RI WKH GDWD� ,W GRHV QRW VD\
DQ\WKLQJ DERXW WKH XQFHUWDLQW\ RI WKH PHDQ \HW� 7R FRPSXWH WKH XQFHUWDLQW\ RI WKH

���
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PHDQ �T̄ ZH DQWLFLSDWH WKH GLVFXVVLRQ IURP VHFWLRQ ������� 7KHUHIRUH ZH JHW

�T̄ =
1

p
N

�T = 0.017 ⇡ 0.02

$W WKLV SRLQW� LW PDNHV VHQVH WR TXLFNO\ GLVFXVV WKH SUHFLVLRQ RI WKH QXPEHUV XVHG�

� 6LQFH WKH VWDQGDUG GHYLDWLRQ UHSUHVHQWV WKH XQFHUWDLQW\ RI WKH PHDVXUHPHQW
�DQG QRW WKH DFWXDO YDOXH� L�H� WKH PHDQ� DQG IXUWKHU PRUH WKHUH LV VRPH XQ�
FHUWDLQW\ RQ WKH VWDQGDUG GHYLDWLRQ LWVHOI� WKHUH LV QR SRLQW LQ ZULWLQJ �t WRR
SUHFLVHO\� 8VXDOO\ RQH VLJQLILFDQW GLJLW LV HQRXJK �L�H� RQO\ RQH QRQ�]HUR GLJLW
DVLGH RI D EXQFK RI ]HURV EHIRUH RU DIWHU WKDW GLJLW��

� $V ZH NQRZ WKH UHVXOW RQO\ XS WR WKLV XQFHUWDLQW\� LW LV DOVR XQUHDVRQDEOH WR
UHSUHVHQW WKH RXWFRPH �WKH PHDQ� PRUH SUHFLVH WKDW WKH VWDQGDUG GHYLDWLRQ�
7KLV PHDQV \RX VKRXOG URXQG WKH PHDQ WR WKH VDPH GLJLW DV VWDQGDUG GHYLDWLRQ�
,Q RXU H[DPSOH� WKLV LV DOUHDG\ WKH FDVH DV �T̄ = 0.02 DQG T̄ = 1.01� +RZHYHU�
LI ZH ZRXOG KDYH UHFHLYHG T̄e = 1.013� WKHUH LV QR SRLQW LQ NHHSLQJ WKH 3 DW
WKH WKLUG GLJLW DIWHU WKH GHFLPDO SRLQW DV LW FODLPV D SUHFLVLRQ WKDW LV QHYHU HYHU
SRVVLEOH� 6R LQ WKDW FDVH RQH ZRXOG MXVW URXQG WKH UHVXOW WR WKH VHFRQG GLJLW
DIWHU WKH FRPPD� L�H� T̄e = 1.013 ⇡ 1.01�

������ 3URSDJDWLRQ RI 8QFHUWDLQW\

,Q PRVW FDVHV DQ H[SHULPHQW GRHV QRW VLPSO\ FRQVLVW RI WKH PHDVXUHPHQW RI D VLQJOH YDOXH
EXW RQH KDV WR GR IXUWKHU FRPSXWDWLRQV ZLWK WKDW YDOXH DQG SRVVLEO\ DOVR LQFOXGH RWKHU
PHDVXUHG TXDQWLWLHV� )RU H[DPSOH PHDVXULQJ WKH YROWDJH U RYHU D UHVLVWRU R DOORZV WR
FRPSXWH WKH FXUUHQW I WKRXJK WKH UHVLVWRU� %XW KRZ GR ZH JHW WKH XQFHUWDLQW\ RI WKH
FXUUHQW" 7KH HDVLHVW ZRXOG EH WR FRPSXWH WKH FXUUHQW Ii IRU HDFK PHDVXUHG YROWDJH Ui

DQG WKHQ FRPSXWH WKH PHDQ DQG VWDQGDUG GHYLDWLRQ RI WKH VHW RI µPHDVXUHGµ FXUUHQWV�
%XW VRPHWLPHV WKLV ZD\ LV QRW SRVVLEOH RU OHDGV WR D ZURQJ HVWLPDWH RI WKH VSUHDG RI
WKH GDWD� L�H� D ZURQJ VWDQGDUG GHYLDWLRQ� ,Q WKH H[DPSOH ZLWK WKH YROWDJH� UHVLVWRU DQG
FXUUHQW ZH GLG QRW WDNH LQWR DFFRXQW DQ\ XQFHUWDLQW\ RI WKH UHVLVWRU� ,Q SDUWLFXODU LI WKH
XQFHUWDLQW\ RI WKH UHVLVWRU LV PXFK ELJJHU WKDQ WKH DFWXDO PHDVXUHPHQW RI WKH YROWDJH� ZH
ZRXOG PDVVLYHO\ XQGHUHVWLPDWH WKH HUURU RI WKH FXUUHQW� 7KDW·V ZK\ ZH KDYH WR DSSO\ WKH
SURSDJDWLRQ RI XQFHUWDLQW\�
,Q WKLV VHFWLRQ� ZH ZLOO GLVFXVV GLIIHUHQW W\SHV RI RSHUDWLRQV R = R(X,Y, Z) EHLQJ
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DSSOLHG WR XQFHUWDLQ YDULDEOHV X ± �X � Y ± �Y DQG Z ± �Z � DQG ZLOO TXDQWLI\ WKH
XQFHUWDLQW\ �R RI WKH UHVXOW R�

� $GGLWLRQ RI D FRQVWDQW
7KH DGGLWLRQ RI DQ �H[DFW RU YHU\ FHUWDLQ� FRQVWDQW ZLOO QRW DIIHFW DGGLWLYH XQFHU�
WDLQW\�

R(X) = X + c ������
�R = �X ������

� $GGLWLRQ RI XQFHUWDLQ YDULDEOHV
%\ DGGLQJ PXOWLSOH XQFHUWDLQ YDULDEOHV� WKH YDULDQFH RI WKH UHVXOW LV WKH FRPELQHG
YDULDQFH RI WKH LQGLYLGXDO HOHPHQWV�� +RZHYHU� DV ZH H[SUHVV XQFHUWDLQWLHV ZLWK
VWDQGDUG GHYLDWLRQ� ZH QHHG WR WDNH WKH VTXDUH URRW RI WKH DGGHG YDULDQFHV�

R(X,Y, Z) = X + Y � Z ������

�R =
p

(�X)2 + (�Y )2 + (�Z)2 ������

� 0XOWLSOLFDWLRQ ZLWK DQ �H[DFW RU YHU\ FHUWDLQ� FRQVWDQW
%\ PXOWLSO\LQJ DQ XQFHUWDLQ TXDQWLW\ ZLWK D FRQVWDQW� WKH XQFHUWDLQW\ LV VLPSO\ PXO�
WLSOLHG ZLWK WKH DEVROXWH YDOXH RI WKH FRQVWDQW�

R(X) = a ·X ������
�R = |a| · �X ������

� 0XOWLSOLFDWLRQ RI XQFHUWDLQ YDULDEOHV :KHQ PXOWLSO\LQJ XQFHUWDLQ YDULDEOHV� WKLV
FRUUHVSRQGV WR DGGLQJ WKH UHODWLYH YDULDQFHV WR ILQG WKH UHODWLYH YDULDQFH RI WKH
UHVXOW�

R(X,Y, Z) =
X · Y

Z

�R = |R| ·

s✓
�X

X

◆2

+

✓
�Y

Y

◆2

+

✓
�Z

Z

◆2

�$ ILUVW DSSURDFK PLJKW EH WR HVWLPDWH �R = �X + �Y + �Z � +RZHYHU� WKLV HUURU LV UDWKHU WRR ELJ DV LW
LV YHU\ XQOLNHO\ WKDW IRU D PHDVXUHPHQW DOO WKH HUURUV �X, �Y, �Z KDSSHQ WR WKHLU IXOO H[WHQG VLPXOWDQHRXVO\�
,QVWHDG LW LV PRUH OLNHO\ WKDW IRU H[DPSOH IRU D JLYHQ PHDVXUHPHQW� WKHX DQG Z YDOXH ZHUH TXLWH SUHFLVH EXW
WKH GHYLDWLRQ LQ Y LV ELJ� L�H� WKDW WKH KDSSHQLQJ RI WKH LQGLYLGXDO HUURUV KDSSHQV LQGHSHQGHQW RI HDFK RWKHU�

���
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� *HQHUDO 2SHUDWLRQV
)RU JHQHUDO RSHUDWLRQV� WKH IRUPXOD FDQ EH GHULYHG E\ FRQVLGHULQJ WKH YDULDWLRQ RI
WKH UHVXOW GXH WR HYHU\ YDULDEOH DQG DJDLQ DGGLQJ WKHP MXVW OLNH VWDQGDUG GHYLDWLRQV�
,Q IDFW� DOO SUHYLRXV UXOHV DUH MXVW VSHFLDO FDVHV RI WKLV UXOH DQG FDQ EH GHULYHG HDVLO\�

R(X,Y, . . . )

�R =

s✓
@R

@X
�X

◆2

+

✓
@R

@Y
�Y

◆2

+ . . .

ZKHUH @R
@X GHQRWHV WKH VR FDOOHG SDUWLDO GHULYDWLYH� ZKLFK LQ WKH FRQWH[W RI WKLV VFULSW

FDQ EH WUHDWHG DV D YHU\ XVXDO GHULYDWLYH PHDQLQJ WKDW WKH GHULYDWLYH RI WKH IXQFWLRQ
R(X,Y, ...) LV VLPSO\ WDNHQ ZLWK UHVSHFW WRX ZKLOH WUHDWLQJ DOO WKH RWKHU YDULDEOHV
Y, ... FRQVWDQW�

%H DZDUH WKDW WKH LQWURGXFHG PHWKRG RI HUURU SURSDJDWLRQ RQO\ ZRUNV LI WKH HUURUV
�X, �Y DQG �Z DUH LQGHSHQGHQW� L�H� XQFRUUHODWHG �VHH DOVR ��������

([DPSOH�
:H UHWXUQ WR RXU H[DPSOH ZLWK WKH SHQGXOXP DQG H[WHQG LW D ELW� $VVXPH ZH NQRZ
WKH OHQJWK l RI WKH SHQGXOXP DQG PHDVXUHG WKH SHULRGV DV GLVFXVVHG LQ WKH H[DPSOHV
DERYH� .QRZLQJ WKHVH DOORZV WR H[SHULPHQWDOO\ GHWHUPLQH WKH JUDYLWDWLRQDO DFFHOHUD�
WLRQ g DV LW LV UHODWHG DV

g

l
= !2 =

4⇡2

T 2

g =
4⇡2

T 2
l.

)RU WKH SHQGXOXP OHQJWK� ZH PHDVXUH l = 0.252P ZKHUH RXU UHVROXWLRQ LV OLPLWHG
WR WKH SUHFLVLRQ RI UHDGLQJ RII WKH UXOHU E\ �l = 0.0005P� )RU WKH SHULRG ZH KDYH
IURP DERYH T = 1.01V, �T = �T = 0.02V� )RU g ZH WKHUHIRUH REWDLQ g = 9.75�
7R FRPSXWH WKH XQFHUWDLQW\ �g� ZH DSSO\ WKH JHQHUDO IRUPXOD ZKLFK ZH ZLOO GR QRZ�
)RU WKLV ZH KDYH WR FRPSXWH WKH GHULYDWLYHV

@g

@l
=

4⇡2

T 2

@g

@T
= �2

4⇡2

T 3
l.
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,QVHUWLQJ WKLV LQ WKH JHQHUDO IRUPXOD OHDGV WR

�g =

s✓
@g

@l
�l

◆2

+

✓
@g

@T
�T

◆2

=

s✓
4⇡2

T 2
�l

◆2

+

✓
�2

4⇡2

T 3
l�T

◆2

= 0.39 ⇡ 0.4

7KLV PHDQV ZH PHDVXUHG DQG FRPSXWHG g = 9.8±0.4 ZKHUH DJDLQ ZH UHVWULFWHG WKH
SUHFLVLRQ RI WKH PHDQ DFFRUGLQJ WR WKH XQFHUWDLQW\ �L�H� g = 9.75 ⇡ 9.8��

������ 'LPLQLVK 8QFHUWDLQW\ E\ 5HSHDWLQJ 0HDVXUHPHQWV

$V DOUHDG\PHQWLRQHG HDUOLHU� UHSHDWLQJ WKH D PHDVXUHPHQW DQG WDNLQJ WKH DYHUDJH RI PDQ\
PHDVXUHPHQWV GLPLQLVKHV WKH XQFHUWDLQW\ RI WKH PHDQ� 6LQFH WKLV LV D YHU\ LPSRUWDQW
SURSHUW\� OHW·V PDNH WKLV H[SOLFLW�
:H DVVXPH WKDW ZH UHSHDW D PHDVXUHPHQW n WLPHV DQG FROOHFW WKH GDWDVHW xi� :H FDQ
DVVXPH WKDW WKH MLWWHU RI WKH GLIIHUHQW GDWD SRLQWV LQ XQFRUUHODWHG DQG DV VXFK HDFK SRLQW
VXIIHUV IURP DQ XQFHUWDLQW\ �xi WKDW LV LQGHSHQGHQW RI WKH RWKHU GDWD SRLQWV� &RPSXWLQJ
WKH PHDQ� ZH FDQ WKHQ LQWHUSUHW DV D VXP RI LQGHSHQGHQW YDULDEOHV xi� HDFK RQH ZLWK D
FRUUHVSRQGLQJ XQFHUWDLQW\� $SSO\LQJ WKH HUURU SURSDJDWLRQ DV GHVFULEHG LQ WKH SUHYLRXV
FKDSWHU ZH HQG XS ZLWK

x̄ =
1

n

nX

i=1

xi

�x̄ =
1

n

vuut
nX

i=1

(�xi)
2

+RZHYHU� VLQFH UHSHDWLQJ WKH PHDVXUHPHQW GRHV QRW FKDQJH WKH FRQGLWLRQV� WKH H[SHF�
WDWLRQ RI WKH XQFHUWDLQWLHV LV WKH VDPH IRU DOO GDWD SRLQWV �xi = �x DQG LV JLYHQ E\ WKH
VWDQGDUG GHYLDWLRQ RI WKH GDWDVHW� 6R ZH FDQ VLPSOLI\ WKH H[SHFWHG XQFHUWDLQW\ RI WKH

���
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PHDQ �x̄ DQG HQG XS ZLWK

�x̄ =
1

n

vuut
nX

i=1

(�xi)
2

=
1

n

q
n (�x)2

=
1
p
n
�x

6R WKH JRRG QHZV LV� WKDW WKH XQFHUWDLQW\ RI WKH PHDQ LQGHHG GHFUHDVHV� EXW RQO\ E\ D
IDFWRU 1p

n
� VR RQH QHHGV WR UHSHDW WKH PHDVXUHPHQW � WLPHV PRUH WR KDOYH WKH XQFHUWDLQW\

RI WKH PHDQ�

������ 4XDQWLOHV

$QRWKHU ZD\ RI EHWWHU GHVFULELQJ KRZ GDWD LV ORFDWHG DUH TXDQWLOHV� 7KH LGHD LV WR GLYLGH
WKH GDWD LQWR HTXDOO\ ODUJH JURXSV DQG LQGLFDWH ZKHUH WKHVH FXWV DUH� $V DQ H[DPSOH� ZKHQ
FDOFXODWLQJ WKH ORZHU DQG XSSHU TXDUWLOH� RQH TXDUWHU RI WKH GDWD SRLQWV DUH VPDOOHU WKDQ WKH
ORZHU TXDUWLOH DQG RQH TXDUWHU DUH ODUJHU WKDQ WKH XSSHU TXDUWLOH� ZLWK WKH UHPDLQLQJ KDOI
EHLQJ ORFDWHG EHWZHHQ WKHVH WZR YDOXHV� ,W LV LPSRUWDQW WR QRWH� WKDW IRU WKLV FDOFXODWLRQ�
WKH GDWD PXVW ILUVW EH VRUWHG VPDOOHVW WR ODUJHVW �L�H� xi�1  xi  xi+1�� 7KH JHQHUDO
IRUPXOD IRU FDOFXODWLQJ TXDQWLOHV LV WKHQ JLYHQ E\ ������� IRU D FXW DW WKH IUDFWLRQ p �L�H� p
RI WKH GDWD SRLQWV EHORZ WKH FXW DQG (1�p) DERYH WKH FXW�� $V DQ H[DPSOH� IRU WKH ORZHU
DQG XSSHU TXDUWLOHV RQH ZRXOG FDOFXODWH Q(0.25) DQG Q(0.75)�

Q(p) = (1� g) · xj + g · xj+1 �������

j = bpn+
1

2
c g =

✓
pn+

1

2

◆
� j

�1RWH WKDW bzc GHVLJQDWHV WKH IORRU RI z� L�H� WKH QH[W ORZHU LQWHJHU�
&RPPRQ TXDQWLOHV XVHG DUH TXDUWLOHV �p = k

4 �� GHFLOHV �p = k
10 �� SHUFHQWLOHV�p = k

100 �
DQG RI FRXUVH WKH PHGLDQ �p = 1

2 �� IRU ZKLFK ZH FDQ VLPSOLI\ WKH FDOFXODWLRQ�

x̃ =

(
x[n+1

2 ] n RGG
1
2 · (x[n2 ] + x[n2+1]) n HYHQ

���
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������ %LYDULDWH $QDO\VLV� &RYDULDQFH� &RUUHODWLRQ DQG /LQHDU 5H�
JUHVVLRQ

8QWLO QRZ ZH RQO\ GLVFXVVHG WKH VWDWLVWLFV RI RQH YDULDEOH RU LQ FDVH VHYHUDO YDULDEOHV
DSSHDUHG� ZH FRQVLGHUHG WKHP WR EH LQGHSHQGHQW� 1RZ OHW·V KDYH D ORRN DW WKH FDVH
ZKHUH ZH FROOHFW VLPXOWDQHRXVO\ WZR VHWV RI GDWD X DQG Y LQ SDUDOOHO VR WKDW HDFK xi LV
DVVRFLDWHG WR LWV FRUUHVSRQGLQJ yi� 7KHQ LW PLJKW EH LQWHUHVWLQJ WR PHDVXUH KRZ WKH GDWD
LQ WKHVH VHWV PLJKW EH FRQQHFWHG� 7KLV FDQ EH TXDQWLILHG E\ FDOFXODWLQJ WKH FRYDULDQFH
DQG FRUUHODWLRQ RI WKHVH VHWV�

Cov(X,Y ) =
1

n� 1

nX

i=1

(xi � x̄) (yi � ȳ)

Corr(X,Y ) =
Cov(X,Y )

�x · �y

)LQDOO\� LI ZH VXVSHFW WKDW WKHUH LV D OLQHDU UHODWLRQVKLS EHWZHHQ X DQG Y � ZH FDQ WU\ WR
FDOFXODWH D OLQH y = a + bx WKDW ILWV RXU GDWD DV PXFK DV SRVVLEOH� 7KLV LV FDOOHG OLQHDU
UHJUHVVLRQ DQG LV RIWHQ GRQH XVLQJ WKH OHDVW VTXDUHV PHWKRG� 7KLV PHWKRG PLQLPL]HV
WKH VTXDUH RI WKH HUURUV EHWZHHQ WKH FDOFXODWHG OLQH DQG WKH REVHUYHG GDWD SRLQWV� 7KH
FRHIILFLHQWV FDQ EH FDOFXODWHG DV VKRZQ LQ HTXDWLRQ ������� DQG �������� 7KH GHULYDWLRQ
FDQ EH IRXQG LQ WKH DSSHQGL[ $�����

b =
Cov(X,Y )

�2
x

�������

a = ȳ � bx̄ �������

ZKHUH ȳ DQG x̄ GHQRWH WKH PHDQ RI Y DQG X �
$V RQH FDQ LPDJLQH� WKH FRPSXWDWLRQ RI WKLV OLQHDU UHJUHVVLRQ LV TXLWH FXPEHUVRPH DQG
GXULQJ D 3K\VLFV�2O\PSLDG H[DP WKHUH LV QRW HQRXJK WLPH WR GR WKLV LQ GHWDLO� 7KDW·V ZK\
LQ PRVW FDVHV �LI QRW VSHFLILHG� RQH GRHV QRW FRPSXWH WKH UHJUHVVLRQ OLQH EXW µJXHVVHVµ LW
RXW RI D VXLWDEOH SORW� 7KLV ZLOO EH WKH WRSLF LQW WKH VHFWLRQ DERXW OLQHDULVDWLRQ� VHH ����

���
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���� *UDSKLFDO 5HSUHVHQWDWLRQ RI 'DWD

$IWHU D UDWKHU PDWKHPDWLFDO LQWURGXFWLRQ KRZ D GDWD VHW FDQ EH FKDUDFWHUL]HG� ZH QRZ
ORRN DW WKH UHSUHVHQWDWLRQ DQG YLVXDOL]DWLRQ RI WKH GDWD� 2Q RQH KDQG WKLV VKRXOG VHUYH DV
D ZD\ WR TXLFNO\ JHW DQ RYHUYLHZ RYHU WKH PHDVXUHPHQW RQ WKH RWKHU KDQG LW SUHSDUHV IRU
WKH JUDSKLFDO GDWD HYDOXDWLRQ SUHVHQWHG LQ WKH QH[W FKDSWHU� 7KH ILUVW VWHS ZKHQ FROOHFWLQJ
GDWD LV DOPRVW DOZD\V WR VWUXFWXUH WKHP LQ D WDEOH� 7DEOHV DOORZ WR HIILFLHQWO\ KDQGOH WKH
GDWD �H�J� GR VRPH FRPSXWDWLRQ RQ LW� DQG NHHS DQ RYHUYLHZ� 7R UHSUHVHQW WKH GDWD
JUDSKLFDOO\� RQH XVHV SORWV RU KLVWRJUDPV ZKLFK ZLOO EH GLVFXVVHG ULJKW DIWHU WKH WDEOHV�

������ 7DEOHV

:KHQ FROOHFWLQJ GDWD� LW LV YHU\ HIILFLHQW WR GLUHFWO\ FROOHFW WKHP LQ D WDEOH� $ JRRG WDEOH
LV YLVXDOL]HG LQ WDEOH ���� DQG LW FRQWDLQV�

� 7KH QDPH RI HDFK GDWD FROXPQ� ,I YDULDEOHV DUH DOUHDG\ GHILQHG VRPHZKHUH HOVH� LW
LV VXIILFLHQW WR ZULWH WKH XQLW� H�J� F LQVWHDG RI )RUFH�

� 7KH XQLW LQ ZKLFK WKH GDWD LV FROOHFWHG� 7KH HDVLHVW WR LQFOXGH WKH XQLW LV GLYLGLQJ
WKH YDULDEOH ZLWK WKH FRUUHVSRQGLQJ XQLW� )RU H[DPSOH F/N PHDQV WKDW LQ WKDW
FROXPQ WKH IRUFH SHU 1HZWRQ LV FROOHFWHG� 7KH DGYDQWDJH RI WKLV LV� WKDW WKH GDWD
LQ WKH WDEOH LWVHOI GRHV QRW FRQWDLQ DQ\ XQLW DQ\PRUH DQG FDQ VLPSO\ EH DGGHG�
PXOWLSOLHG� WDNLQJ WKH ORJDULWKP DQG VR RQ�

� D FOHDQ FROOHFWLRQ RI WKH GLIIHUHQW GDWD SRLQWV� (DFK URZ FRUUHVSRQGV WKHQ WR RQH
PHDVXUHPHQW� ,I RQH QHHGV WKHQ WR ZRUN ZLWK WKH GDWD �L�H� DGGLQJ DQ RIIVHW WR
HDFK GDWD SRLQW� RQH FDQ HDVLO\ DGG D FROXPQ�

���
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([DPSOH�

)RUFH F/1 /HQJWK l/PP 'HIOHFWLRQ s/PP
0 50 0
0.5 62 12
1.0 66 16
1.5 77 27
2.0 93 43
2.5 97 47
3.0 113 63
3.5 123 73

7DEOH ����� ([DPSOH RI D WDEOH ZKHUH D IRUFH F LV DSSOLHG WR D VSULQJ DQG WKH OHQJWK
l LV PHDVXUHG� ,Q WKH ODVW FROXPQ WKH OHQJWK DW UHVW l0 = 50PP LV VXEWUDFWHG WR JHW
WKH GHIOHFWLRQ s = l � l0�

������ 3ORW WKH 'DWD

$IWHU KDYLQJ FROOHFWHG WKH GDWD LQ D QLFH WDEOH DQG KDYLQJ DOO FRPSXWDWLRQV GRQH� RQH FDQ
PDNH D QLFH RYHUYLHZ RI WKH GDWD LQ D SORW� VHH IRU H[DPSOH ILJXUH ����� )RU D JRRG SORW�
RQH QHHGV WR NHHS LQ PLQG VHYHUDO WKLQJV

� 0DNLQJ D WLWOH RI WKH SORW WR PDNH FOHDU ZKDW GDWD LV GUDZQ�

� $Q HDV\ EXW UHDOO\ LPSRUWDQW SRLQW� PDNH WKH SORW ELJ HQRXJK� ,W VKRXOG DW OHDVW
FRYHU KDOI D SDJH� EXW QR SUREOHP LI LW WDNHV DQ HQWLUH SDJH� 8VH UXOHU WR GUDZ WKH
D[LV� $QG GR QRW PDNH WKH JUDSK PRUH FRPSOLFDWHG WKDQ QHFHVVDU\���

� /DEHO WKH D[LV� $V DOUHDG\ LQ WKH FDVH RI WKH WDEOH� LW LV YHU\ FRQYHQLHQW WR FRPELQH
WKH ODEHOOLQJ RI WKH D[LV ZLWK WKH XQLWV� L�H� GLYLGLQJ WKH IRUPXOD YDULDEOH E\ WKH
FRUUHVSRQGLQJ XQLW�

� 7KH UDQJH RI HDFK D[LV GHSHQGV RQ WKH UDQJH RI WKH GDWD VHW� 7U\ WR FRYHU WKH UDQJH
RI WKH GDWD VHW DV JRRG DV SRVVLEOH

���
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� 0DNH WKH VFDOH FOHDU �H�J� OLQHDU RU ORJ SORW�� )RU WKLV \RX QHHG WR LQGLFDWH DW OHDVW
WKUHH SRVLWLRQ DORQJ HDFK D[LV�

� 7R HIILFLHQWO\ VHW WKH GDWD SRLQWV DQG HDVLO\ UHDG WKHP RII� WKHUH LV WKH ����� UXOH�
:KHQ XVLQJ SDSHU ZLWK VTXDUHV� LW LV YHU\ FRQYHQLHQW WR KDY RQH VTXDUH HTXDO WR
RQH XQLW� WZR XQLWV RU ILYH XQLWV RU D SRZHU RI WHQ� 7KH UHDVRQ LV� WKDW ZH DUH
XVHG WR WKLQN LQ WKH 10�V\VWHP DQG DV VXFK ZH KDYH D SDUWLFXODU JRRG IHHOLQJ IRU LWV
GLYLVRUV� 7KLV RI FRXUVH GRHV QRW DSSO\ IRU XQLWV WKDW DUH QRW LQ WKH 10�V\VWHP� H�J�
DQJOH �GHJUHH RU UDGLDQW� RU WLPH �VHFRQG� PLQXWH� KRXU��

� DV PDUNHU LW LV KLJKO\ UHFRPPHQGHG WR PDNH FURVVHV DQG QRW FLUFOHV RU GRWV� %H�
FDXVH FURVVHV DOORZ WR HVWLPDWH PRUH SUHFLVHO\ ZKHUH WKH GDWD SRLQW LV ORFDWHG�

([DPSOH�

)LJXUH ����� 3ORW RI WKH GDWD IURP WKH SUHYLRXV H[DPSOH ZLWK WKH VSULQJ�
7KH WUHQG OLQH IROORZV WKH HTXDWLRQ l = 20.3PP·1�1F �

���
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������ +LVWRJUDPV

6RPHWLPHV LW LV PHDQLQJOHVV WR SORW HDFK GDWD SRLQW DQG LW LV PRUH FRQYHQLHQW WR FRXQW
KRZ PDQ\ WLPHV DQ HYHQW RFFXUUHG� )RU H[DPSOH ZKHQ FRXQWLQJ RXW RI 100 QDLOV� KRZ
PDQ\ QDLOV KDYH D OHQJWK LQ D FHUWDLQ UDQJH� VHH ILJXUH ����� 7KLV PHDQV RQH KDV WR ELQ
WKH GDWD WR VXLWDEOH ELQV� WR VPDOO ELQV OHDG WR DQ DUELWUDU\ ORRNLQJ GLVWULEXWLRQ ZKHUHDV
WRR FRDUVH ELQV OHDG WR D WRR EDG UHVROXWLRQ� $V D UXOH RI WKXPE� WKH QXPEHU RI ELQV
VKRXOG URXJKO\ EH WKH VTXDUH URRW RI WKH QXPEHU RI PHDVXUHPHQWV� :KHQ SORWWLQJ WKH
KLVWRJUDP� WKH UXOHV DV PHQWLRQHG EHIRUH �VHFWLRQ ������� DSSO\� 7KH RQO\ H[FHSWLRQ LV
WKH PDUNHU� WKHUH LW LV PRUH XVHIXO WR PDNH D EDU FKDUW� 3OHDVH PDNH YHU\ FOHDU ZKLFK D[LV
VKRZV WKH FRXQWV� RWKHUZLVH LW JHWV VXSHU FRQIXVLQJ���

([DPSOH�

)LJXUH ����� +LVWRJUDP RI PHDVXULQJ WKH OHQJWK RI ��� QDLOV ZLWK GLIIHUHQW
QXPEHU RI ELQV� $ JRRG FKRLFH RI WKH QXPEHU RI WKH ELQV �RU FRUUHVSRQG�
LQJO\ WKH ZLGWK RI WKH ELQV� LV LPSRUWDQW WR JHW D SURSHU KLVWRJUDP�

���
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���� /LQHDULVDWLRQ

,Q WKLV VHFWLRQ ZH FRPELQH WKH WZR SUHYLRXV VHFWLRQ� L�H� ZH LQWURGXFH D PHWKRG ZKHUH ZH
GR D VWDWLVWLFDO HYDOXDWLRQ RI D JUDSKLFDO SORW� 7KH LGHD LV WR FRQYHUW PHDVXUHG TXDQWLWLHV
VXFK WKDW WKH\ REH\ D OLQHDU GHSHQGHQFH� 7KHQ GUDZLQJ WKH EHVW WUHQG OLQH ZLWK D UXOHU
DOORZV WR TXLFNO\ DQG HIILFLHQWO\ UHDG RII VHDUFKHG TXDQWLWLHV� $OWKRXJK WKLV LV QRW DV
SUHFLVH DV D QXPHULFDO FRPSXWDWLRQ� LW LV JRRG HQRXJK IRU GDWD HYDOXDWLRQV LQ SUREOHPV
RI WKH 3K\VLFV 2O\PSLDG� VR WKLV LV WKH PHWKRG WR JR�
,Q WKH IROORZLQJ ZH ZLOO ILUVW GLVFXVV WKH VLPSOH FDVH ZKHUH RQH TXDQWLW\ GHSHQGV OLQHDU
RQ WKH RWKHU RQH� DV H[DPSOH ZH ZLOO JR EDFN WR WKH VSULQJ ZKHUH WKH IRUFH LV OLQHDU ZLWK
UHVSHFW WR WKH GHIOHFWLRQ� 7KHQ ZH JR WR WR WKH FDVH RI DQ H[SRQHQWLDO GHSHQGHQFH� IRU
H[DPSOH WKH FXUUHQW RI D GLRGH DV IXQFWLRQ RI WKH DSSOLHG YROWDJH� ,W IROORZV WZR VHFWLRQV
DERXW RQH TXDQWLW\ GHSHQGLQJ E\ D SRZHU ORZ WR WKH RWKHU� ILUVW ZH ZLOO ORRN DW NQRZ
SRZHUV DQG WKHQ LQWURGXFH D PHWKRG WR ILJXUH RXW WKH SRZHU RI D GHSHQGHQFH E\ GRLQJ
D ORJ�ORJ SORW� ,Q WKH HQG ZH ZLOO ORRN DW WKH JHQHUDO FDVH ZLWK VRPH H[DPSOHV�

������ 7UHQG /LQH

/HW·V VWDUW ZLWK D VLPSOH FDVH ZKHUH ZH PHDVXUH WZR TXDQWLWLHV x DQG y ZKLFK ZH H[SHFW
WR KDYH OLQHDU GHSHQGHQFH RQ HDFK RWKHU �LQ WKH H[DPSOH LQ ������ WKLV LV WKH GHIOHFWLRQ
DQG WKH IRUFH�� ,Q JHQHUDO VXFK D OLQHDU GHSHQGHQFH FDQ EH GHVFULEHG E\ D OLQHDU IXQFWLRQ

y = a+ by.

7KH WDVN ZRXOG QRZ EH WR ILQG RXW a DQG b IRU WKH JLYHQ VHW RI GDWD� ,Q SULQFLSOH ZH FRXOG
FRPSXWH WKH UHJUHVVLRQ OLQH DV GRQH LQ ������ EXW WKLV LV TXLWH WHGLRXV� +RZHYHU� LI ZH
KDYH WKH GDWD SORWWHG LW LV D TXLFN WKLQJ WR MXVW GUDZ D ZHOO ILWWLQJ OLQH ZLWK D UXOHU DQG UHDG
RII WKH VORSH ZKLFK LV WKH SDUDPHWHU b DQG LQWHUVHFWLRQ SRLQW ZLWK WKH \ D[LV ZKLFK LV a�

([DPSOH�
/HW·V JR EDFN WR RXU VSULQJ� 7KHUH ZH H[SHFW D OLQHDU GHSHQGHQFH EHWZHHQ GHIOHFWLRQ
x DQG )RUFH F

F = kx

ZKHUH k LV WKH VSULQJ FRQVWDQW� 8VLQJ D UXOHU� ZH GUDZ WKH EHVW OLQH WKDW ILWV WKH GDWD�
VHH ILJXUH ����� )URP WKHUH ZH UHDG RII WKH VORSH DQG KHQFH WKH VSULQJ FRQVWDQW DV�

k =
�x

�y
= 0.0491·PP�1

���
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1RWH WKDW WKH H[SHFWHG OLQHDU GHSHQGHQFH GRHV QRW LQFOXGH DQ\ RIIVHW �L�H� DW F = 0�
DOVR WKH GHIOHFWLRQ x = 0�� ZH FKRVH WKH WUHQG OLQH WR SDVV WKRXJK WKH RULJLQ�

������ ([SRQHQWLDO GHSHQGHQFH � /RJ 3ORW

,I WKH GHSHQGHQFH RI WKH WZR PHDVXUHG TXDQWLWLHV LV QRW OLQHDU� ZH KDYH WR GR D ELW PRUH
WKDQ MXVW GUDZ WKH GDWD SRLQWV DQG UHDG RII WKH VORSH RI WKH WUHQG OLQH� :H VWDUW ZLWK WKH
FDVH RI DQ H[SRQHQWLDO GHSHQGHQFH ZKLFK DSSHDUV TXLWH RIWHQ LQ SK\VLFV� IRU H[DPSOH

� FKDUDFWHULVWLF FXUYH RI D GLRGH �FXUUHQW GHSHQGHQFH RQ YROWDJH�

� UDGLRDFWLYH GHFD\ �FRXQWV DV IXQFWLRQ RI WLPH�

� WKHUPDO HTXLOLEUDWLRQ GXH WR KHDW FRQGXFWLRQ �WHPSHUDWXUH GHSHQGLQJ RQ WLPH�

� GDPSLQJ RI RVFLOODWRU �DPSOLWXGH DV IXQFWLRQ RI WLPH�

$OO WKHVH FDVHV FDQ EH GHVFULEHG DV

y = aecx �������

ZKHUH a DQG c DUH SDUDPHWHUV ZH ZRXOG OLNH WR H[SHULPHQWDOO\ GHWHUPLQH �IRU H[DPSOH
GHFD\ FRQVWDQWV�� 7R H[WUDFW WKHP� ZH FDQ GR D VLPSOH WUDQVIRUPDWLRQ ZKHUH ZH DSSO\
WKH ORJDULWKP RQ HTXDWLRQ ����� VXFK WKDW ZH HQG XS ZLWK

ỹ = ORJ(y) = ORJ(a) + cx.

7KLV PHDQV� WKDW ZH FDQ FRPSXWH WKH ORJDULWKP RI HYHU\ RI RXU y YDOXHV DQG SORW WKHP
LQ D ỹ � x SORW� 7KHLU GHSHQGHQFH ZLOO DJDLQ EH OLQHDU� WKH VORSH LV GLUHFWO\ RXU FRQVWDQW
c� )RU WKH FRQVWDQW a ZH QHHG WR WDNH WKH H[SRQHQWLDO RI WKH LQWHUVHFWLRQ RI WKH WUHQG OLQH
ZLWK WKH y D[LV ã� L�H� a = eã�
3OHDVH QRWH� WKDW DIWHU WUDQVIRUPLQJ WKH y YDOXHV� ZH DJDLQ GLG D OLQHDU SORW� ,Q SULQFLSOH ZH
FRXOG DYRLG WDNLQJ WKH ORJDULWKP RI y E\ PDNLQJ D SORW ZKHUH WKH y D[LV KDV D ORJDULWKPLF
VFDOH �WKHQ ZH FRXOG DOVR GLUHFWO\ UHDG RII a�� +RZHYHU WKH LGHD RI WUDQVIRUPLQJ WKH
YDULDEOHV LQVWHDG RI DGDSWLQJ WKH SORW D[LV LV PRUH JHQHUDO DQG ZH ZLOO FRQWLQXH ZLWK WKLV
DSSURDFK�

�1RWH� WKDW XVXDOO\ WKH IRUFH LV SORWWHG DV IXQFWLRQ RI WKH GHIOHFWLRQ EXW VLQFH ZH DSSOLHG D IRUFH DQG WKHQ
PHDVXUHG WKH GHIOHFWLRQ� WKH D[HV DUH VZDSSHG ZLWK UHVSHFW WR WKH µXVXDOµ SORWWLQJ�

���
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([DPSOH�
:KHQ PHDVXULQJ WKH FXUUHQW I WKRXJK D GLRGH ZKHQ D YROWDJH U LV DSSOLHG� WKH H[�
SHFWHG GHSHQGHQFH LV ZHOO DSSUR[LPDWHG E\ DQ H[SRQHQWLDO GHSHQGHQFH RI WKH IRUP

I(U) = I0e
U

nUT �������

ZKHUH I0 LV D FRQVWDQW FXUUHQW� n WKH QXPEHU RI HOHFWURQV DQG UT = kT/e =
0.02539 D WHPSHUDWXUH GHSHQGHQW YROWDJH �ZKHUH T LV WKH WHPSHUDWXUH� k WKH %ROW]�
PDQQ FRQVWDQW DQG e WKH HOHFWURQ FKDUJH�� $VVXPLQJ URRP WHPSHUDWXUH� ZH NQRZ
UT DQG ZH DUH OHIW ZLWK WKH GHWHUPLQDWLRQ RI I0 DQG n�
%\ WDNLQJ WKH ORJDULWKP RI WKH HTXDWLRQ ����� ZH DUULYH DW

ORJ(I) = ORJ(I0) +
ORJ(e)U
nUT

$IWHU WDNLQJ WKH GDWD DQG HQWHU WKHP LQ D WDEOH� ZH WKHUHIRUH KDYH WR DGG DQRWKHU
FROXPQ ZKHUH ZH FRPSXWH WKH ORJDULWKP RI WKH PHDVXUHG FXUUHQW� VHH WDEOH �����

9ROWDJH U/9 &XUUHQW I/P$ ORJ(I/P$)
0.230 0.0001 �4.000
0.250 0.0002 �3.699
0.277 0.0005 �3.301
0.307 0.001 �3.000
0.391 0.01 �2.000
0.477 0.1 �1.000
0.586 1 0.000
0.696 10 1.000
0.746 30 1.477
0.770 50 1.699
0.800 100 2.00
0.833 200 2.301
0.851 300 2.477
0.866 400 2.602
0.877 500 2.699

���
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7DEOH ����� $ YROWDJH LV DSSOLHG WR D GLRGH DQG LWV FXUUHQW PHDVXUHG� 7R OLQHDULVH WKH
IXQFWLRQ� ZH QHHG WR WDNH WKH ORJDULWKP RI WKH FXUUHQW�

3ORWWLQJ WKH OLQHDUL]HG IXQFWLRQ� ZH FDQ GUDZ D WUHQG OLQH� VHH ILJXUH ���� DQG �����

)LJXUH ����� 3ORW RI WKH GDWD DV LW ZDV PHDVXUHG�

)LJXUH ����� 3ORW ZKHUH WKH ORJDULWKP RI WKH FXUUHQW �\�D[LV� LV WDNHQ� 7KLV
ZD\ WKH GDWD IROORZV D OLQH DQG ZH FDQ UHDG RII WKH VORSH DQG LQWHUVHFWLRQ�

���



�� 'DWD (YDOXDWLRQ

)URP WKH WUHQGOLQH ZH FDQ UHDG RII WKH VORSH IURP ZKLFK ZH ILQG n�

ORJ(e)
nUT

= 10.19�1, UT = 0.02539

n =
ORJ(e)

10.19�1UT
= 1.70

)URP WKH LQWHUVHFWLRQ y0 RI WKH WUHQG OLQH ZLWK WKH \�D[LV ZH ILQG WKH FXUUHQW I0 DV

y0 = �6.1

I0 = 10y0 = 7.9 · 10�7P$ = 0.79Q$

������ 3RZHU GHSHQGHQFHV� .QRZQ 3RZHU

$ VLPLODU FDVH DV WKH H[SRQHQWLDO GHSHQGHQFH LV WKH FDVH RI D SRZHU ODZ ZKHUH RQH RI WKH
PHDVXUHG YDULDEOHV GHSHQGV YLD D SRZHU ODZ WR DQRWKHU PHDVXUHG TXDQWLW\� )RU H[DPSOH
ZKHQ ZH LQYHVWLJDWH WKH GLVWDQFH DQ REMHFW EHLQJ GURSSHG IOLHV DV IXQFWLRQ RI WLPH �s =
0.5gt2�� ,Q WKLV FDVH� WKHUH LV XVXDOO\ QR SDSHU DYDLODEOH ZLWK WKH ULJKW VFDOLQJ� VR DJDLQ ZH
KDYH WR WUDQVIRUP WKH YDULDEOH LWVHOI�
&RQVLGHU WKH FDVH ZKHUH ZH KDYH D SRZHU GHSHQGHQFH ZLWK NQRZQ q EXW XQNQRZQ a DQG
b OLNH

y = axq + b.

%\ LQWURGXFLQJ x̃ = xq ZH JHW DJDLQ D OLQHDU GHSHQGHQFH EHWZHHQ y DQG x̃� :H FDQ SORW
WKLV OLQHDU GHSHQGHQFH DQG UHDG RII WKH VORSH a DQG WKH YHUWLFDO LQWHUVHFWLRQ SRLQW b�

([DPSOH�
$V DQ H[DPSOH ZH FRQVLGHU WKH FDVH RI D IUHH IDOO� 7KH UHODWLRQ EHWZHHQ WKH GLVWDQFH
s DQ REMHFW LV IDOOLQJ IURP LV UHVW SRVLWLRQ DV IXQFWLRQ RI WLPH t LV JLYHQ E\

s =
1

2
gt2

ZKHUH g LV WKH JUDYLWDWLRQDO FRQVWDQW� 7KH GDWD IURP WKH H[SHULPHQW DUH OLVWHG LQ WDEOH
����� 6LQFH ZH H[SHFW D OLQHDU GHSHQGHQFH EHWZHHQ s DQG t2� ZH DOVR DGG D FROXPQ
ZKHUH ZH FRPSXWH t2�

���
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7LPH t/V 'LVWDQFH s/P t2/V2

0 0 0
0.1 0.05 0.01
0.2 0.20 0.04
0.3 0.44 0.09
0.4 0.78 0.16
0.5 1.23 0.25
0.6 1.77 0.36
0.7 2.40 0.49
0.8 3.14 0.64
0.9 3.97 0.81

7DEOH ����� 'DWD RI WKH IUHH IDOO H[SHULPHQW�

3ORWWLQJ DQG GUDZLQJ WKH WUHQG OLQH DV VKRZQ LQ ILJXUH ����� $V VORSH ZH JHW

1

2
g = 4.90P·V�2

g = 9.80P·V�2.

)LJXUH ����� 3ORW RI WKH OLQHDULVHG GDWD

���



�� 'DWD (YDOXDWLRQ

������ 3RZHU GHSHQGHQFHV � /RJ�/RJ 3ORW

,Q WKH SUHYLRXV VHFWLRQ ������ ZH ORRNHG DW D FDVH ZKHUH ZH NQHZ WKH SRZHU q� 7KHUH
DUH FDVHV ZKHUH WKLV SRZHU LV XQNQRZQ RU LWV LQYHVWLJDWLRQ SDUW RI WKH SUREOHP� ,Q VXFK
D FDVH ZH QHHG D GLIIHUHQW WUDQVIRUPDWLRQDO� /HW·V DVVXPH ZH NQRZ WKDW RXU GDWD SRLQWV
x DQG y IXOILO D UHODWLRQ

y = axb

ZLWK XQNQRZQ a DQG b� %\ WDNLQJ WKH ORJDULWKP RI WKDW HTXDWLRQV DQG LQWUXGXFLQJ QHZ
YDULDEOHV IRU ERWK� x DQG y ZH DUULYH DW

ỹ = ORJ(y) = ORJ(a) + b ORJ(x) = ã+ bx̃

ZKHUH ZH VXEVWLWXWHG IRU z = a, x, y : z̃ = ORJ(z)� $JDLQ ZH PDQDJHG WR UHGXFH WKH
SUREOHP WR D WKH ZHOO XQGHUVWRRG OLQHDU UHODWLRQ ZKHUH ZH HDVLO\ FDQ GUDZ D WUHQG OLQH�
7KH VORSH LQ WKH x̃ � ỹ SORW LV WKHQ WKH SRZHU DQG WKH LQWHUVHFWLRQ ZLWK WKH ỹ D[LV LV WKH
ORJDULWKP RI a�
6LQFH WKHUH H[LVWV SDSHU ZLWK ERWK D[LV KDYLQJ D ORJDULWKPLF VFDOH� ZH ZRXOG DJDLQ KDYH
WKH RSWLRQ WR GUDZ WKH YDULDEOHV x DQG y LQ VXFK D SORW DQG UHDG RII a DQG b GLUHFWO\�

([DPSOH�
7R VKRZ WKDW WKH ORJ�ORJ SORW LQGHHG DOORZV WR UHWULHYH WKH FRUUHFW SRZHU� ZH UHWXUQ
WR WKH FDVH RI D IUHH IDOO EXW SUHWHQG ZH GR QRW NQRZ WKDW WKH WLPH KDV WR EH VTXDUHG�
KHQFH OHW·V DVVXPH ZH LQYHVWLJDWH WKH IRUPXOD

s =
1

2
g · tq �������

ZKHUH a DQG q DUH XQNQRZQ� 7R PDNH SURJUHVV� ZH PHDVXUH DJDLQ WKH WLPH RI IOLJKW
DQG WKH FRUUHVSRQGLQJ GLVWDQFH� %XW QRZ ZH WDNH WKH ORJDULWKP RI ERWK PHDVXUHG
TXDQWLWLHV

���
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7LPH t/V 'LVWDQFH s/P ORJ(s/P) ORJ(t/V)
0.1 0.05 �2.303 �2.996
0.2 0.20 �1.609 �1.609
0.3 0.44 �1.204 �0.821
0.4 0.78 �0.916 �0.248
0.5 1.23 �0.693 0.207
0.6 1.77 �0.511 0.571
0.7 2.40 �0.357 0.875
0.8 3.14 �0.223 1.144
0.9 3.97 �0.105 1.379

7DEOH ����� 'DWD RI WKH IUHH IDOO H[SHULPHQW�

7KH SORW RI WKH ORJDULWKP RI WKH GLVWDQFH DV IXQFWLRQ RI WKH ORJDULWKP RI WKH WLPH LV
VKRZQ LQ ILJXUH ����� 7KH VORSH LV WKH SRZHU q WKDW ZH VHDUFK� 5HDGLQJ LW RII� ZH JHW

q = 1.990 ⇡ 2

ZKHUH LW LV WRWDOO\ MXVWLILHG WR FODLP WKDW q VKRXOG EH HTXDO WR 2 DV WKH HUURU LV YHU\
VPDOO DQG PRVW RI WKH SK\VLFDO ODZV KDYH D UDWLRQDO H[SRQHQW�
:LWK WKLV PHWKRG ZH DUH DOVR DEOH WR HVWLPDWH WKH JUDYLWDWLRQDO DFFHOHUDWLRQ�g E\
ORRNLQJ DW y0� WKH LQWHUVHFWLRQ RI WKH WUHQG OLQH ZLWK WKH y D[LV

y0 = ORJ(
1

2
g)) = 1.585

g = 2ey0 = 9.76.

6LQFH WKH ORJ�ORJ SORW LV XQLW OHVV �ZH GLYLGHG HDFK YDULDEOH E\ LWV XQLW EHIRUH WDNLQJ
WKH ORJ�� ZH FDQQRW FRQFOXGH RQ WKH XQLWV RI g RQO\ ORRNLQJ DW y0� +RZHYHU� VLQFH
ZH IRXQG RXW q = 2� ZH FDQ FRPSDUH WKH XQLWV LQ HTXDWLRQ ����� DQG ILQG

[g] = P·V�2
) g = 9.76P·V�2

���



�� 'DWD (YDOXDWLRQ

)LJXUH ����� 3ORW RI WKH GRXEOH ORJDULWKP GDWD� 0RVW LPSRUWDQWO\� WKH VORSH
FRUUHVSRQGV WR WKH SRZHU RI q

������ *HQHUDO &DVH

,I WKH HYDOXDWLRQ RI GDWD GRHV QRW ILW LQWR RQH RI WKH FDVHV GHVFULEHG DERYH� ZH KDYH WR
FRPH XS ZLWK D QRZ LGHD� 6LQFH WKLV GLIIHUV IURP FDVH WR FDVH WKHUH LV QR JHQHUDO IRUPXOD
KRZ WR WUHDW VXFK D FDVH EXW UDWKHU VRPH KLQWV KRZ LW FDQ EH KDQGOHG� /HW·V ILUVW GLVFXVV
VRPH JHQHUDO LGHDV DQG WKHQ IRFXV RQ H[DPSOHV�
$VVXPH ZH PHDVXUH WZR TXDQWLWLHV x DQG y DQG WKH\ DUH UHODWHG E\ D NQRZQ IXQFWLRQ
y = f(x) ZKHUH WKH IXQFWLRQf GHSHQGV RQ VRPH SDUDPHWHUV a, b, c, ... ZKLFK ZH ZDQW WR
ILJXUH RXW IURP WKH H[SHULPHQW� 7KH IROORZLQJ VWHSV PLJKW KHOS WR ILQG WKHVH SDUDPHWHUV

� 7KH JRDO LV DJDLQ WR ILQG VRPH YDULDEOH WUDQVIRUPDWLRQ x̃, ỹ ZKLFK DOORZ WR UHZULWH
WKH HTXDWLRQ LQ D OLQHDU ZD\ ỹ = a+ bx̃�

�2N� D ELW RI FKHDWLQJ LV LQYROYHG� :H DOUHDG\ NQHZ WKDW WKHUH LV DQ DGGLWLRQDO IDFWRU 0.5 LQYROYHG�
+RZHYHU ZH FRXOG JXHVV WKLV DGGLWLRQDO IDFWRU E\ NQRZLQJ WKDW q = 2�

���
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� 6LQFH WKH OLQHDU UHJUHVVLRQ RQO\ DOORZV WZR SDUDPHWHUV a DQG b� ZH ZRXOG QRW EH
DEOH WR UHWULHYH PRUH WKDQ WZR VXFK SDUDPHWHUV IURP D OLQHDULVHG IXQFWLRQ� 6R LQ
FDVH RXU IXQFWLRQ GHSHQGV RQ WKUHH RU PRUH YDULDEOHV a, b, c, ...� ZH HLWKHU FDQ RQO\
ILQG WZR RI WKHP RU VRPH ZLUHG UHODWLRQ EHWZHHQ WKHP �H�J� RQO\ a� b EXW QRW a
DQG b LQGHSHQGHQWO\�� ,Q JHQHUDO ZH ZLOO QHHG WR SHUIRUP DQ RWKHU H[SHULPHQW WR
UHGXFH WKH XQNQRZQ SDUDPHWHUV�

� ,Q JHQHUDO ZH FDQ DOVR KDYH WUDQVIRUPHG YDULDEOH ZKLFK GHSHQG RQ ERWK x DQG y�
)RU H[DPSOH ỹ = x2y RU x̃ = x/y�

7R FRQFOXGH WKLV FKDSWHU� OHW·V KDYH D ORRN DW DQ H[DPSOH �,3K2 ���� �%DQJNRN���

([DPSOH�
$VVXPH VRPH FLUFXLW DOORZV WR FKDQJH D FDSDFLW\ C VXFK WKDW D IUHTXHQF\ f LV PRGL�
ILHG DFFRUGLQJ WR

f =
↵

C + Cs

ZKHUH ↵ LV D FRQVWDQW DQGCs D EDFNJURXQG FDSDFLW\� 7KH JRDO LV WR PHDVXUH GLIIHUHQW
FDSDFLWLHV C DQG WKH FRUUHVSRQGLQJ IUHTXHQF\ f DQG ILQGLQJ ↵ DQG Cs� %\ WDNLQJ WKH
LQYHUVH RI WKH HTXDWLRQ ZH DUULYH DW

1

f
=

1

↵
C +

Cs

↵

ZKLFK LV D OLQHDU GHSHQGHQFH EHWZHHQ C DQG 1/f � 7DNLQJ WKH GDWD DQG FRPSXWLQJ
WKH LQYHUVH RI f � ZH JHW WKH WDEOH ���� DQG WKH FRUUHVSRQGLQJ SORW �����

7LPH C/S) 'LVWDQFH f/N+] T = 1/f/PV
33 13.94 0.072
68 8.3 0.121
82 6.99 0.143
151 4.17 0.240
233 2.79 0.358
219 2.98 0.336
184 3.48 0.287
150 4.2 0.238
115 5.25 0.191
101 5.89 0.170

���



�� 'DWD (YDOXDWLRQ

7DEOH ����� 'DWD RI WKH FDSDFLW\ H[SHULPHQW�

)LJXUH ����� 3ORW RI WKH OLQHDULVHG GDWD ZLWK WUHQG OLQH

)URP WKH WUHQG OLQH ZH JHW WKH FRQVWDQW ↵ E\ ORRNLQJ DW WKH VORSH s

s =
1

↵
= 0.0014PV·S)�1

↵ =
1

0.0014
= 710S)·PV�1 = 710Q)·V�1

.QRZLQJ ↵ DQG WKH LQWHUVHFWLRQ RI WKH WUHQG OLQH ZLWK WKH \�D[LV y0� ZH ILQG Cs DV

Cs

↵
= y0 = 0.025PV

Cs = y0↵ = 18S)

���
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)857+(5 '(5,9$7,216
$�� 'HULYDWLRQV RI 6WDWLVWLFV � � � � � � � � � � � � � � � � � � � � � � � � ���

$���� $OWHUQDWLYH IRUPXODWLRQV IRU 9DULDQFH DQG &RYDULDQFH � ���
$���� 'HULYDWLRQ RI WKH /HDVW 6TXDUHV &RHIILFLHQWV � � � � � � � ���

���



$ )XUWKHU GHULYDWLRQV

$�� 'HULYDWLRQV RI 6WDWLVWLFV

$���� $OWHUQDWLYH IRUPXODWLRQV IRU 9DULDQFH DQG &RYDULDQFH

%\ DSSO\LQJ WKH VXP WR LQGLYLGXDO HOHPHQWV DQG XVLQJ
Pn

i=1 xi = nx̄� DOWHUQDWLYH IRUPX�
ODWLRQV FDQ EH IRXQG WKDW DUH VRPHWLPHV PRUH FRPIRUWDEOH WR DSSO\

�2 =
1

n� 1

nX

i=1

(xi � x̄)2

=
1

n� 1

nX

i=1

�
x2i � 2xix̄+ x̄2

�

=
1

n� 1

 
nX

i=1

x2i � 2x̄
nX

i=1

xi +
nX

i=1

x̄2
!

=
1

n� 1

 
nX

i=1

x2i � 2nx̄2 + nx̄2
!

=
1

n� 1

 
nX

i=1

x2i � nx̄2
!

Cov(X,Y ) =
1

n� 1

nX

i=1

(xi � x̄) (yi � ȳ)

=
1

n� 1

nX

i=1

(xiyi � xiȳ � x̄yi + x̄ȳ)

=
1

n� 1

 
nX

i=1

xiyi � ȳ
nX

i=1

xi � x̄
nX

i=1

yi +
nX

i=1

x̄ȳ

!

=
1

n� 1

 
nX

i=1

xiyi � nx̄ȳ � nȳx̄+ nx̄ȳ

!

=
1

n� 1

 
nX

i=1

xiyi � nx̄ȳ

!

$���� 'HULYDWLRQ RI WKH /HDVW 6TXDUHV &RHIILFLHQWV

:H ZDQW WR JHQHUDWH D OLQHDU UHJUHVVLRQ WR SUHGLFW y IRU D JLYHQ x� :H ZLOO FDOO ŷ = a+bx
RXU SUHGLFWRU IRU y� :H GHILQH WKH VXP RI VTXDUH HUURUV DV D IXQFWLRQ RI WKH FRHIILFLHQWV

���
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a DQG b�

S(a, b) =
nX

i=1

(yi � ŷ)2

=
nX

i=1

(yi � a� bxi)
2

6LQFH ZH ZDQW WR ILQG a DQG b WKDW PLQLPL]H WKLV IXQFWLRQ� ZH ZLOO VHW WKH SDUWLDO GHULYDWLYHV
ZLWK UHVSHFW WR a DQG b HTXDO WR ]HUR DQG VROYH IRU a DQG b�

@S

@a
= �2

nX

i=1

(yi � a� bxi) = 0 �$���

@S

@b
= �2

nX

i=1

(xi(yi � a� bxi)) = 0 �$���

:H ZLOO VWDUW E\ VLPSOLI\LQJ WKH VXP LQ �����

nX

i=1

(yi � a� bxi) =
nX

i=1

yi �
nX

i=1

a� b
nX

i=1

xi �$���

= nȳ � na� bnx̄ �$���

,Q �����

�2(nȳ � na� bnx̄) = 0 �$���
ȳ � a� bx̄ = 0 �$���

a = ȳ � bx̄ �$���

���



$ )XUWKHU GHULYDWLRQV

:H ZLOO XVH WKLV H[SUHVVLRQ IRU a DQG VLPSOLI\ WKH VXP LQ �����

nX

i=1

(xi(yi � a� bxi)) =
nX

i=1

(xi(yi � ȳ + bx̄� bxi)) �$���

=
nX

i=1

xiyi �
nX

i=1

xiȳ +
nX

i=1

xibx̄�

nX

i=1

bx2i �$���

=
nX

i=1

xiyi � ȳ
nX

i=1

xi + bx̄
nX

i=1

xi � b
nX

i=1

x2i �$����

=
nX

i=1

xiyi � nx̄ȳ + b

 
nx̄2 �

nX

i=1

x2i

!
�$����

= (n� 1) · Cov(X,Y )� b(n� 1) · �2
x �$����

,Q �����

�2
�
(n� 1) · Cov(X,Y )� b(n� 1) · �2

x

�
= 0 �$����

Cov(X,Y )� b�2
x = 0 �$����

b =
Cov(X,Y )

�2
x

�$����

���



$SSHQGL[ %

81,76
%�� 7KH ,QWHUQDWLRQDO 6\VWHP RI 8QLWV �6,� � � � � � � � � � � � � � � � � ���
%�� 3UHIL[HV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� /LVW RI QDPHG� 6, GHULYHG XQLWV � � � � � � � � � � � � � � � � � � � � ���
%�� 'LPHQVLRQDO $QDO\VLV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� /LVW RI SK\VLFDO FRQVWDQWV �LQ 6, XQLWV� � � � � � � � � � � � � � � � � ���

���



% 8QLWV

$ JRRG XQGHUVWDQGLQJ RI WKH GLIIHUHQW XQLWV DQG WKHLU UHVSHFWLYH GLPHQVLRQV FDQ EH YHU\
KHOSIXO WR DYRLG FDUHOHVV PLVWDNHV�

%�� 7KH ,QWHUQDWLRQDO 6\VWHP RI 8QLWV �6,�

7KH ,QWHUQDWLRQDO 6\VWHP RI 8QLWV �6,� V\VWqPH LQWHUQDWLRQDO �G·XQLWpV��� LV WKH PRVW ZLGHO\
XVHG V\VWHP RI PHDVXUHPHQW GXH WR LWV VLPSOLFLW\ UHJDUGLQJ XQLW FRQYHUVLRQV� 7KH V\VWHP
FRPSULVHV VHYHQ EDVH XQLWV IURP ZKLFK PDQ\ RWKHU XQLWV FDQ EH GHULYHG �H�J� 1N =
1 kg·m

s2 ��

'LPHQVLRQ 8QLW $EEUHYLDWLRQ
(OHFWULF &XUUHQW $PSHUH $
7HPSHUDWXUH .HOYLQ .
7LPH 6HFRQG V
/HQJWK 0HWHU P
0DVV .LORJUDP NJ
/XPLQRXV ,QWHQVLW\ &DQGHOD FG
$PRXQW RI 6XEVWDQFH 0ROH PRO

7DEOH %��� 7KH VHYHQ 6, EDVH XQLWV

%�� 3UHIL[HV

3UHIL[HV FDQ EH XVHG WR FKDQJH WKH RUGHU RI PDJQLWXGH RI D XQLW�

3UHIL[ 6\PERO )DFWRU 3UHIL[ 6\PERO )DFWRU
IHPWR I 10�15 SHWD 3 1015

SLFR S 10�12 WHUD 7 1012

QDQR Q 10�9 JLJD * 109

PLFUR µ 10�6 PHJD 0 106

PLOOL P 10�3 NLOR N 103

FHQWL F 10�2 KHFWR K 102

GH]L G 10�1 GHFD GD 101

7DEOH %��� 0HWULF 3UHIL[HV

���



%��� /,67 2) 1$0('� 6, '(5,9(' 81,76

%�� /LVW RI QDPHG� 6, GHULYHG XQLWV

8QLW 6\PERO 4XDQWLW\ (TXLYDOHQWV 6, (TXLYDOHQW
KHUW] +] IUHTXHQF\ ��V V��

UDGLDQ UDG DQJOH P�P �
QHZWRQ 1 IRUFH NJ·P�V� NJ·P·V��

SDVFDO 3D SUHVVXUH� VWUHVV 1�P� NJ·P��·V��

MRXOH - HQHUJ\� ZRUN� KHDW 1·P� :·V NJ·P�·V��

ZDWW : SRZHU -�V� 9·$ NJ·P�·V��

FRXORPE & HOHFWULF FKDUJH )·9 $·V
YROW 9 YROWDJH :�$� -�& NJ·P�·V��·$��

IDUDG ) FDSDFLWDQFH &�9 NJ��·P��·V�·$�

RKP ⌦ UHVLVWDQFH� LPSHGDQFH ��6� 9�$ NJ·P�·V��·$��

VLHPHQV 6 FRQGXFWDQFH ��⌦� $�9 NJ��·P��·V�·$�

WHVOD 7 PDJQHWLF ILHOG VWUHQJWK 9·V�P� NJ·V��·$��

KHQU\ + LQGXFWDQFH 9·V�$� ⌦·V NJ·P�·V��·$��

7DEOH %��� /LVW RI QDPHG� 6, GHULYHG XQLWV

%�� 'LPHQVLRQDO $QDO\VLV

:H FDQ XVH WKH IDFW WKDW GLPHQVLRQV FRUUHVSRQGLQJ WR WKH VHYHQ EDVH XQLWV FDQQRW EH
FUHDWHG IURP DQ\ RWKHU EDVH GLPHQVLRQV WR TXLFNO\ FKHFN HTXDWLRQV� ,I DQ HTXDOLW\ GRHV
QRW KDYH WKH VDPH GLPHQVLRQ RQ HDFK VLGH� WKHQ VXUHO\ LW FDQQRW EH WUXH �KRZHYHU� WKH
RSSRVLWH FDQQRW EH VDLG� HYHQ LI WKH GLPHQVLRQV DJUHH WKHUH FRXOG EH D PLVWDNH LQ IRUP RI
D GLPHQVLRQOHVV IDFWRU�� 7R SHUIRUP GLPHQVLRQDO DQDO\VLV RQ DQ HTXDWLRQ� ZH UHSODFH DOO
LQYROYHG YDULDEOHV ZLWK WKHLU UHVSHFWLYH GLPHQVLRQ� :H WKHQ VLPSOLI\ ERWK VLGHV WR VHH LI
WKH GLPHQVLRQV FDQFHO HDFK RWKHU� $V DQ H[DPSOH� WKLV WHFKQLTXH LV DSSOLHG WR 1HZWRQ·V
VHFRQG /DZ�

F = am

[M ][L]

[T ]2
=

[L]

[T ]2
· [M ]
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% 8QLWV

%�� /LVW RI SK\VLFDO FRQVWDQWV �LQ 6, XQLWV�

1DPH 6\PERO 9DOXH 8QLW
$WRPLF PDVV XQLW u = 1.660 · 10�27 NJ
$WRPLF PDVV XQLW uc2 = 931.49 0H9
$YRJDGUR FRQVWDQW NA = 6.022 · 10�23 PRO�1

%RKU UDGLXV a0 = 5.2917 · 10�11 P
%ROW]PDQQ FRQVWDQW kB = 1.3806 · 10�23 -·.�1

(OHPHQWDU\ FKDUJH e = 1.602 · 10�19 &
9DFXXP SHUPLWWLYLW\ �
HOHFWULF FRQVWDQW ✏0 = 8.8541 · 10�12 $·V·9�1

·P�1

*UDYLWDWLRQDO DFFHOHUDWLRQ
�DYHUDJH� g = 9.807 P·V�2

8QLYHUVDO *DV FRQVWDQW R = 8.3145 -·PRO�1
·.�1

*UDYLWDWLRQDO FRQVWDQW G = 6.673 · 10�11 P3
·NJ�1

·V�2

6SHHG RI OLJKW c = 2.9979 · 108 P·V�1

9DFXXP SHUPHDELOLW\ �
PDJQHWLF FRQVWDQW µ0 = 4⇡ · 10�7 9·V·$�1

·P�1

1RUPDO SUHVVXUH p0 = 101324 3D
3ODQFN FRQVWDQW h = 6.626 · 10�34 -·V
0DVV RI HOHFWURQ me = 9.109 · 10�31 NJ
0DVV RI QHXWURQ mn = 1.675 · 10�27 NJ
0DVV RI SURWRQ mp = 1.673 · 10�27 NJ
5\GEHUJ FRQVWDQW RH = 1.097 · 107 P�1

6WHIDQ�%ROW]PDQQ FRQ�
VWDQW � = 5.670 · 10�8 :2

·P�4
·.�1

:DYH LPSHGDQFH RI YDF�
XXP Z0 = 376.7 ⌦

7DEOH %��� /LVW RI 3K\LVFDO FRQVWDQWV >��@
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%,%/,2*5$3+<
>�@ -DQNRYLFV� 3HWHU �+UVJ��� /DPEDFKHU 6FKZHL]HU ����� *UXQGODJHQ GHU 0DWKHPDWLN

I�U 6FKZHL]HU 0DWXULWlWVVFKXOHQ� �� $XIODJH� .OHWW XQG %DOPHU 9HUODJ� =XJ� ����� 6�
��������

>�@ -DQNRYLFV� 3HWHU �+UVJ��� /DPEDFKHU 6FKZHL]HU ������ *UXQGODJHQ GHU 0DWKHPDWLN
I�U 6FKZHL]HU 0DWXULWlWVVFKXOHQ� �� $XIODJH� .OHWW XQG %DOPHU 9HUODJ� =XJ� ����� 6�
������ �������� �������� �������� ��������

>�@ 3KLOLSSR]� /LRQHO� (3)/ 7UDLQLQJVFDPS� 0DWKHPDWLFV� 8QSXEOLVKHG� �����

>�@ 7LSOHU� 3� $� DQG 0RVFD� *� ����� 3K\VLFV IRU 6FLHQWLVWV DQG (QJLQHHUV ² 9RO� �� �WK
HG� /RQGRQ� 0DFPLOODQ (GXFDWLRQ

>�@ .LWWHO� &�� .QLJKW� :� DQG 5XGHUPDQ� 0� $� ����� %HUNHOH\ 3K\VLFV &RXUVH ² 9RO� ��
0HFKDQLFV� 1HZ <RUN &LW\� 0F*UDZ�+LOO

>�@ *HFNHOHU &� DQG /LQG� *� ����� 3K\VLN ]XP 1DFKGHQNHQ� .|OQ� $XOLV 9HUODJ 'HXE�
QHU

>�@ *QlGLJ� 3�� +RQ\HN� *� DQG 5LOH\� .� ����� ��� 3X]]OLQJ 3K\VLFV 3UREOHPV� &DP�
EULGJH� &DPEULGJH 8QLYHUVLW\ 3UHVV

>�@ )H\QPDQ� 5� 3� ����� 7KH )H\QPDQ /HFWXUHV RQ 3K\VLFV� 7KH 'HILQLWLYH (GLWLRQ ²
9RO� �� �QG HG� %RVWRQ� $GGLVRQ :HVOH\

>�@ https://de.wikipedia.org/wiki/Stoffmenge

>��@ 3K\VLN ,� (7+ =�ULFK ����� 3URI� 'U� :HUQHU :HJVFKHLGHU�

>��@ https://en.wikipedia.org/wiki/Ideal_gas_law

>��@ http://www.aplusphysics.com/courses/honors/thermo/
thermodynamics.html

���

https://de.wikipedia.org/wiki/Stoffmenge
https://en.wikipedia.org/wiki/Ideal_gas_law
http://www.aplusphysics.com/courses/honors/thermo/thermodynamics.html
http://www.aplusphysics.com/courses/honors/thermo/thermodynamics.html
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>��@ *UXQGNXUV 7KHRUHWLVFKH 3K\VLN �� 6SULQJHU 9HUODJ ����� :ROIJDQJ 1ROWLQJ�

>��@ https://en.wikipedia.org/wiki/Second_law_of_thermodynamics

>��@ https://en.wikipedia.org/wiki/Clausius_theorem

>��@ https://en.wikipedia.org/wiki/Kinetic_theory_of_gases

>��@ http://www.met.reading.ac.uk/pplato2/h-flap/phys7_5.html

>��@ https://courses.lumenlearning.com/cheminter/chapter/
phase-diagram-for-water/

>��@ 'XF� 3� )� ����� (3)/ 7UDLQLQJVFDPS� 2VFLOODWLRQV 	 3HUWXUEDWLRQV� 8QSXEOLVKHG

>��@ 6W|FNHU� +� ����� 7DVFKHQEXFK GHU 3K\VLN� )RUPHOQ� 7DIHOQ� hEHUVLFKWHQ� �WK HG�
+DUUL 'HXWVFK

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:Harmonic_
oscillator.svg

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:Torzni_
kyvadlo.svg

>��@ :LNLSHGLD� https://en.wikipedia.org/wiki/File:Image-Tacoma_
Narrows_Bridge1.gif

>��@ :LNLSHGLD� 7DFRPD 1DUURZV %ULGJH ������� https://en.wikipedia.org/
wiki/Tacoma_Narrows_Bridge_(1940)

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:Mplwp_
resonance_zeta_envelope.svg

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:Damping_1.
svg

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:Wave_
Diffraction_4Lambda_Slit.png

>��@ :LNLPHGLD� https://commons.wikimedia.org/wiki/File:EM_Spectrum_
Properties_edit.svg

>��@ +HULEHUW 6WURSSH� 3K\VLN I�U 6WXGLHUHQGH GHU 1DWXU� XQG ,QJHQLHUXUZLVVHQVFKDIWHQ
���� DNWXDOLVLHUWH $XIODJH� &DUO +DQVHU 9HUODJ� ���� 0�QFKHQ

���

https://en.wikipedia.org/wiki/Second_law_of_thermodynamics
https://en.wikipedia.org/wiki/Clausius_theorem
https://en.wikipedia.org/wiki/Kinetic_theory_of_gases
http://www.met.reading.ac.uk/pplato2/h-flap/phys7_5.html
https://courses.lumenlearning.com/cheminter/chapter/phase-diagram-for-water/
https://courses.lumenlearning.com/cheminter/chapter/phase-diagram-for-water/
https://commons.wikimedia.org/wiki/File:Harmonic_oscillator.svg
https://commons.wikimedia.org/wiki/File:Harmonic_oscillator.svg
https://commons.wikimedia.org/wiki/File:Torzni_kyvadlo.svg
https://commons.wikimedia.org/wiki/File:Torzni_kyvadlo.svg
https://en.wikipedia.org/wiki/File:Image-Tacoma_Narrows_Bridge1.gif
https://en.wikipedia.org/wiki/File:Image-Tacoma_Narrows_Bridge1.gif
https://en.wikipedia.org/wiki/Tacoma_Narrows_Bridge_(1940)
https://en.wikipedia.org/wiki/Tacoma_Narrows_Bridge_(1940)
https://commons.wikimedia.org/wiki/File:Mplwp_resonance_zeta_envelope.svg
https://commons.wikimedia.org/wiki/File:Mplwp_resonance_zeta_envelope.svg
https://commons.wikimedia.org/wiki/File:Damping_1.svg
https://commons.wikimedia.org/wiki/File:Damping_1.svg
https://commons.wikimedia.org/wiki/File:Wave_Diffraction_4Lambda_Slit.png
https://commons.wikimedia.org/wiki/File:Wave_Diffraction_4Lambda_Slit.png
https://commons.wikimedia.org/wiki/File:EM_Spectrum_Properties_edit.svg
https://commons.wikimedia.org/wiki/File:EM_Spectrum_Properties_edit.svg
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>��@ -RDFKLP *UHKQ� -RDFKLP .UDXVH� 0HW]OHU 3K\VLN� �� $XIODJH� %LOGKDXV 6FKXO�
EXFKYHUODJH� ����

>��@ :LNLPHGLD� KWWSV���XSORDG�ZLNLPHGLD�RUJ�ZLNLSHGLD�FRPPRQV����I�&DPSRVFDU�
JDV�31*

>��@ KWWS���K\SHUSK\VLFV�SK\�DVWU�JVX�HGX�KEDVH�HOHFWULF�JDXODZ�KWPO

>��@ <RXWXEH� KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y -[�,GO%.<1N

>��@ KWWS���VOLGHSOD\HU�FRP�VOLGH����������

>��@ KWWS���DUFKLYH�FQ[�RUJ�FRQWHQWV��H��G�I����F����D�������
F�D�IF��D�IG#��FDSDFLWRUV�DQG�GLHOHFWULFV

>��@ %XUHDX ,QWHUQDWLRQDO GHV 3RLGV HW 0HVXUHV� KWWS���ZZZ�ELSP�RUJ�HQ�SXEOLFD�
WLRQV�VL�EURFKXUH�DPSHUH�KWPO

>��@ :LNLSHGLD� KWWSV���HQ�ZLNLSHGLD�RUJ�ZLNL�0DJQHW

>��@ KWWS���ZZZ�KRPRIDFLHQV�GH�WHFKQLFV�HOHFWULFDO�HQJLQHHULQJ�PDJQHWLF�ILHOG�
HQHUJ\BJH�KWP

>��@ )RUSK\V� KWWS���ZZZ�IRUSK\V�GH�:HEVLWH�VWXGHQW�EIHOG�KWPO

>��@ KWWS���ZZZ�I\]LNDOQL�H[SHULPHQW\�F]�HQ�HOHFWURPDJQHWLVP�RHUVWHG�H[SHULPHQW�
SHUSHQGLFXODU�

>��@ KWWS���IUHHZHE�GQHW�LW�PRWRU�.DS��KWP

>��@ KWWSV���GH�ZLNLSHGLD�RUJ�ZLNL�.LUFKKRIIVFKHB5HJHOQ

>��@ KWWSV���FRPPRQV�ZLNLPHGLD�RUJ�ZLNL�&DWHJRU\�.LUFKKRII

>��@ KWWSV���GH�ZLNLSHGLD�RUJ�ZLNL�/LVWHBGHUB6FKDOW]HLFKHQB�(OHNWULN�(OHNWURQLN�

>��@ 5RODQG 3XQWDLHU� KWWS���ZZZ�WH[DPSOH�QHW�WLN]�H[DPSOHV�EHUQRXOOL�� PRGLILHG

>��@ -RDFKLP *UHKQ� -RDFKLP .UDXVH� 0HW]OHU 3K\VLN� �� $XIODJH� %LOGKDXV 6FKXO�
EXFKYHUODJH� ����

>��@ 5RPDQ 6H[O� ,YR 5DDE� (UQVW 6WUHHUXZLW]� %ULJLWWH :HVVHQEHUJ� (LQI�KUXQJ LQ GLH
3K\VLN � %DQG �� �� $XIODJH� 6DXHUOlQGHU 9HUODJH $*� ����

���
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>��@ KWWSV���HQ�ZLNLSHGLD�RUJ�ZLNL�%UHZVWHU���VBDQJOH��PHGLD�)LOH�%UHZVWHUV�
DQJOH�VYJ

>��@ -RDFKLP *UHKQ� -RDFKLP .UDXVH� 0HW]OHU 3K\VLN� �� $XIODJH� %LOGKDXV 6FKXO�
EXFKYHUODJH� ����

>��@ *HUWKVHQ� 9RJHO� 3K\VLN� ��� $XIODJH� 6SULQJHU /HKUEXFK� ����

>��@ :DUQHU� &KHXQJ� $ &DYHQGLVK 4XDQWXP0HFKDQLFV 3ULPHU� �� (GLWLRQ� 3HULSK\VHRV
3UHVV &DPEULGJH� ����

>��@ KWWS���SK\VLFDO�HDV\�EORJVSRW�FK

>��@ KWWSV���]K�ZLNLSHGLD�RUJ�ZLNL�)LOH�%ODFNERG\�OJ�SQJ

>��@ KWWS���SK\VLFVDERXW�FRP�SKRWRHOHFWULF�HIIHFW�

>��@ KWWS���ZZZ�GURQVWXG\�FRP�ERRN�GXDO�QDWXUH�SUHYLRXV�\HDUV�TXHVWLRQV�

>��@ KWWS���QDQRWHFKZHE�RUJ�FZV�DUWLFOH�ODE������

>��@ KWWS���PLUR�URPDQYODKRYLF�FRP������������SRE�

>��@ KWWSV���ZZZ�WI�XQL�NLHO�GH�PDWZLV�DPDW�PZ�BJH�NDSB��EDFNERQH�U�B�B��KWPO

>��@ KWWS���K\SHUSK\VLFV�SK\�DVWU�JVX�HGX�KEDVH�%RKU�KWPO

>��@ -�0� +HOEOLQJ� &RXUVH ©3UREDELOLWpV HW 6WDWLVWLTXHª �(3)/� )DOO �����

>��@ 0LFKLJDQ 6WDWH 8QLYHUVLW\ 2QOLQH /HFWXH ©(UURU 3URSDJDWLRQª

>��@ KWWS���OHFWXUHRQOLQH�FO�PVX�HGX� PPS�ODEV�HUURU�H��KWP

>��@ :LNLSHGLD � /RJ�/RJ 3ORW� KWWSV���HQ�ZLNLSHGLD�RUJ�ZLNL�/RJ�ORJBSORW

>��@ :LNLSHGLD � 6HPL�/RJ 3ORW� KWWSV���HQ�ZLNLSHGLD�RUJ�ZLNL�6HPL�ORJBSORW

>��@ $GULDQ :HW]HO� )RUPHOVDPPOXQJ GHU 3K\VLN� ��$XIODJH ����
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